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Preface


Since the discovery of the back-propagation method, many modied and new algorithms
 have been proposed for training of feed-forward neural networks. The problem with slow
 convergence rate has, however, not been solved when the training is on large scale prob-
 lems. There is still a need for more ecient algorithms. This Ph.D. thesis describes
 dierent approaches to improve convergence. The main results of the thesis is the devel-
 opment of the Scaled Conjugate Gradient Algorithm and the stochastic version of this
 algorithm. Other important results are the development of methods that can derive and
 use Hessian information in an ecient way. The main part of this thesis is the 5 papers
 presented in appendices A-E. Chapters 1-6 give an overview of learning in feed-forward
 neural networks, put these papers in perspective and present the most important results.


The conclusion of this thesis is:


 Conjugate gradient algorithms are very suitable for training of feed-forward net-
 works.


 Use of second order information by calculations on the Hessian matrix can be used
 to improve convergence.


I would like to thank Brian Mayoh for being a very inspiring advisor. Also many thanks
 to Ole sterby who has been a great help on many technical issues. During my visit
 to Carnegie Mellon University, Pittsburgh, I received inspiration and advice from many
 people, which I can not all thank here. A great thanks, however, to my advisor at CMU,
 Scott Fahlman.


Thank you to the Royal Danish Research Council and the Carlsberg Foundation, who
 made this research possible by providing nancial support.


Martin Mller


DAIMI, Arhus Universitet
 Juli 1993
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Chapter 1



Resume in danish


Formalet med denne Ph.D. afhandling er udvikling af metoder til eektiv trning af feed-
 forward neurale netvrk. Afhandlingen bestar af 5 selvstndige artikler (appendix A-E)
 samt en oversigtsartikel.



1.1 Oversigtsartikel


Formalet med artiklen er at stte resultaterne beskrevet i appendix A-E ind i en strre
 sammenhng og beskrive relevant litteratur.



1.1.1 Kapitel 2


Kapitlet prsenterer den notation, som er benyttet gennem hele afhandlingen.



1.1.2 Kapitel 3


Kapitel 3 er en gennemgang af de mest gngse og eektive trningsmetoder i litteraturen.


I dette kapitel prsenteres resultaterne fra appendix A og B, som omhandler udvikling
 af en special designet konjugeret gradient algoritme og en stokastisk version af denne.



1.1.3 Kapitel 4


Kapitel 4 prsenterer nye ideer og metoder til eektiv beregning af 2. ordens information
 fra fejlfunktionen. Det har vret den gngse opfattelse, at 2. ordens information er for
 tidskrvende at benytte, fordi det umiddelbart ser ud til at krve beregning af Hessian
 matricen. Det viser sig nu, at der er mange muligheder for at trkke information ud
 uden explicit at skulle beregne hele matricen. I dette kapitel prsenteres resultaterne fra
 appendix C og D.



1.1.4 Kapitel 5


Kapitel 5 beskriver problemstillinger omkring brug af fejlfunktion (objektfunktion) til
 trning af neurale netvrk. Det bliver understreget, at de gngse funktioner, sa som
 least mean square og entropy funktionen, ofte ikke er hensigtsmssige til neurale netvrks


7



(9)trning. I den forbindelse prsenteres resultaterne fra appendix E, hvor en alternativ
 fejlfunktion beskrives.



1.1.5 Kapitel 6


Kapitel 6 giver en overordnet konklusion af arbejdet. Her konkluderes bla., atalgoritmen
 til trning af neurale netvrk stadig ikke eksisterer, men at det med afhandlingen er
 blevet nemmere at vlge en passende algoritme alt efter problemstillingen.


Man skal overveje, om trning skal foregaion-line ellero-line mode. On-line er som
 regel bedst pa klassikationsproblemer med store, redundante trningsst. Hvis on-line
 mode bliver valgt, star valget mellem stochastic scaled conjugate gradient algoritmen (se
 sektion 3.2.4), eller en omhyggelig \tunet" on-line gradient descent algoritme kombineret
 med teknikker som beskrevet i sektion 3.1.7. Hvis o-line mode bliver valgt, br valget
 falde paen 2. ordens metode, som scaled conjugate gradient algoritmen beskrevet i sektion
 3.2.3.


Der konkluderes ogsa, at 2. ordens information kan beregnes uden explicit at skulle
 beregne hele Hessian matricen. Sadanne teknikker er yderst lovende og kan have stor be-
 tydning for udvikling af bedre trningsmetoder samt betydning for metoder til optimering
 af netvrksarkitektur.



1.2 Artikel 1


Artiklen \A Scaled Conjugate Gradient Algorithm for Fast Supervised Learning" er blevet
 udgivet i tidsskriftenNeural Networks (Vol. 6, pp. 525-533, 1993).


