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A graduate course on the 



anthropological theory of didactics 



Carl Winsløw and Marianne Foss Mortensen 


This book presents the products of a doctoral course held in 
 Copenhagen from January to June, 2010. Its aim was to introduce a 
 new and exciting direction in research on educational subjects: the 
 anthropological theory of didactics, founded by the French 
 didactician Y. Chevallard (cf. 1985). While the aims of the theory 
 have developed and expanded over the years (cf. Bosch and Gascón, 
 2006), the institutional perspective on knowledge has remained 
 central to its objective. This means that the theory aims to study 
 human practices and discourses as phenomena profoundly linked to 
 the institutions that frame, enable, and constrain them. 


Teaching is at first sight a practice which appears so familiar to us all 
 that it may even seem trivially derived from the knowledge and 
 capacity it exists to transmit. This, however, turns out to be a rather 
 naïve viewpoint. A closer look reveals that teaching institutions tend 
 to develop coherent and autonomous cultures, which shape not only 
 their practices as schools but also the practices and the knowledge 
 they transmit. An evident example, which is also quite present in this 
 book, is school mathematics: it cannot be said that what is practiced 
 and explained there simply repeats what we find in books or practices 
 elsewhere, such as in universities or in the antique origins of the 
 subjects. A school discipline transforms and develops its practices, 
 ideas and justifications on its own, precisely as a culture does – 
 notwithstanding its more or less lively interactions with the 
 surrounding world. 


The anthropological theory of didactics (ATD) is not a theory about 
 scientific didactics but one which is tailored to study didactic 
 phenomena, and thus to serve in the science of didactics. The French 
 name,  théorie anthropologique du didactique, means literally 


“anthropological theory of the didactical”, where “the didactical” 


refers to objects of a didactic nature: teaching, text books, regulations, 
institutions and any other entity set up to teach something to 
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somebody. Even the word “teach” must be understood rather broadly 
 here. The essential of being “didactic” is the intention of someone to 
 enable someone else to know or do something; didactic phenomena 
 include everything done in such an intention. Thus, didactic 
 phenomena are found in many other places than school institutions – 
 for instance also in enterprises, television, exhibits, sports fields and 
 concert halls.  


A doctoral course itself fits the definition of didactic phenomena, 
 albeit of a strangely particular kind: what the participants should 
 become able to know and do is to engage autonomously in the pursuit 
 of knowledge (within a certain field). The present course was quite 
 broad in its definition of the field but very sharp in designating ATD 
 as the theoretical perspective to learn – in the sense just mentioned, 
 that is, in a process of becoming autonomous researchers. 


We initially had 11 participants from 4 different countries and a 
 similar number of research fields (didactics of mathematics, didactics 
 of physics, didactics of music and general education). The course was 
 organized in three two-day sessions, as follows (cf. Appendix 1): 


1.  Introductions and first experiences with ATD 


2.  In-depth discussion of participants’ own projects and ideas 
 for putting ATD into use in relation to them; 


3.  Conference-like presentation and discussion of participants’ 


papers, resulting from the work in and after the second 
 session. 


Before the first session, participants were requested to read a certain 
 number of basic texts (listed in Appendix 2). The session itself 
 benefited from the presence of the founder of ATD, Yves Chevallard, 
 who along with Marianna Bosch was present during all of the first 
 session. They both gave three hour workshops, Marianna on “levels 
 of didactic co-determination” (which is one of the newer 
 developments of ATD), and Yves on more fundamental aspects of 
 ATD, which he is currently working to collect and organize in what 
 he terms a “dictionary”. Shorter lectures on general principles and 
 further examples of ATD-based research were given by us, as well as 
 by one experienced participant (Finn Holst). 


The second session had a more individual flavor. Every participant 
had been given, at the conclusion of the first session, one or more 
papers on ATD-based research with a more or less evident relation to 
the doctoral project of that participant (a list of these texts can be 
found in appendix 3). Participants had prepared a short exposition of 
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 that paper along with some first ideas of how to use it, and other 
 elements of the course, in a small research project that could lead to 
 the final paper (based on which the course was assessed). These 
 expositions formed the basis of intensive discussions at the session, 
 with inputs from both us as course teachers, and from the other 
 participants. The second session was held in an especially festive 
 atmosphere, due to the announcement (around Feb. 1, 2010) of the 
 award of the Hans Freudenthal medal to Yves Chevallard, in 
 acknowledgement of his world class achievements related to ATD. 


Finally, the third session saw the presentation of the papers produced 
 by each participant, as at a regular conference. We notice in passing 
 that the organization of the course let the participants experience most 
 of the forms of work involved in research (particularly at the level of 
 generating, sharpening and criticizing ideas). This aspect of the 
 course was further strengthened by the revision of the texts after the 
 course through a genuine peer review process (other participants 
 acting, naturally, as “peers”). 


A total of nine participants completed the course (and thus produced a 
 paper of the kind mentioned). Three of them, however, did not go 
 through with the final peer review process to publish their paper in 
 this booklet (lack of time being the most frequent reason). Thus, we 
 can here present a part of the work resulting from the course, and we 
 are happy to be able to say that it includes genuine research 
 accomplishments, using a difficult and novel theoretical approach 
 which was also new to the authors. 


To them, as well as to Yves and Marianna, we extend our sincere and 
 heartfelt thanks for having collaborated with us in the setting of this 
 course. We are confident you will be pleased with the result of your 
 efforts, as presented here – and that you will take the projects begun 
 here further on, to complete studies and eventually journal papers. 


We sincerely hope that every other reader of this book will find 
 material and inspiration for pursuing the study and development of 
 the research programme which ATD really is.  



References. 
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Appendix 1. Schedules of the three course sessions. 


Session 1 – day one (February 11, 2010) 


10.00-11.00: Welcome and introduction by participants. 


11.15-12.00: ATD and this course. Introduction by Carl Winsløw.  


13.00-16.00: Workshop by Marianna Bosch  


16.30-18.10: Presentation and discussion of two almost finished PhD-
 projects related to ATD (Marianne Mortensen, Finn Holst) 


Session 1 – day two (February 12, 2010) 
 9.30-12.30: Workshop by Yves Chevallard. 


