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Why look at the Set Partitioning Problem?


The Set Partitioning Problem has been used to
 model many different situations – and with


success.


For many problems the bounds on an SPP
 formulation is “very tight”.


So in face of a new problem it could be a good
 idea to ask: “Can this be modelled as a Set


Partitioning Problem?”. If the answer is yes
 there is a good chance of success – also for
 practical applications.


The amount of literature on the Set Partitioning
Problem and applications is huge...
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The Set Partitioning Problem


Let I = {1, 2, . . . , m} and S = {S1, S2, . . . , Sn}


1
 2


3


4


5


6


7


8


9


10


.... m


Let P ⊂ {1, 2, . . . , n}. Then P defines a
 partition of I iff


1. ∪j∈PSj = I


2. Sj ∩ Sk = ∅ ∀j, k ∈ P, j 6= k
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The Set Partitioning Problem


An example of a partition could be:


1
 2


3


4


5


6


7


8


9


10


.... m


Each element is included in exactly one of the
subsets Sj that are part of the partition P .



(5)
The Set Partitioning Problem


Let cj be the cost associated with Sj. Then
 P


j∈P cj is the cost of a partition P .


In the Set Partitioning Problem (SPP) the
objective is given S find the minimal cost
partition P ∗ of I.
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SPP – Matrix representation


The SPP can be described by a matrix
 representation.


First let a vector (column) represent a subset Sj.
 The vector contains only 0’s and 1’s. The size
 of the vector is equal to m.


The i’th element in the vector is 1 if i is in Sj
and 0 otherwise.
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SPP – Matrix representation


1 1 1 0 0 1 0 0 0 0 0 0 0 = 1


2 0 1 1 0 0 0 0 0 0 0 0 0 = 1


3 0 0 1 0 1 1 1 0 0 0 0 0 = 1


4 0 0 0 1 1 0 0 0 0 0 0 0 = 1


5 0 0 0 0 0 1 1 1 0 0 0 0 = 1


6 0 0 0 0 0 0 0 0 0 1 0 0 = 1


7 0 0 0 0 0 0 0 0 0 1 0 . . . 0 = 1


8 0 0 0 0 0 0 1 0 1 0 0 0 = 1


9 0 0 0 0 0 0 0 0 1 1 0 0 = 1


10 0 0 0 0 0 0 0 1 1 0 1 0 = 1


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


..
 .


m 0 0 0 0 0 0 0 0 0 0 0 1 = 1


c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 cn
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SPP – Matrix representation


Let these columns form a matrix A


There exists a one-to-one correspondance
 between Sj and column j.


Associate a 0-1 variable xj with column j.
 We can write the constraints as


Ax = e = (1, 1, 1, . . . , 1)T .


The solution from the example can be written
as x = (0, 1, 0, 1, 0, 0, 1, 0, 0, 1, 1, 1).
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The Set Partitioning Optimization Model


SPP: min z = cT x


subject to Ax = e = (1, 1, 1, . . . , 1)T
 x ∈ {0, 1}n


where cj is the cost of variable j and


aij = 1 if column j covers row i and 0 otherwise.


Subsets Sj are characterised by each
 application.


That is – columns of A must satisfy many rules
or conditions.
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SPP in practice


Sometimes in practice:


not all constraints are equalities – they might
 be covering (≥) or packing (≤).


Some right-hand-side values might not be
 unit values (but still integer).


Such deviations from the pure SPP will be
 denoted Generalised Set Partitioning


Problems (GSPP).
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Important observations on the SPP


The SPP is NP-hard.


Even finding a feasible solution to a SPP is
 NP-hard.


The SCP is in many ways more easy to solve –
 x = (1, 1, 1, . . . , 1) is a (trivial) feasible solution.


Sometimes in practice a SPP is initially solved
as a SCP.
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Matrix reductions in Set Partitioning


These implicit reductions can be used to


eliminate constraints and variables which must
 or cannot be part of a solution.


The conditions can be applied at any time.


The matrix iterations can be applied iteratively
until nothing further can be reduced.
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Matrix reductions in Set Partitioning


If eTi A = eTk for some i and k then xk = 1 in


every feasible partition. We can remove xk and
 column k from A. We can also remove every
 row t such that atk = 1.