Artiklen giver en introduktion til konjugerede gradient algoritmer. Konjugerede gra-
 dient algoritmer er yderst velegnede til store optimerings problemer, idet de involverer 2.


ordens information uden explicit at involvere Hessian matricen. Problemet med brugen
 af konjugerede gradient algoritmer til trning af neurale netvrk har vret, at disse in-
 volverer en linie sgning til estimering af en passende skridtlngde. En sadan liniesgning
 er tidskrvende, idet den involvererere beregninger af fejlen og/eller gradienten til fejlen.


Artiklen prsenterer en ny variation af en konjugeret gradient algoritme, der undgar
 denne liniesgning. Algoritmenintroducerer en skalerings mekanismei stil med den fundet
 i Levenberg-Marquardt algoritmen og kombinerer denne med en \model-trust region"


tilgang. Algoritmen udkonkurrerer andre eksisterende konjugerede gradient algoritmer
 samt gradient descent pa ere test problemer.



1.3 Artikel 2


Artiklen \Supervised Learning on Large Redundant Training Sets" er blevet udgivet i
 tidsskriftetInternational Journal of Neural Systems(Vol. 4, pp. 15-25, 1993).


SCG algoritmen, som beskrevet i artikel 1, er en o-line algoritme, hvilket betyder,
at alle data skal processeres gennem netvrket fr en opdatering kan forega. Pa store,
redundante datast kan dette alvorligt hmme konvergensen set i forhold til algoritmer,
der kan opdatere on-line efter processering af enkelte datamnstre. Artiklen prsenterer
en stokastisk version af SCG algoritmen, som kan opdatere pa mindre blokke af data.
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1.4 Artikel 3


Artiklen \Exact Calculation of the Product of the Hessian Matrix and a Vector in O(N)
 Time" er blevet indsendt til tidsskriftet Neural Computation og udgivet som en teknisk
 rapport pa DAIMI, Aarhus Universitet.


I ere sammenhnge er det ndvendigt at kende Hessian matricen gange en vektor.


Dette glder f.eks. i SCG algoritmen samt i estimering af egenvrdier til Hessian ma-
 tricen. Hessian gange en vektor kan approximeres numerisk ved en en-sidet dierence
 ligning, men indtil fornylig har det ikke vret mulig at beregne denne strrelse eksakt
 uden frst eksplicit at skulle beregne Hessian matricen.


Artiklen giver en algoritme til eksakt beregning af Hessian matricen gange en vektor,
 og beviser at denne er korrekt. Algoritmen opererer i samme tidsorden som beregning
 af gradienten til fejlfunktionen. En tilsvarende algoritme er uafhngigt og pa samme tid
 blevet udviklet af Barak Pearlmutter, Siemens Corporation Research, Princeton.



1.5 Artikel 4


Artiklen\Adaptive Preconditioning of the Hessian Matrix" er blevetindsendt til tidsskriftet
 Neural Computation.


Konditionstallet af Hessian matricen har en afgrende indvirkning pakonvergensen af
 gradient descent samt konjugerede gradient algoritmer. En velkendt teknik til at forbedre
 konvergensen i konjugerede gradient algoritmer er prkonditionering af Hessian matricen,
 hvor denne transformeres vha. af en passende prkonditioneringsmatrice. De gngse
 metoder virker kun papositive denite matricer og er for tidskrvende i neurale netvrks
 sammenhng.


Artiklen beskriver problemerne omkring prkonditionering af indenite matricer og
 prsenterer en ny metode til adaptiv prkonditionering af Hessian matricenunder trning.


Metoden illustreres ved eksempler.



1.6 Artikel 5


Artiklen \Supervised Learning: Improving Neural Network Solutions" er blevet lavet i
 samarbejde med Scott Fahlman, Carnegie Mellon University, Pittsburgh. En modiceret
 udgave af artiklen er blevet indsendt til tidsskriftet Neural Computation.


Least mean square funktionen er en ofte brugt fejlfunktion til trning af neurale
 netvrk. Ved klassiceringsproblemer er denne langt fra optimal, idet minimering af
 fejlen ikke ndvendigvis medfrer minimering af fejlklassiceringer. Funktionen er ikke
 monoton mht. klassikation.


Artiklen prsenterer en ny fejlfunktion, som ersoft-monoton, dvs. \graden" af mono-
toni kontrolleres af en bruger afhngig parameter. I den forbindelse prsenteres ogsa en
benchmark test mellen SCG algoritmen og Quickprop algoritmen.
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Chapter 2



Notation and basic denitions


The networks we consider are multilayered feed-forward neural networks with arbitrary
 connectivity. The network @ consist of nodes nlm arranged in layers l = 0;:::;L. The
 number of nodes in a layer l is denoted Nl. In order to be able to handle the arbitrary
 connectivity we dene for each node nlm a set of source nodes and a set of target nodes.