13.30-14.30: ATD as an anthropological theory of mathematics. 


Lecture by Carl Winsløw.  


14.30-15.30: First discussion of participants' individual projects, 
 selection and distribution of (individual) texts for 2nd session. 


Session 2 (April 11-12, 2010) 


Each of the 10 participants had an individual session (1 hour) during 
 which their ideas for an ATD-based paper were discussed by all. 


Session 3 (June 10-11, 2010) 


Each of the nine remaining participants presented an ATD-based 
 paper which was then discussed by the whole group. 



Appendix 2. Reading list for the first session (for all  participants). 


1.  Bosch, M. and Gascón, J. (2006). Twenty five years of the 
 didactic transposition. ICMI Bulletin 58, 51-65. 


2.  Chevallard, Y. (2006). Steps towards a new epistemology in 
 mathematics education. In M. Bosch (Ed.), Proceedings of the 
 IVth Congress of the European Society for Research in 
 Mathematics Education (pp.21-30). Barcelona: Universitat 
 Ramon Llull.   


3.  Chevallard, Y. (2007). Readjusting Didactics to a Changing 
 Epistemology. European Educational Research Journal, 6(2), 
 131-134.  


4.  Barquero, M., Bosch, M., Gascón, J.: The 'ecology of 
mathematical modelling: restrictions to its teaching at university 
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 level. To appear in Proceedings of the VIth Congress of the 
 European Society for Research in Mathematics Education.  


5.  Rodríguez, E., Bosch, M. and Gascón, J. A networking method to 
 compare theories: metacognition in problem solving reformulated 
 within the Anthropological Theory of the Didactical. ZDM 
 Mathematics Education (2008) 40:287–301.   



Appendix 3. Reading list for the second session  (individual assignments). 


1.  Bourg, A. (2006). Analyse comparative des notions de 
 transposition didactique et depratiques sociales de reference. Le 
 choix d’un modèle en didactique de la musique? Journal de 
 Recherche en Education Musicale 5 (1), 79-116. 


2.  Barbé, J., Bosch, M., Espinoza, L. et Gascón, J.(2005).  Didactic 
 restrictions on teachers practice - the case of limits of functions at 
 Spanish high schools. Educational Studies in Mathematics 59 (1-
 3), 235-268. 


3.  Garcia, F., Gascón, J., Higueras, L. Bosch, M. (2006). 


Mathematical modelling as a tool for the connection of school 
 mathematics. ZMD 38 (3), 226-246. 


4.  Tetchueng, J.-L., Garlatti, S. & Laube, S. (2008). A context-aware 
 learning system based on generic scenarios and the theory in 
 didactic anthropology of knowledge. International J. of Computer 
 Science & Applications 5 (1), 71-87. 


5.  Ruiz, N., Bosch, M., & Gascón, J. (2008). The functional 
 algebraic modelling at secondary level. In Pitta-Pantazi, D. & G. 


Pilippou (Eds.), Proceedings of the fifth congress of the European 
 society for research in mathematics education (pp. 2170–2179) 
 Cyprus: University of Cyprus. 


6.  Barquero, B. Bosch, M. & Gascón, J. (2007). Using research and 
 study courses for teaching mathematical modelling at university 
 level. In M. Bosch (Ed), Proceedings of CERME 5, pp. 2050-
 2059.U. Barcelona. 


7.  Miyakawa, T. & Winsløw, C. (2010): Japanese “open lessons” as 
 institutional context for developing mathematics teacher 
 knowledge. To appear in proceedings of CATD-3. 


8.  Miyakawa, T. & Winsløw, C. (2009). Didactical designs for 
students' proportional reasoning: An "open approach" lesson and a 
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"fundamental situation". Educational Studies in 
 Mathematics 72 (2), 199-218. 


9.  Monaghan, J. (2007). Computer algebra, instrumentation and the 
 anthropological approach. International Journal for Technology 
 in Mathematics 14(2), 63-72.  


10. Hardy, N. (2009). Students’ perceptions of institutional practices: 


the case of limits of functions in college level calculus courses. 


Educational Studies in Mathematics 72, 341-358. 


11. Thrane, T. (2009). Design og test af RSC-forløb om 
 vektorfunktioner og bevægelse. Master’s Thesis, University of 
 Copenhagen.  


12. Chevallard, Y. (1989). Implicit mathematics : its impact on 
 societal needs and demands. In Malone, J., H. Burkhardt, & C. 


Keitel (eds.), The Mathematics Curriculum: Towards the Year 
 2000, Curtin University of Technology, Perth, pp. 49-57. 


13. Hansen, B. and Winsløw, C. (2010). Research and study course 
 diagrams as an analytic tool: the case of bidisciplinary projects 
 combining mathematics and history. To appear in Proceedings of 
 CATD-3. 


14. Artigue, M. (2002). Learning mathematics in a CAS environment: 


the genesis of a reflection about instrumentation and the dialectics 
between technical and conceptual work. International Journal of 
Computers for Mathematical Learning 7, 245–274. 
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Revisiting groups of students’ solving  process of realistic Fermi problem from  the perspective of the Anthropological  Theory of Didactics 



Jonas Bergman Ärlebäck 


Department of Mathematics, Linköping University, Sweden 
 Abstract. This paper reports on the first attempt to use the 
 notions of ‘Research and Study Course’ (RSC) and 


‘praxeologies’ within the Anthropological Theory of 
 Didactics (ATD) to analyse groups of students engaged in 
 the mathematical activity of solving realistic Fermi 
 problems. By considering so called realistic Fermi problem 
 as a generating question in a RSC the groups’ derived sub-
 questions are identified and the praxeologies developed to 
 address these are discussed. 