Slm = fnrs 2@jnrs connects to nlm; r < l; 1s Nrg (2.1)
 Tlm = fnrs 2@jnlm connects to nrs; r > l; 1s Nrg


The training set associated with network@ is


f(u0ps;s = 1;:::;N0; tpj;j = 1;:::;NL);p = 1;:::;Pg (2.2)
 The output from a node nlm when a pattern p is propagated through the network is


ulpm=f(vlpm) , where vlpm = X


nrs2Slmwlrmsurps+wlm; (2.3)
 andwlrmsis the weight from nodenrsto nodenlm. wlmis the usualbiasof nodenlm. f(vlpm) is
 an appropriate activation function, e.g., hyperbolic tangent. The net-inputvlpm is chosen
 to be the usual weighted linear summation of inputs. The calculations to be made could,
 however, easily be extended to other denitions of vlpm. Let an error function E(
w
) be

E(
w
) =XP

p=1Ep(uLp1;:::;uLpNL;tp1;:::;tpNL); (2.4)
 where 
w
 is a vector containing all weights and biases in the network, and Ep is some
 appropriate error measure associated with pattern p from the training set. Coordinates
 of vectors and matrices will depending on the context also be referred to by the simpler
 notation [w
]i and [A]ij.

The gradient vector E0(
w
) of an error function E(w
) is an N 1 vector given by
 E0(w
) = XP

p=1


@Ep


@[
w
]1;:::; @E@[w
]pN

!T


: (2.5)


The Hessian matrixE00(
w
) of an error function E(w
) is
 E00(w
) =XP

p=1


0


B


B


B


@


@2Ep


@[
w
]21  @[w
@]12@E[pw
]N

... ... ...


@2Ep


@[
w
]1@[w
]N  @@[w
2E]p2N

1


C


C


C


A : (2.6)
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(13)A set
p
1;p
2;:::;p
N of vectors are said to be mutually conjugate with respect to a matrix

A if 
p
TiAp
j = 0 , when i6=j: (2.7)

The condition number of a matrix A is
  =

















max


min














 ; (2.8)


where max and min are the largest and smallest eigenvalue of A respectively.



(14)
Chapter 3



Training Methods for Feed-Forward Networks: An Overview


This chapter reviews dierent methods for training feed-forward neural networks. The
 viewpoint is that of optimization which allows us to use results from the optimization liter-
 ature. These results give information about computational complexity, congergence rates
 and safety procedures to ensure convergence and avoid numerical instabilities. Through-
 out the chapter we use results from the well written paper about rst- and second order
 methods written by Battiti [Battiti 92]. We emphasize that this review is not a full survey
 of all existing techniques to train feed-forward networks, but a presentation of material
 that puts the results presented in appendix A and B into a broader context.


The presentation will focus on methods which are especially well suited for training of
 feed-forward networks. Factors that are important in this classication are computational
 complexity and the number of problem dependent parameters. In the description of the
 dierent methods we separate betweenrst orderandsecond ordermethods, i.e., between
 methods based on a linear model and methods based on a quadratic model of the error
 function.



3.1 Gradient descent


Gradient descent is one of the oldest optimization methods known. The use of the
 method as a basis for multivariate function minimization dates back to Cauchy in 1847
 [Cauchy 1847], and has been the subject of intense analysis. Gradient descent is based
 on a linear approximation of the error function given by


E(
w
+4w
)E(w
) +4w
TE0(w
): (3.1)
 The weight update is

4
w
 =,E0(w
);  > 0: (3.2)

The step size or learning rate can be determined by a line search method but is usually
 set to a small constant. In the latter case the algorithm is, however, not guaranteed to
 converge. If  is chosen optimally in each step the method is often called the steepest
 descent method. The method can be used in o-line or on-line mode. The o-line mode
 is the one presented in (3.2), where the gradient vector is an accummulation of partial
 gradient vectors, one for each pattern in the training set. In the on-line mode, gradient
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(15)descent is performed successively on each partial error function associated with one given
 pattern in the training set. The update formula is then given by


4
w
=,Ep0(w
);  > 0; (3.3)
 whereEp0(w
) is the error gradient associated with pattern p. If tends to zero over time,
 the movement in weight space during oneepoch1 will be similar to the one obtained with
 one o-line update. However, in general the learning rate has to be large to accelerate
 convergence, so that the paths in weight space of the two methods dier. The on-line
 method is often preferable to the o-line method when the training set is large and contains
 redundant information. This is especially true on problems where the targets only have
 to be approximated such as classication problems. For further discussion about issues
 concerning on-line and o-line techniques see section 3.4.


3.1.1 Back-Propagation


Until only recently gradient descent was only applicable to single layer feed-forward net-
 works, because a method for the calculation of the gradientE0(
w
) for multi-layernetworks
 did not exist before that time. A method to calculate the gradient in general was derived
 independently several times, by Bryson and Ho [Bryson and Ho 69], Werbos [Werbos 74],
 Parker [Parker 85] and Rumelhart [Rumelhart et al. 86]. The method is now known as
 the back-propagation method, and is central to much current work on learning in neural
 networks. There is some confusion about what the name back-propagation method actu-
 ally refers to in the literature. Some researchers connects the name to the calculation of
 the gradient E0(w
), others use the name to refer to the gradient descent algorithm itself.