Introduction 


Working with mathematical models and modelling is a central part of 
 the national written official intended curriculum for the Swedish 
 upper secondary mathematics education (Skolverket, 2000). Indeed, 
 these notions have successively been both more emphasised and 
 made more explicit in the last two curricula reforms from 1994 and 
 2000 respectively (Ärlebäck, 2009a). Nevertheless, research indicates 
 that teachers have difficulties in formulating and explaining their 
 conceptions of these notions (Ärlebäck, in press) and in a study of 
 381 upper secondary students across Sweden 77 % stated that they 
 never had encountered the notions during their upper secondary 
 education (Frejd & Ärlebäck, submitted). However, it has been 
 suggested and concluded that the introduction of the notions and the 
 students’ initial conceptualisation of mathematical modelling at the 
 upper secondary level adequately and efficiently can be done using so 
 called  realistic Fermi problems (Ärlebäck, 2009b; Ärlebäck & 


Bergsten, 2010). This conclusion is drawn using the so called MAD 
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framework which provides a macroscopic analytical tool originating 
 from Schoenfeld’s ‘graphs of problem solving’ (Schoenfeld, 1985) 
 applied to the work of groups of students solving realistic Fermi 
 problems. This paper reports on the first attempt to use notions from 
 the Anthropological Theory of Didactics (ATD), founded and 
 foremost developed by Yves Chevallard, to revisits the data used in 
 the analysis to provide a microscopic analysis of the work of the 
 students with the aim to add a more detailed and nuanced picture of 
 the problem solving process. In addition, the microscopic analysis 
 also aims to in more detail highlight the possibilities and limitations 
 of realistic Fermi problems in connection with the teaching and 
 learning of mathematical modelling as a curriculum goal in it self as 
 well as a mean for teaching and learning mathematics more generally. 



Background 


In the research literature in mathematics education there are many 
 different perspectives on and ways to approach mathematical 
 modelling (e.g. Blum, Galbraith, Henn, & Niss, 2007; Lesh, 
 Galbraith, Haines, & Hurford, 2010). Concepts and notations used are 
 for instance those of competencies (Blomhøj & Højgaard Jensen, 
 2007; Maaß, 2006); modelling skills (Berry, 2002); and, sub-
 processes or sub-activities (Blomhøj & Højgaard Jensen, 2003). 


Normally these focus on the descriptions of, relations between and/or 
the transitions of phenomena in the real world and their mathematical 
representations.  From an ATD perspective García et al. (2006) have 
presented a conceptualisation of mathematical modelling which 
basically equates all mathematical activity with mathematical 
modelling. The perspective on mathematical modelling adapted in 
this paper however is inherited from Ärlebäck (2009b) in line with 
the aim to in a coherent and natural way complement and deepen this 
previous research. This perspective is based on how mathematical 
modelling is described in the Swedish upper secondary curriculum 
(e.g. Skolverket, 2000), here illustrated in Figure 1. A similar 
interpretation of the modelling process from the Swedish context has 
been presented by Palm et al. (2004). 
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Figure 1. The modelling cycle as presented by Borromeo Ferri (2006, 
 p. 92)  after adaption from Blum and Leiβ (2007). 


Ärlebäck (2009b) and Ärlebäck and Bergsten (2010) report on an 
 investigation of the potential of using so called realistic Fermi 
 problems to introduce mathematical modelling at the upper secondary 
 level. Realistic Fermi problems are characterized by (I) their 
 accessibility, meaning that they can be approached by all individual 
 students or groups of students as well as be solved on both different 
 educational levels and on different levels of complexity. Normally, 
 any specific pre-mathematical knowledge is not required to provide 
 an answer; (II) their clear real-world connection, to be realistic; (III) 
 the need to specify and structure the relevant information and 
 relationships to be able to tackle the problem. In other words for the 
 problem formulation to be open in such a way that the problem 
 solvers not immediately associated the problem with a know strategy 
 or procedure on how to solve it, but rather urge the problem solvers to 
 invoke prior experiences, conceptions, constructs, strategies and other 
 cognitive skills in approaching the problem; (IV) the absence of 
 numerical data, that is the need to make reasonable estimates of 
 relevant quantities; and (V) their inner momentum to promote 
 discussion, that as a group activity they invite to discussion on 
 different matters such as what is relevant for the problem and how to 
 estimate physical entities (e.g. respectively (III) and (IV) above). 


The realistic Fermi problem the groups of students solved used in 
Ärlebäck (2009b) and Ärlebäck and Bergsten (2010) was the Empire 
State Building problem (ESB-problem): 
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The Empire State Building problem: 


On the street level in Empire State Building there is an 
 information desk. The two most frequently asked questions to 
 the staff are: 


•  How long does the tourist elevator take to the top floor 
 observatory? 


•  If one instead decides to walk the stairs, how long does 
 this take? 


Your task is to write short answers to these questions, including 
 the assumptions on which you base your reasoning, to give to 
 the staff at the information desk. 


The data from three groups of students working on the ESB-problem 
 was analysed using a developed analytical tool called Modelling 
 Activity  Diagram  (the MAD framework) inspired by Schoenfeld’s 


‘graphs of problem solving’ (Schoenfeld, 1985), the view adapted on 
 mathematical modelling briefly mentioned in the beginning of this 
 section, and the five characteristic features of realistic Fermi 
 problems.  


The MAD framework, see Figure 2, picture the different types of 
 activities the groups engage in during the problem solving process in 
 terms of the categories Reading,  Making model,  Estimating, 
 Verifying, Calculating, and Writing depicted on the y-axis, and 
 elapsed time on the x-axis (see Ärlebäck (2009b) for details). 


However, this schematic macroscopic representation does not provide 
any detailed information about what kind of discussions, topics and 
questions the groups address and investigate. In order to get a more 
nuanced and circumstantial picture of the problem solving process 
involving realistic Fermi problems in these respects this paper aims to 
provide a more microscopic analysis focusing on what actually is 
discussed within the groups, especially in connection to mathematical 
topics and content. 
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Figure 2. An example of a Modelling Activity Diagram of one of the 
 groups solving the ESB-problem (Ärlebäck, 2009b, s. 346). 