We use the name to refer to the gradient calculation. The following lemma summarizes
 the back-propagation method.



Lemma 1
 The gradient Ep0(w
) of one particular pattern p can be calculated by one for-
 ward and one backward propagation. The forward propagation formula is:

ulpm=f(vlpm) , where


vlpm =Pnrs2Slmwlrmsurps+wlm ,
 The backward propagation formula is:


[Ep0(
w
)]lhmi =lpmuhpi ; [Ep0(w
)]lm=lpm;
 where lpm is given recursively by:

lpm =f0(vlpm)Pnrs2Tlmwrlsmrps ;l < L ; Lpj = @v@ELpjp ;1j NL:


The gradient of the error corresponding to the whole training set is of course a sum of
 the partial gradients calculated in lemma 1. Lemma 1 can easily be derived using the
 chain rule backwards in the network. The main idea of propagating error information
 back through the network can be extended to the calculation of other important error
 information features such as second order information. We will get back to that in chapter
 4.


1An epoch is equal to one full presentation of all patterns in the training set.



(16)Figure 3.1: The steepest descent trajectory on a simple quadratic surface. Notice that
 the search directions are perpendicular to each other and to the tangent planes of the
 contours.



3.1.2 Convergence rate


We now turn to the rate of convergence of the gradient descent algorithm. Considering
 that the negative gradient is the direction of fastest decrease in error, we would intuitively
 expect to get a fast convergence, if the learning rate  is chosen optimally. This is,
 however, not the case. If we assume that the error is locally quadratic, then the contours
 of E(
w
), given by E(w
) = c are N dimensional ellipsoids with the minimum of the
 quadratic as the center. The axes of the ellipsoids are in the direction of theN-mutually
 orthogonal eigenvectors of the Hessian and the length of the axes are equal to the inverse
 of the corresponding eigenvalues [Luenberger 84]. The gradientE0(w
) in a pointw
 on the
 ellipsoid is perpendicular to the tangent plane inw
. This means that the gradient descent
 direction ,E0(w
) will not in general point directly to the minimum of the quadratic
 (the center of the ellipsoid). The search directions chosen tend to interfere so that a
 minimization in a current direction can ruin past minimizations in other directions. In
 fact, the minimization is done in a kind of \zig-zagging" way, where the current search
 direction is perpendicular to the last search direction. This is easily veried by the
 following. Let d
k = ,E0(w
k) be the direction of search in the kth iteration. If we
 minimize in the direction of d
k with respect to, then

dE(d 
w
k+d
k) =d
TkE0(w
k +d
k) = 0 ) d
Tkd
k+1 = 0

Figure 3.1 illustrates the whole situation. As we shall see in section 3.2, one of the major
 advantages with conjugate gradient methods is that they approximate non-interfering
 directions of search.


If we assume that the error function is quadratic with constant and positive denite
 Hessian, 2 then it is possible to show that the condition number of the Hessian matrix
 has a major impact on the convergence rate. We can write the error in a neighborhood
 of a point 
w
 as

E(
w
k) =E(w
) + (w
k,w
)TE0(w
) + 12(w
k ,w
)TE00(w
)(w
k,w
) : (3.4)

2This is, however, not always the case (see section 4).



(17)If 
w
 is the minimum of the error, then E0(w
) = ,E00(w
)(w
 ,w
) and E(w
k) can be
 written in the alternative form

E(
w
k) = 12(w
k ,w
)TE00(w
)(w
k ,w
) +E(w
), 1

2(
w
,w
)TE00(w
)(w
,w
) : (3.5)
 The last two terms of (3.5) are constants and can be ignored when minimizingE(w
k). If
 the learning rate  is chosen optimal then

 = E0(
w
k)TE0(w
k)

E0(
w
k)TE00(w
)E0(w
k): (3.6)
 In order to obtain a bound of the convergence rate we need the following lemma.


Lemma 2
 The Kantorovitch-Bergstrom inequality states
 (x
TAx
)(x
TA,1x
)

(
x
Tx
)2  (max+min)2
 4maxmin

where A is a symmetric positive denite matrix and max and min are the largest and
 smallest eigenvalue respectively.



Proof
. See [Aoki 71] or [Luenberger 84]. 2
 Based on lemma 2 we can now make the connection between convergence rate and con-
 dition number.


Lemma 3
 Assume that the error function is quadratic with constant Hessian E00(w
). At
 every step in the gradient descent algorithm it holds that

E(
w
k+1),E(w
)
 E(w
k),E(w
) 

,1
  + 1





2 ;
 where  is the condition number of E00(
w
).


Proof
. Using (3.6) and the fact that

E0(
w
k) = E00(w
)(w
k ,w
) and
 E(w
k),E(w
) = 12E0(w
k)TE00(w
),1E0(w
k);
 we get

E(
w
k),E(w
k+1)

E(
w
k),E(w
) = 2E0(w
k)TE00(w
)(w
k ,w
),2E0(w
k)TE00(w
)E0(w
k)
 E0(w
k)TE00(w
),1E0(w
k)

= (E0(
w
k)TE0(w
k))2

(E0(
w
k)TE00(w
)E0(w
k))(E0(w
k)TE00(w
),1E0(w
k))




4maxmin


(max+min)2 ;


wheremax and min are the largest and smallest eigenvalue of E00(
w
). The result is now
easily derived from the last inequality [Luenberger 84]. 2
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 Lemma 3 states that the gradient descent method converges linearly with a ratio not
 greater than ,1+12. It can be shown that if the condition number  is high, then the
 method is very likely to converge at a rate close to the bound [Akaike 59]. So the bigger
 dierence between the largest and smallest eigenvalue, the slower convergence of the
 gradient descent method. Geometrically this means that the more the contours ofE(
w
k)
 are skewed the slower the convergence of gradient descent. Even if only one eigenvalue is
 large and all others are of equal size, the convergence will be slow.


3.1.3 Gradient descent with momentum


In [Plaut et al. 86] the gradient descent update is changed to


4
w
k+1 =,E0(w
k) +4w
k ;  > 0 ; 0 <  < 1 ; (3.7)
 where  is the so called momentum term. The addition of this momentum term incor-
 porates second order information into the method since current as well as past gradient
 information is taken into account. The change was introduced to avoid oscillations in
 narrow steep regions of weight space and to increase convergence in at regions. In
 [Watrous 87] an analysis of the eect of the momentum term was given. We shortly sum-
 marize these results. The weight update formula given by (3.7) is a special version of a
 rst order dierence equation [Press et al. 88],3 which solution is given by

4
w
k+1 =k4w
1,Xk

i=1k,iE0(
w
i): (3.8)
 Written in terms of the weights this becomes


w
k+1 =w
k,Xk

i=0k,iE0(
w
i) (3.9)
 Equation (3.9) is a rst order dierence equation in w
 with solution


w
k+1 =w
0,Xk

j=0
 k


X


i=0j,iE0(
w
i) =w
0,Xk

j=0jkX,j


i=0E0(
w
i) (3.10)
 In at regions in weight space the gradient can be approximated with a constant, say E0.
 Under this assumption we have


w
k+1 =w
0 ,E0Xk

j=0(k,j + 1)j (3.11)


Splitting equation (3.11) up in two nite sums,4 and evaluating we get



w
k+1 = w
0,E0 (k + 1)1,k+1

1, ,(1,k)


(1,)2 + k1,k+1


!


(3.12)


= 
w
0,E0 k + 1
 1,

!


1, 1,k+1


k + 1 


1,


!


:


3The solution for the general equationxk+1=akxk+bk is: xk+1=Qkj=1ajx1+Pki=1Qkj=i+1ajbi.


4We here use that: Pkj=0xj=1,1,xk+1x and Pkj=0jxj= x(1,(1,xx)k2),kx1,k+1x ; jxj<1.



(19)The eect of  is now clear. In at regions of weight space the convergence rate is
 accelerated with a factor approaching 1,1, when k gets large. In narrow steep regions the
 eect of  is to average out components of the gradient with alternating signs.


As we shall see in section 3.2, gradient descent with momentum is an approximation
 of a conjugate gradient update. In conjugate gradient methods, however,  and  are
 chosen automatically. The problem with the gradient descent with momentum is that 
 and  has to be guessed by the user. Furthermore, the optimal values of  and  might
 change in each iteration.



3.1.4 Adaptive learning rate and momentum


Many heuristic schemes to adapt the learning rate and/or the momentum dynamically
 have been proposed in the literature, such as [Cater 87], [Franzini 87], [Chan and Fallside 87],
 [Jacobs 88], [Vogl et al. 88], [Battiti 89], [Silva and Almeida 90] and [Tollenaere 90]. It
 will go too far to describe them all here. We will, however, briey describe some of the
 best known approaches.