Theoretical framework 


This paper uses the notions of praxeologies and Research and Study 
 Course (RSC) from ATD. Within this framework praxeologies are 
 used to describe any human activity in terms of two ‘blocks’: a praxis 
 block (‘know-how’ or ‘practical-part’) containing both a designated 
 type of tasks and the techniques used/needed to complete/perform 
 these; and a logos block (‘know-why’ or ‘knowledge-part’) 
 containing the technologies that explain, justify and describe the 
 techniques as well as the formal justification of these technologies, 
 the theory. As the name praxeologies suggests the praxis- and logos 
 blocks are to be regarded as inseparable (Barbé, Bosch, Espinoza, & 


Gascón, 2005; Rodríguez, Bosch, & Gascón, 2008).  


The notion of Research and Study Course (RSC) introduced by 
Chevallard (2004; 2006) is a general model that can be used for both 
designing and analyzing learning and study processes. A main 
emphasis of a RSC is on the generating question, Q0, which should 
be intriguing and of genuine interest to the students as well as ‘rich 
enough’ to encourage the students to derive, pursue and answer 
dynamically raised and related (sub-)questions in the quest of trying 
to arrive at an answer to the question Q0. In addressing these 
questions the students have to invoke, use and/or develop one or more 
praxeologies. The derived sequence of sub-questions Qi and their 
respective answers Ri are often represented and illustrated in a ‘tree-
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diagram’ which illustrates the relationships between the different 
 studied questions Qi; see Figure 3 for an example.  


Given the notions briefly introduced above and interpreting the ESB-
 problem as a generating question in a RSC, the research question(s) 
 studied in this paper can be stated as: What sub-questions are 
 addressed by the participating groups of students and what 
 (mathematical) praxeologies developed  and/or used? 



Methodology and Method 


In terms of ATD the study reported on in Ärlebäck (2009b) and 
 Ärlebäck and Bergsten (2010) can be conceptualised as an 
 investigation of the didactical praxeology with the task to introduce 
 mathematical modelling to students at the upper secondary level 
 using the suggested technique presented by realistic Fermi problems. 


The issues addressed in these papers, as well as in this one, are 
 concerning the (underdeveloped) logos block of this didactical 
 praxeology, especially the technology part addressing issues of 
 justifying the use of realistic Fermi problems.   


To address the research question, widening and deepening the 
 analysis of the groups of 2-3 students solving realistic Fermi 
 problems, the recorded video and transcribed data from Ärlebäck 
 (2009b) was revisited and re-analysed. The approach taken was in 
 line with Hansen and Winsløw (2010) who make use of the RSC as 
 an analytic model. Although there exist an a priori analysis in 
 Ärlebäck (2009b) of some of the questions the problem solvers need 
 to address, this paper only focus on the empirical questions actually 
 addressed by one of the groups of students during their problem 
 solving session. In other words, the idea is to consider the students 
 work on the realistic Fermi problem as the generative question Q0 
 and to see what (sub-)questions Qi,j,... this led the students to 
 investigate, and in addition to link these questions the MAD 
 representation of the problem solving process of the studied group. 


Note that in the ESB-problem the generating question, Q0, actually is 
 two questions: 


    Q0,1: How long does the tourist elevator take to the top floor 
  observatory? 


       Q0,2: If one instead decides to walk the stairs, how long does this 
 take? 
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Results 


The questions Qi,j,… the students derived from the generative 
 questions and examined are presented below in the order in which 
 they were raised and posed during the problem solving session. The 
 formulations below are translated but in principle the students’ own 
 wording; some minor alterations have been made in order make the 
 actual question intelligible and more concise. Basically the questions 
 Q1… are concerned with the ESB’s physical appearance, Q2… 


address Q0,1 (taking the elevator), and Q3… address Q0,2 (taking the 
 stairs):  


Q1: How tall is the Empire State building? 


Q1,1: How many floors are there in the Empire State 
 Building? 


       Q1,1,1: How high is a floor? 


        Q1,2: How tall can a general building be? 


        Q1,3: How tall was the World Trade Centre? 


   Q2: How fast is an elevator? 


Q2,1: What is the weight of the elevator? 


Q2,1,1: How much work is being done by the 
 elevator? 


Q2,1,1,1: Given the work done by the 
 elevator, can we then calculate its 
 velocity? 


Q2,2: How long does it take to ride the elevator to Michael’s 
 [a friend] apartment? 


Q2,2,1: On what floor is Michael’s apartment? 


   Q3: How tired does one get from walking the stairs? 


     Q3,1: How longer does it take walking up one floor? 


Q3,2: How much longer does it take for each consecutive 
 floor? 


Q3,2,1: How long does it take to walk up the first 
 floor? 


Q3,2,1,1: How fast is normal walking 
pace? 
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Q3,2,1,2: What is the inclination of the 
 stairs? 


 Q3,3: My [one of the students] mother lives on the fifth floor 
 – I wonder how long it takes walking up the stairs to her 
  place? 


Figure 3. A tree-diagram illustrating the relationship between the 
 questions addressed by one group of students solving the ESB-
 problem  


Figure 4 illustrates the dynamic aspects of the addressed questions 
added to the MAD representation of the students’ problem solving 
process. The first time a specific question is explicitly addressed it is 
preceded by an asterisk (*). 
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Figure 4. The Modelling Activity Diagram  (Ärlebäck, 2009b, s. 346)  extended with the order and  dynamics of the derived  questions in the RSC. 



(23)10    Jonas Bergman Ärlebäck 


The relationships between these (sub-)questions are illustrated in 
 Figure 3. Note that the doted lines in the tree-diagram display the 
 dependence of the answers R1, R2, and R3 respectively with respect 
 to previously answers to questions in the tree. However, due to space 
 limitations, and the fact that the focus of this paper is on the derived 
 questions, these details are omitted here to be discussed elsewhere.  


All branches except Q2,1,… represent questions which answers 
 contributed to the solving of the ESB-problem. The branch Q2,1,… is 
 about the classical mechanics concept of work, which the students 
 briefly discuss as one possible strategy to get an estimate for the 
 velocity of the elevators in the ESB. 


After about having spent about 15 minutes on the problem the group 
 starts working on details concerning their suggested model on how to 
 take the physical exertion into consideration in the Q0,2 question. 


They continue to do this in approximately 4 minutes, before the 
 writing of the letter instructed in the problem formulation begins. 