One heuristic to adapt both learning rate and momentum has been proposed by Chan
 and Fallside [Chan and Fallside 87]. The main idea of the learning rate adaptation is to
 calculate the angle k between the current gradient and the last weight update and use
 this as information about the error surface characteristics. If 90 k 270, arrival at
 a ravine wall is likely and the learning rate should be decreased. If k approaches 0 or
 360, arrival at a plateau is likely and the learning rate should be increased. Chan and
 Fallside suggest the following adaptation of .


k =k,1(1 + 12 cosk) (3.13)


When a constant momentum is used, the weight update vector can be dominated by
 the momemtumterm and even point uphill instead of downhill. The idea of the adaptation
 of the momentum is therefore to insist of having the magnitude of the momentum term
 smaller than the magnitude of the gradient term. In this case the gradient term will
 always be the dominating factor in the weight update vector. The adaptation of the
 momentum is given by


k =0kj4E(
w
k)j

j4
w
k,1j ; 0 < 0 < 1: (3.14)
 This method yields good results compared to standard gradient descent, but is however
 not without problems. The setting of 0 and 0 might be crucial for the success of
 this adaptation scheme. Chan and Fallside incorporates a backtracking scheme into the
 algorithm to prevent too large learning rates caused from too high an initial0 value. If
 the error is larger than the previous error, the learning ratek is then reduced by a half.

See [Chan 90] for a comparison of this method with other adaptive methods.


Several researchers have explored the idea of having a learning rate and/or a momen-
tum for each unit or even for each weight in the network. The motivation for this strategy
is that parameters appropriate for any one weight dimension might not be appropriate for
other dimensions. Note that having dierent learning rates for each unit or each weight,
means that the weights are not modied in the direction of the negative gradient any
longer. Thus, such a system is not doing gradient descent any more. Instead, the weights
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 are updated based on gradient information together with estimated information about
 the curvature.


One scheme, that has learning rates and momentum for each unit is described in
 [Haner et al. 88]. They develop heuristic schemes for adaptation of both learning rate
 and momentum. The idea for the learning rate scheme is to limit the norm of the learning
 rate times the gradient to a xed value, say !. This can be achieved by adapting the
 learning rate lm associated with unit numberm in layer l with


lm = 


1 + !rPnrs2Slm


 dE
 dwlrms





2 ;  > 0; ! > 0: (3.15)
 Haneret al. states that a value of! equal to one yields good results. They do, however,
 not say anything about the value of the other user-dependent parameter , which value
 might be crucial for the convergence rate.


The momentumterm is adapted in a similar fashion. The overall idea is, that the more
 the network changes the smaller should the momentum be. A characteristic symptom of
 too large a momentum is divergence of the termj
w
j2 over time. Thus in thekth iteration
 and for each unit, Haner et al. denes a control measure by

Qlm(k) = X


nrs2Slm[wlrms(k)]2, X


nrs2Slm[wlrms(k,1)]2 (3.16)


= 2 X


nrs2Slmwlrms(k,1)4wlrms(k) + X


nrs2Slm[4wlrms(k)]2


In order to limitQlm(k), the momentum is chosen such as to be inverse proportional to
 the rst term in (3.16). The adaptation formula is


lm = 1


1 + jPnrs2Slmwlrms(k,1)4wlrms(k)j ;   > 0: (3.17)
 This adaptation formula does not ensure that the control measure Qlm(k) is limited to
 a xed value as was the case for learning rate adaptation. Through several experiments
 Haneret al. concludes that the method yields faster convergence than standard gradient
 descent and also gives a higher percentage of converging trials.


Another heuristic method of adapting learning rates is the delta-bar-delta method
 proposed by Jacobs [Jacobs 88]. In this case there are independent learning rates for each
 single weight. Jacobs develops a gradient descent like updating rule for the learning rates
 for each unit in the network. Let  be a diagonal matrix of learning rate values. Then
 we can approximate the derivative dEd by


dEd  dE
 d
w
Tk dw
k

d (3.18)


The derivative with respect to each learning rate lrms is then given by
 Elrms =, E


wlrms(k) E


wlrms(k,1): (3.19)



(21)dEd can then be updated simultanously with the weights by the gradient descent update
 rule


4lrms = Ewlrms(k) E


wlrms(k,1) ;  > 0: (3.20)
 This update scheme is called thedelta-delta rule and is, unfortunately, of limited practical
 use. The problem is, that the convergence of the process is crucially dependent of the
 value of . Jacobs overcomes this problem, by dening a new update rule, which only
 in principle works in a similar fashion as the delta-delta rule. The delta-bar-delta rule is
 given by


4lrms =


8


>


<


>


:


 k,1k > 0 ;  > 0


,lrms k,1k < 0 ;  > 0


0 otherwise (3.21)


where k = wElrms(k) and k = (1,)k+k,1 ;0 <  < 1, i.e. k is a running average of
 the current and past gradients. If the current gradient has opposite sign as the running
 average gradient the learning rate is decreased exponentially. If the current gradient has
 the same sign as the running average gradient then the learning is increased linearly. The
 dierence between the delta-delta rule and the delta-bar-delta rule is that the latter takes
 average gradients into account and updates the learning rates independently of the size
 of the current gradient.


Jacobs reports a signicant increase of convergence compared to standard gradient
 descent. There is, however, some problems with the delta-bar-delta method that are
 unclaried. A problem that immediately can be identied, is how to select the values of
 the two user-dependent parameters and . The value of these parameters might be very
 crucial for the success of this scheme. Jacobs does not give any description of how to set
 these parameters.