Conclusion and Discussion 


One can notice that the actual modelling in terms of discussing, 
 structuring and determining central variables and relationships 
 important for solving the problem is something that is made 
 implicitly and silently throughout the problem solving session. The 
 praxeologies developed to address the questions (tasks) Q0,1 and 
 Q0,2, all three groups in Ärlebäck (2009b) used the mathematical 
 model t=s/v (t being the time, s the distance, and v the (average) 
 velocity) as the basic technique to approach the questions. However, 
 the decision to use this model is not explicitly uttered, or in any other 
 way directly communicated, within the groups; it seem that all the 
 participating students took it for granted that this was the model to 
 use to solve the problem. In other words, the logos of this praxeology 
 is kept hidden. It is possible that this ‘choice’ narrowed the groups’ 


possibilities to go beyond this model and come up with more 
 elaborated models.  


A majority of the praxeologies the students developed made use of 
estimation as the technique to resolve the tasks originating from all 
(but Q2,1,1,1 and Q3) of the derived questions the students engaged 
in. All these praxeologies have underdeveloped logos and the 
technologies and theories invoked to justify and verify the estimates 
are based on personal and often anecdotal experiences. This is due to 
the feature of realistic Fermi problem to not provide the students with 
any explicit numbers to work with. It should be noted that one of the 



(24)1. Fermi problem from the perspective of ATD     11 
 technologies applied and made use of to validate the estimate in some 
 of these praxeologies are the same mathematical model as used as the 
 technique in addressing Q0,1 and Q0,2; v=s/t. 


The result suggests that there are some often used mathematical 
 models, here exemplified by v=s/t, which are taken for granted used 
 without second thought and reflection on underlying assumptions, 
 limitations or alternatives. An explanation might be found in the 
 different institutional conditions and constrains where these models 
 are taught, learnt, practiced and applied. In particular, it would be 
 interesting to study the didactical transposition of the notions and use 
 of mathematical models and modelling to see where these conditions 
 and constrains arise. 


Though it has proven productive and useful to use realistic Fermi 
 problems for the introduction of mathematical modelling at the upper 
 secondary level (Ärlebäck, 2009b), the challenge for the future is to 
 design generative questions in the RSC so that also more advanced 
 mathematical praxeologies are invoked and developed. The RSC 


‘allows’ for the teacher to intervene, comment and make suggestions 
 during the course of study, and this present a possibility to achieve 
 more, and perhaps specific, advanced mathematical content   
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Proportion in mathematics textbooks in  upper secondary school 



Anna L. V. Lundberg 


Linköping University 


Abstract. Proportional reasoning and knowledge of 
 proportion are prerequisites for success in higher studies in 
 mathematics. The aim of this paper is to investigate what 
 possibilities Swedish upper secondary school textbook tasks 
 offer students to develop knowledge about proportion 
 during the first course in mathematics. The five textbooks 
 investigated in this paper show a high degree of variation 
 in “know – how” of proportional reasoning but less 
 variation regarding knowledge about proportion. 



Background 


Knowledge of proportion is one of the learning goals for grade nine 
 in Swedish compulsory school (Skolverket, 2001). However, results 
 from TIMSS 2007 show that 50% of the students in grade eight have 
 difficulties solving tasks about proportionality (Mullis, 2008). But we 
 do not know how the students at upper secondary school are 
 managing proportions. International research also shows a 
 predominance to use the linear model in solving proportion tasks in 
 upper secondary school (De Bock, Vershaffel, & Janssens, 1998). My 
 ongoing study attempts to shed light on various aspects of how 
 proportion and proportional reasoning are exposed in textbooks at 
 upper secondary school level in Sweden. According to several studies 
 (e.g. Johansson, 2006), Swedish mathematics teachers rely on 
 textbooks mainly in terms of exercises, making the textbook a critical 
 factor in the classroom to study. 


The aim of this paper is to present the first results from an 
investigation into what possibilities Swedish upper secondary school 
textbook tasks offer students to develop knowledge about proportion 
during the first course in mathematics.  
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Theoretical framework 


This section will present the theoretical background from which the 
 analytical tool used for this study was developed by first discussing 
 how the notions of proportion and proportional reasoning were 
 interpreted, then shortly outlining the theory linked to the tool, and 
 finally presenting the tool as constituted by its four main parts. 


Proportion and proportional reasoning 


The term proportion is used when two quantities x and y are related 
 by an equation y=kx , where k is a constant. Then y is said to be 
 (directly) proportional to x, which may be written 
y ∝ x
  (The 
 Concise Oxford Dictionary of Mathematics, 2009). It is also common 
 to use the term proportion for some specific relations such as direct 
 proportion  y = k ⋅ x
,  square  proportion  ,  inverse 
 proportion 


x
2


⋅ k y = x



y = k
 , inverse square proportion  2
 x

y= k and inverse 


square root proportion 



x y = k
 . 

I am also investigating proportional reasoning tasks though it is 
 difficult to set up a general definition of proportional reasoning, 
 maybe because proportion is such a complex concept. I will here use 
 the description of proportional reasoning found in Lamon (2007, p. 


638). 


According to Cramer and Post (1993) and several other studies there 
 are three central types of problem situations in proportional 
 reasoning:  numerical comparison,  missing value, and qualitative 
 prediction & comparison. In numerical comparison problems, the 
 answer does not call for a numerical value. The student compares two 
 known complete rates, as in Noelting´s (1980) well known orange 
 juice problem. Lybeck (1986) among others, found that there exist 
 two different main solution strategies: the A-form or the so-called 
 Within Comparison, where quantities of the same unit are compred, 
 and B-form, a Between Comparison across different units. In missing 
 value problems three objects of numerical information in a proportion 
 setting are specified with a fourth number to be discovered. A popular 
 such task is the tall-man short-man problem (Karplus, Karplus, & 


Wollman, 1974). The third problem situation, qualitative prediction & 


comparison, does not demand memorized skill. These types of 



(30)2. Proportion in mathematics textbooks     17 
 problems force the students to gain knowledge about the meaning of 
 proportion with qualitative thinking (Cramer & Post, (1993). 