3.1.5 Learning rate schedules for on-line gradient descent


In this section we present some promising learning rate schedules introduced by Darkenet
 al. [Darken et al. 92]. These schedules are only functions of time and not of previous val-
 ues of learning rates or other parameters. The schedules are based on results from stochas-
 tic approximation theory, see for example [Robbins and Monro 51] and [Goldstein 87].


In standard stochastic approximation theory results are given about the convergence
 properties of on-line gradient descent. On-line gradient descent on the least mean square
 error function is guaranteed to converge if the learning ratek satises


1


X


k=1k =1; and X1


k=12k = 0: (3.22)


When the learning rate k is only a function of time, it can be shown that the optimal
 rate of convergence is proportional tok,1, i.e.,j
w
k,w
j2 /k,1, wherew
 is the desired
 minimum. When the learning rate is allowed to depend on current or previous values
 of the learning rate or other parameters, as in the adaptive schemes described in the
 last section, very little is known theoretically about the optimal convergence rate. In
 [Goldstein 87] it is shown that in order to converge at an optimal rate, we must have
 k ! c

k asymptotically, for c greater than some threshold c, which depends on the error
function and on the training set. Chung shows that c is equal to 21min, where min is
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 the smallest eigenvalue of the Hessian of the error function [Chung 54]. The usual choice
 of learning rate schedule in stochastic approximation theory is k = kc. However, this
 scheme often converges slowly. Darken et al. propose a more sophisticated schedule that
 guarantees asymptotically optimal rate of convergence. The schedule is called Search-
 Then-Converge (STC)and is given by


k =0 1 + c0k


1 + c0k +k22 (3.23)


The main idea of this schedule is to delay the major decrease in the learning rate until
 a minimum has been located. k is approximately equal to 0 at times small compared
 to p, this is called the \search phase". For times greater than p, the learning rate
 decreases as ck, which is called the \convergence phase". Darkenet al. demonstrates major
 improvements in convergence rate using this schedule compared to traditional learning
 rate schedules. There are, however, some problems with the method of setting initial
 parameters such as c, 0 and . Darken et al. addresses the problem of setting the c
 parameter. As mentioned above c should be greater than c = 21min. In fact, Darken et
 al. shows that the system exhibits a kind of phase transition at c = c. This means that
 an arbitrarily small change inc, which moves it to the opposite side of c has a dramatic
 eect on the behaviour of the system. Darken et al. argue that using a direct method
 of estimating c is too time consuming since this involves estimation of the smallest
 eigenvalue of the Hessian. For this reason, they outline an ad hocmethod of determining
 whether a particular value of c is less than c. They use a heuristic scheme to adapt c
 based on characteristics of the weight vector trajectory. It is, however, in our opinion an
 open question whether the direct method of estimating the smallest eigenvalue is too time
 consuming afterall. The smallest eigenvalue of the Hessian can be estimated by use of the
 Power method on the matrixB = (I,E00(
w
k)), where > max [Ralston et al. 78] (see
 also chapter 4 and appendix C). This estimation can be relaxed to an on-line situation
 by replacing B with a running average of the form

Bk = (1,)Bk,1+(I,Ep00(
w
k)); 0 <  < 1: (3.24)
 If the Power method is run simultanously with the update of weights, then this scheme
 would cost O(N) time more per weight update, i.e. twice as much calculation work per
 iteration [Pearlmutter 93], [Mller 93c].

Darken et al. do not address the setting of the parameters 0 and , because these
 values do not aect the asymptotic behavior of the system. The values do, however,
 have a major aect on the rate of convergence and methods for the initial setting of
 these parameters are needed in order for the method to have any real practical use. Some
 practical hints about how to set these parameters are the following [Darken 93]. 0 should
 be taken as large as possible, but avoiding instability. p should be some fraction of the
 total number of iterations that are planned to be run. In the setting of, prior knowledge
 about the problem can be used. This could be knowledge about how noisy the problem
 is, or if it is easy to locate a minimum and so forth.



3.1.6 The quickprop method


Quickprop is not strictly a gradient descent method, but can be viewed somewhere be-
tween a gradient descent method and a Newton method [Fahlman 89]. It has, in our



(23)opinion not received the attention it deserves. We give a detailed description here.