Knowledge and know-how related to proportion tasks 


As this study is focused on how a specific mathematical notion is 
 treated in the school institution in terms of types of tasks and 
 strategies, The Anthropological Theory of Didactics (ATD; see e.g. 


Bosch & Gascon, 2006) offers a useful approach. The ATD 
 postulates an institutional conception of mathematical activity, 
 starting from the assumption that mathematics, like any other human 
 activity, is produced, taught, learned and diffused in social 
 institutions. Mathematical work can be described in terms of 
 mathematical organisation. A mathematical organisation (MO) is 
 constituted by two levels, the know-how (task & techniques) and the 
 (discursive) knowledge (technology & theory) related to a given task 
 (Chevallard, 2006). Task – different kinds of tasks to be studied, 
 Techniques – how to solve tasks, Technology – justification and 
 explanation of the techniques, Theory – founding technology and 
 justification of technology. In this study, there are influences from 
 two MO’s, one where proportion is defined as a 'dynamic' notion 
 MO1 and one where proportion is defined as a 'static' notion MO2 (see 
 below). 


In order to study a phenomenon a Reference Epistemological Model 
 (REM) should be created by the researcher (Bosch & Gascón, 2006). 


Otherwise it is difficult to be independent in relation to the 
 educational institutions under study and the result may be a model 
 that is implicitly imposed by the educational institution. The REM is 
 a corresponding body of mathematical knowledge that is 
 continuously developed by the research community and connected to 
 the different steps of the didactic transposition. The transposition 
 process describes how the mathematical knowledge is transformed 
 from the institution of knowledge production through the educational 
 system to the classroom (Bosch & Gascón, 2006). 


The knowledge of proportion 


As a REM and theory category, the two MO’s of describing 
proportion in textbooks was used. MO1 was observed in a pilot 
textbook study (Lundberg & Hemmi, 2009), where it was found that a 
frequent way to present proportion is by the relationship 
y = k⋅ x
, 
where y are dependent of x and k is a fixed constant. This has been 
named a dynamic notion of proportion (Miyakawa & Winsløw, 
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2009), as we have different values of x as input producing specific 
 outputs as y depending on the value of k.  


Another way to describe proportion is static (Miyakawa & Winsløw, 
 2009). It is possible to identify this phenomenon in Euclid’s 
 definition of proportion (Euklides & Heath, 1956), where it is 
 regarded as static in nature because it deals with pairs of 


“magnitudes” rather than numbers. A magnitude could be a length, 
 like the diagonal of a square. For the Greeks it could not be measured 
 in centimetres, but nevertheless multiplied in a geometric sense (e.g. 


enlargement). The static way of defining proportion is more general 
 in comparison with the dynamic notion because it can be defined in 
 n-tuples of real numbers and does not constrain proportion to pairs. 


An example from a Swedish textbook (Gennow, Gustafsson, 
 Johansson, & Silborn, 2003, p. 314) will serve as an illustration of 
 static and dynamic definition: 


“An electric radiator influences by power P (the thermal 
 energy emitted per second) of voltage the U that the radiator 
 has been connected to. The table shows some values of U and 
 P that belong together. Check if there is a relation between P 
 and U represented by 
P = k⋅ U
2 and if so calculate k. The 
 power has the unit Watt (W) and the voltage Volt (V).  

U (V)  120 160 200 240 


P (W)  144 256 400 576 


Solution: To investigate k = P


U2 we put a new row in the 
 table. 


P/U2 
 (W/V2)


0,010 0,010 0,010 0,010 
 We obtain the same result for all pairs. This implies that the 
 relation can be written as 
P = k⋅ U
2 and 

. In electricity the unit W/V2 is denoted 
 S (Siemens). The relation can be also be written 


k =1,0⋅10−2W /V2


P =U2
 R
 where 
k = 1



R
 and R has the unit Ω
 (Ohm).” 
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Auth transl.


In the beginning of the example the static definition is found in the 
 table where the given data is n-tuples of U and P. In the solution it is 
 necessary to switch to a dynamic definition because it is eligible to 
 calculate k in order to check if there is a proportionality that can be 
 expressed by the general formula 
P = k⋅ U
2. 

The know-how in calculating proportional tasks 


To investigate solution techniques for proportion tasks a study by 
 Hersant (2005) was used because it had a lot of similarities with this 
 study. She found six different types of techniques in her analysis of 
 solved proportion examples in French textbooks.  To show the 
 differences between these categories of solution techniques (1-6 
 below, auth. transl.) I will use the following task provided by 
 Hersant: 


If 18 meters of fabric costs 189 francs, how much will 13 meters 
 cost? 


1 Reduction by unit  


If 18 meters cost 189 francs, 1 meter will cost 18 times less or 
189 18
  , 

and 13 meters will cost 13 times more than one meter or 
189 18 ⋅ 13


where 
x = 189⋅ 13



18
 . The answer will be 136.50 francs. In context of 
the theory of proportionalities, it will be justified by the characteristic 
of property proportion expressed here in as part of quantities. Two 
quantities U and V are proportional so when U is multiplied by 2, 3, 
4…λ (and λ real), V is multiplied by 2, 3, 4,…. λ.  
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 2 Multiplication by a relationship 


Now consider the following solution: If 18 meters cost 189 francs, 
 then 13 meters will cost 
13



18 ⋅ 189
. Pay attention to that neither ratio 
 nor proportion are used here. The technique of within measures 
 proportion is used here.  

3 Use of proportion 


If we let the price for 13 meters of fabric be x francs then the price 
 should be in proportion to the length of the fabric 
189



18 = x 13
 so, 
 189⋅ 13 = 18⋅ x
 and x = 189⋅ 13



18
 . This technique differs from the 
 earlier two when the proportion involves two different measures, 
 length and price (between measures proportion).  

4 Cross multiplication 


Now consider the resolution that follows: Let x be the price of 13 


meters of fabric. 


(1) 
189 18 = x



13
 then (2) 189⋅ 13 = 18⋅ x
 and x = 189⋅ 13



18
  that can 

be summarized as follows in a table: 


Table 1. Cross product table 



189  x  18 13 


So  
189⋅ 13 = 18⋅ x
 and x = 189⋅ 13



18
 . In the spirit of this 
 technique, the equality (1) does not match proportion but more rather 
 a technique with a formal setting of the magnitudes and detached 
 from the theories of proportions.  