In order to avoid the time and space consuming calculations involved with the Newton
 algorithm two approximations are made. The Hessian matrix is approximated by ignoring
 all non-diagonal terms making the assumption that all the weights are independent. Each
 term in the diagonal is approximated by a one sided dierence formula given by


d2E(w)


dw2  E0(wk),E0(wk,1)


wk,wk,1 (3.25)


where wk is a given weight at time step k. d2dwE(2w) can actually be calculated precisely
 with a little more calculation work [Le Cun 89], but is in the quickprop method not
 more ecient than the approximation. Geometrically the two approximations can be
 interpreted as follows. The error versus weight curve for each weight is approximated by
 a quadratic, which is assumed to be independent on changes in other weights. The main
 idea is to compute the minimum of this quadratic for each weight and update the weights
 by the following formula


4wk =,(kE0(wk) +k); (3.26)
 where k is


k =


( 0 E0(wk)E0(wk,1)> 0


0 otherwise (3.27)


and k is


k =


8


<


:


wk,wk,1


E0(wk),E0(wk,1)E0(wk) E0(wEk0),(wEk,10(wk,1)
 )











< 1+


4wk,1 otherwise (3.28)


The constant0 is similar to the learning rate in gradient descent. IfE0(wk)E0(wk,1)> 0,
 i.e., the minimum of the quadratic has not been passed, a linear term is added to the
 quadratic weight change. On the other hand, if E0(wk)E0(wk,1)  0, i.e., the minimum
 of the quadratic has been passed, only the quadratic weight change is used to go straight
 down to the minimum.  is usually set equal to 2, which seems to work well in most
 applications.


The algorithm is usually used combined with a primeoset term added to the rst
 derivative of the sigmoid activation function. As noted in chapter 4 and appendix E,
 the use of primeoset can inuence the quality of the solutions found. Despite the two
 very crude approximations the quickprop algorithm has shown very good performance in
 practice. One drawback with the algorithm is, however, that the 0 parameter is very
 problem dependent. An adaptive scheme to estimate this parameter would signicantly
 increase the usefullness of this method. It mightbe possible to combineone of the adaptive
 learning rate schemes, described above to adapt 0.



3.1.7 Estimation of optimal learning rate and reduction of large curvature components


The eigenvalues of the Hessian matrix can be interpreted as the curvature in the direction
of the corresponding eigenvectors. The eigenvectors are the main axes of the contours
of equal error, which are approximately ellipsoids with the minimum of the error as a
center. Only if all the eigenvalues are of equal size, does the gradient descent direction
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 point directly to the minimum (see gure 3.1). So as concluded in the analysis of the
 convergence rate of the gradient descent method, the main factor limiting the convergence
 rate of gradient descent is that the curvature of the error has dierent values in dierent
 directions. The largest curvature limits the maximum value of the learning rate, while
 the smallest curvature dominates the learning time. The optimal learning rate for o-line
 gradient descent can be shown to be equal to the inverse of the largest eigenvalue. In this
 section we describe methods to reduce the inuence of large curvature components and
 also how to estimate the optimal learning rate.


The true direction to the minimum can be computed by multiplying the gradient de-
 scent vector by the inverse of the Hessian matrix, assuming that the Hessian is invertible.


We then get the Newton direction (see chapter 3.3). The inverse of the Hessian can be
 expressed in terms of the eigenvectors and corresponding eigenvalues. By the spectral
 theorem from linear algebra we have that E00(
w
k) has N eigenvectors that form an or-
 thogonal basis in<N [Horn and Johnson 85]. This implies that the inverse of the Hessian
 matrixE00(w
k),1 can be written in the form

E00(
w
k),1 =XN

i=1



e
ie
Ti

j
e
ij2i ; (3.29)

whereiis theith eigenvalue of E00(
w
k) ande
iis the corresponding eigenvector. Equation
 (3.29) implies that the Newton search directionsd
k can be written as


d
k =,E00(w
k),1E0(w
k) =,XN

i=1



e
ie
Ti

j
e
ij2iE0(w
k) =,XN

i=1



e
TiE0(w
k)

j
e
ij2i e
i ; (3.30)
 where E0(w
k) is the gradient vector. So the Newton search direction can be interpreted
 as a sum of projections of the gradient vector onto the eigenvectors weighted with the
 inverse of the eigenvalues. To calculate all eigenvalues and corresponding eigenvectors
 costs O(N3) time which is infeasible for large N. Le Cun et al. argues that only a few
 of the largest eigenvalues and the corresponding eigenvectors are needed to achieve a
 considerable speed up in learning. The idea is to reduce the weight change in directions
 with large curvature, while keeping it large in all other directions. A choice of search
 direction could be


d
k =,(E0(w
k),Xk

i=1



e
TiE0(w
k)

j
e
ij2 e
i) ; 0 1: (3.31)
 where i now runs from the largest eigenvalue 1 down to the kth largest eigenvalue k,
 and  is some appropriate constant (Le Cun et al. suggest  = k+11 ). Equation (3.31)
 reduces the component of the gradient along the directions with large curvature. See also
 [Le Cun et al. 91] for a discussion of this. The learning rate can now be increased with a
 factor of k+11 , since the components in directions with large curvature have been reduced
 with the inverse of this factor.

Another approach also proposed by Le Cunet al. is to use a small part of the sum in
 equation (3.30) as search direction, so that



d
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e
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