5 Use of coefficient 


Another way of arguing is as follows: The fabric costs 
189 18


francs/meters, so 13 meters of fabric cost 
13⋅ 189



18
  francs. Here again 
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 a reduction technique to unit is used but with no connection to 
 proportion.  


6 Other possible techniques 


It is also possible to solve the task with a graphical solution method. 


However, if only one value is calculated it seems to be a waste of 
 energy to use graphical technique unless you don’t have access to a 
 graphic calculator then it is very easy to sketch a graph.  



Research methodology 


To investigate what possibilities textbooks offer upper secondary 
 students in Sweden to develop knowledge about proportion during the 
 first course in mathematics, the following research questions were set 
 up (in terms of the ATD): What types of textbook tasks involve 
 proportion? What techniques are used in the given solutions of 
 proportion tasks? What explanations and justifications 
 (technologies/theory) are presented in the proportion tasks? To 
 answer these questions, an analytic tool was developed to investigate 
 a selection of textbooks. 


In a study about proportion in textbooks, da Ponte and Marques 
 (2007) used the Pisa Assessment Framework as an analysing tool. In 
 the pilot study (Lundberg & Hemmi, 2009) this tool was evaluated 
 but for my purpose the categorisation at a cognitive level was 
 problematic, so there was a need to develop an analytic tool better 
 suited for a text analysis.  


The textbooks selected for this paper are from the A-course at the 
Swedish upper secondary school. The A-course is a special case 
because it is mandatory for all students at upper secondary school 
(Skolverket, 2001), selected here because it is the beginners’ course 
for all further studies at both the theoretical and the vocational 
programs of upper secondary school. In Sweden there is an open 
market for textbooks without regulations from the authorities. There 
are several textbooks on the market for this course, among which I 
have selected the five most commonly used in my region (three 
municipals).See table 2. 
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Table 2. The five analysed Swedish textbooks 
 Title 


Matematik 4000 kurs A blå lärobok (Alfredsson, Brolin, Erixon, 
 Heikne, & Ristamäki, 2007)  


Exponent A röd: Matematik för gymnasieskolan (Gennow et al., 
 2003) 


NT a+b: Gymnasiematematik för naturvetenskaps- och 


teknikprogrammen: Kurs A och B (Wallin, Lithner, Wiklund, & 


Jacobsson, 2000)  


Matematik från A till E: För komvux och gymnasieskolan 
 (Holmström & Smedhamre, 2000) 


Matematik A (Norberg, Viklund, & Larsson, 2004) 


The book chapters analysed were those where proportion was 
 expected to be one of the key notions: percent, geometry, equations 
 and functions. There was also a limitation in the equation and 
 geometry chapter. Only tasks in the problem solving part in the 
 equation chapter were analysed and in the geometry chapter only 
 tasks with scale were analysed. The textbooks were investigated 
 concerning both the knowledge and the “know-how” of proportion. 


The textbooks were analysed to determine what type of tasks were 
 given (missing value, numerical comparison and qualitative 
 prediction & comparison) and what kinds of proportion were used 
 (direct proportion, inverse proportion, square proportion, and square 
 root proportion). Finally, solution techniques presented in the 
 textbooks and the knowledge of proportion (theories and 
 technologies) related to the tasks found were investigated. Thus, in 
 terms of the ATD, the analytic tool used for this study was comprised 
 by the following categories:  


•  Task – missing value, numerical comparison, qualitative 
 prediction and comparison, static or dynamic proportion, 
 direct proportion, square proportion, inverse proportion, 
 inverse square proportion, and inverse square root 
 proportion 


•  Technique – how to solve tasks, the six categories by 
 Hersant are used here 


•  Technology – justification and explanation of the techniques 



(36)2. Proportion in mathematics textbooks     23 


•  Theory – the two definitions of proportion static and 
 dynamic are used as categories here 


First results 


The study is still ongoing but this paper will report some first results 
 from the textbooks that have been analysed. In this section, the first 
 most significant observations are presented, quoting selectively from 
 the textbooks to illustrate the main findings. In all the textbooks, the 
 definitions of the notions are introduced by solved examples and the 
 examples presented in this section will therefore be structured by 
 taking the technique used as the overarching categorisation principle, 
 before type of task and knowledge (justification) are identified. 


The number of examined tasks in total for all five textbooks were 
 3474 (one of the books had significantly more tasks (1195, 859, 652, 
 496 & 272) than the others). The preliminary data indicate that 
 missing value tasks occur twice as much as numerical comparison 
 and qualitative prediction & comparison tasks. The static definition 
 was used only in the geometry chapter and the dynamic definition of 
 proportion was only found in the chapters about percent and 
 functions. The equation chapter was a mix of static and dynamic 
 proportion. There were only a few justifications found in the 
 textbooks in the geometry section. The most prevalent type of 
 proportion was direct proportion. However, all types of techniques 
 described above were found, as shown by the following illustrative 
 examples. 


1 Reduction by unit 


In Swedish textbooks this solution strategy is easy to find in the 
 chapter about percent. The following example is taken from 
 Alfredsson et al, (2007, p. 45):  


In a municipality the number of citizens is increasing by 8% in one 
 year to 70 200. How many citizens were there in the municipality 
 before the increase? 


108% is equivalent to 70 200. 


1% is equivalent to 
70200 108
 . 

100 % is equivalent to 
100⋅ 70200



108 = 65000
 Auth. Transl. 
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This example is found in all the textbooks. This task is categorized as 
 a proportional reasoning task called missing value. The MO 
 represented is dynamic (MO1). Direct proportion.  


2 Multiplication by a relationship 


This solution technique is found in the chapter about percent in 
 several Swedish textbooks, here Liber Pyramid (Wallin et al., 2000, 
 p. 43):  


Anna has a salary of 17 250 SEK. She got a rise in salary with 4 %. 


How much is her new salary? 


The new salary is 100% of the old salary and the salary rise of 4 % 
 of the same salary. The new salary will be: 104% of 17 250 SEK and 
 that will be 
1,04⋅ 17250 SEK = 17940 SEK
. Auth Transl. 

This is a typical example in all five textbooks. I interpret this solution 
 technique to use the same technique as in Hersant's example but here 
 different data is used. The tasks is categorized as a missing value task 
 and the notion of proportion is dynamic (MO1). Direct proportion.  


3 Use of proportion 


This special solution technique is to be found in general in the 
 geometry chapter. An example from a Swedish textbook (Wallin et 
 al., 2000, p. 122): 


The pentagon ABCDE is similar to the pentagon FGHJK. 
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Calculate the length of the sides a, b, c, and d.


From the similarity it follows, 
a 6 = b



4 = c 10 = d



4 = 1



5
 From the 

first and last equality we get 
a 6 = 1



5 , a = 6



5 = 1,2
. In the same 
 way we get b = 0,8, c = 2,0 and d = 0,8. Auth. Transl. 

This category is not very common, it is only found in two textbooks. 


This task is analyzed as a missing value task and the notion of 
 proportion is static (MO2). Direct proportion.  


4 Cross multiplication 


This particular solution technique is found in the chapter about 
 geometry (Alfredsson, et al., 2008, p. 153): 


In the figure the angles are marked with the same sign if they are in 
 the same size. Calculate the length of x. The triangles are equal in 
 two angles then they are similar and the ratio between two sides is 
 equal. Auth. Transl 



x 12 = 24



16 x = 18


 . 


A very unusual solution strategy, only to be found in one textbook. 


This task is analysed as a missing value task and the notion is 
represented as a static notion (MO2). Direct proportion. 
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 5 Use of coefficient 


This category can be found in the function chapter (Gennow et al., 
 2003, p. 301): 


In a physics experiment, the students were measuring mass and 
 volume for different amounts of aluminium tacks. First, the 
 students weighed the tacks and then they poured them into a 
 graduated measuring glass with water. The findings from one of 
 the groups were: 


Volume (cm3) (V)  12 17 22 29


 38 


Mass (g) (m)   32 46 59 78


 103 


Determine the density (i.e. mass/volume) of aluminium if it is in 
 proportion. 


For this proportion to be valid k have to be  
k = m



V
 . We chose a 
 pair of numbers far away from the origin of coordinates to 
 increase the accuracy, draw lines to x and y axis.  

Reading gives  


V= 40 cm3, m = 108g, k= 108g


40cm3 =2,7 g/cm3 Auth. 


Transl. 


This category is found in all the textbooks. This task is categorized as 
 a missing value task and the notion is static (MO2). Direct proportion. 


6 Other possible techniques 


An example of this solution technique comes from the chapter about 
functions (Norberg et al., 2004): 
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Anton buys prawns for the cost of 122 SEK 
 / kg. Express the cost for the prawns that he 
 buys as a function of the weight in 
 kilograms.  


x = kilograms of prawns, y = the total cost, 
 1 kilogram of prawns costs 122 SEK. If he 
 buys x kilograms then the cost is 


k=122⋅ x. Put in some different x in a 
 table of points and sketch a graph. Auth. Transl.  


This type of solution is found in all analysed textbooks. This task is 
 categorized as a missing value task and the notion is dynamic (MO1). 


Direct proportion. 



Discussion 


The five textbooks investigated offer rich variation in types of tasks 
 and techniques. The two notions of proportion (dynamic and static) 
 are both represented but justifications are rare. Thus two MO’s are 
 presented in different chapters (percent, functions, equations and 
 geometry) with no link pointed out between them, which can be 
 misleading for both teachers and students in their practice and might 
 result in a predominance of the dynamic notion. It appears that the 
 static notion is represented to a higher extent in the chapters about 
 geometry and the dynamic notion more in the chapter about percent 
 and functions whereas the equation chapter is a mix of both MO’s. 


The theoretical description of proportion appear similar in all the 
 textbooks and not presented by way of different approaches in 
 parallel. Proportion is also represented mainly as direct proportion 
 with a few exceptions, which may be problematic as for example also 
 inverse proportion is important for the further mathematics studies. 


Justifying technologies are very often missing. The explanation might 
 be that justification is not a learning goal in the curriculum for this 
 first basic course (Mathematics A). This study has also illustrated 
 how the particular analytical tool developed for investigating tasks 
 can be used as an instrument for what types of “knowledge” and 


“know-how” are represented in mathematics textbooks. This might be 
a benefit also for teachers in their practice by providing principles for 
the selection of tasks. However, if the students really take up the 
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techniques presented in the textbook is another research issue which 
 will be investigated in a follow-up paper about students' solutions of 
 proportion tasks. 
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ATD and CoP in a framework for  investigating social networks in physics  classrooms 



Jesper Bruun 


Department of Science Education, University of Copenhagen 
 Abstract. The article presents a tool for analysing 
 transcribed and annotated video recordings. The tool relies 
 on a network representation of the data, where the nodes 
 derive from categories of activities. Following a summary 
 of the observed learning situation, it is suggested how 
 anthropological theory of the didactical (ATD) and 
 communities of practice (CoP) can be incorporated in the 
 network representation in order to investigate student 
 discussion networks in physics classrooms.   



Introduction 


One of the major concerns for researchers in physics education is 
 whether the students of a given class learn physics or not. Indeed, it is 
 not clear what it means to have learned physics. Learning physics 
 may consist of mastering different modes/forms of representation 
 (Dolin, 2002), or it may amount to refining and organising conceptual 
 structures to be retrieved as appropriate (diSessa, 1993). One view is 
 that the cognitive development of the individual learner needs to be in 
 focus when investigating science (and therefore physics) learning. A 
 complementary view is that learning in general, and therefore the 
 learning of physics, is the development of shared repertoire by a 
 group over time (Wenger, 1998). However, what the dynamics of 
 physics learning actually is seems to be an underdeveloped area.  


One strategy for shedding light on how physics is learned is to 
observe learning situations in physics classes where the students 
engage in an appropriate assignment. The assignment - and the 
related tasks needed to complete it - may be designed or initiated by 
researchers or more naturally occurring (designed or initiated by 
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