If eTt A ≥ eTp A for some t and p, we say that row
 p dominates row t since by covering row p we
 must automatically also cover row t. In this


case we can remove row t from the problem
 and in the SPP case, we can also remove all


columns j for which atj = 1 and apj = 0 because
xj just be zero.
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Matrix reductions in Set Partitioning


If for some set of columns S and some column
 k not included in S, we have P


Aej = Aek and
P cj ≤ ck then we can cover the rows covered
by Aek more cheaply by the columns in S. We
say the columns of S dominate Aek.
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Application 1: Vehicle Routing


Given is a set of vehicles K and a set of nodes
 N. Each node i has to be supplied from a depot
 with some quantity qi. Each vehicle has a


capacity of Q.


q1
 q2


q4 q3


q5


q6


q7


q8


q9
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Matrix representation of Vehicle Routing


1 0 0 0 0 1 0 1


1 0 0 0 0 0 0 0


0 1 0 0 1 0 1 1


0 1 0 0 0 0 1 0


0 1 0 0 1 0 0 1 . . .


0 0 1 0 0 0 0 1


0 0 1 1 1 0 0 1


0 0 1 1 0 1 0 0


1 0 0 1 0 1 0 0


c1 c2 c3 c4 c5 c6 c7 c8
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A scheduling problem


We have 6 assignments A, B, C, D, E and F, that
 needs to be carried out. For every assignment we
 have a start time and a duration (in hours).


Assignment A B C D E F


Start 0.0 1.0 2.0 2.5 3.5 5.0
Duration 1.5 2.0 2.0 2.0 2.0 1.5
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Objective


A workplan is a set of assignments. Now we want to
 formulate a mathematical model that finds the


cheapest set of workplans that fullfills all the
 assignments. Notice:


A workplan can not consist of assignments that overlap
 each other.


The length L of a workplan is equal to the finish time of
 the last assignment minus start of the first assignments
 plus 30 minutes for checking in and checking out.


the cost of a workplan is max(4.0, L).



(19)
A View of the Assignments


1.5
 2.0
 2.0
 2.0
 2.0
 1.5
 Duration
 Start


5.0
 3.5
 2.5
 2.0
 1.0
 0.0


F
E
D
C
B
A
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Workplans starting with assignment A


c1 c2 c3 c4 c5 c6 c7


A 1 1 1 1 1 1 1


B 0 0 0 0 0 0 0


C 0 1 1 0 0 0 0


D 0 0 0 1 1 0 0


E 0 0 0 0 0 1 0


F 0 0 1 0 1 0 1
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Calculate the costs


4 412 7 5 7 6 7


A 1 1 1 1 1 1 1


B 0 0 0 0 0 0 0


C 0 1 1 0 0 0 0


D 0 0 0 1 1 0 0


E 0 0 0 0 0 1 0


F 0 0 1 0 1 0 1
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Completing the model


4 412 7 5 7 6 7 4 5 6 4 5 4 412 4 4


A 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0


B 0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0


C 0 1 1 0 0 0 0 0 0 0 1 1 0 0 0 0


D 0 0 0 1 1 0 0 0 0 0 0 0 1 1 0 0


E 0 0 0 0 0 1 0 0 1 0 0 0 0 0 1 0


F 0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 1
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The Mathematical Model


We get the following model:


min PN


j=1 cjxj
 s.t. PN


j=1 aijxj = 1 ∀i
 xj ∈ {0, 1}


xj = 1 if we use workplan j and 0 otherwise
 (variable).


cj is equal to the cost of the plan (parameter).


aij = 1 if assignment i is included in workplan j
(parameter).
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Solving the problem


A feasible solution is: x3 = 1, x9 = 1, x13 = 1 with
 a solution value of 16.


An optimal solution is x2 = 1, x9 = 1, x14 = 1
 with a solution value of 13.


In general the integrality constraint makes the
 problem much more difficult to solve than if it
 was a linear program.


Another challenge is the number of


variables/workplans. On this small example we
only have 16 with is manageable, but real-life
problems does not only have 6 assignments.
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Production planning


This is the chemical reaction in a Hall-Heroult
 cell


(2Al2O3 + 3C)+ Energy → 4Al + 3CO2


Every “reduction line” (600 m long) is devided
 into 4 tapping bays (300 m long) every


consisting of 51 cells.


All active cells in a tapping bay is tapped once a
day.
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Purity of Aluminium


The purity of aluminium in a cell depends on
 the age of the cell,


the purity of aluminium ore, and
 the carefullness of the workers.


The purity in the metal in a cell is determined
 once a day.


Possible impurities: Iron, Silicium, Gallium,
Nickel, Vanadium
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Producing in batches


A “batch” consists of metal from 3 cells.


The purity of the batch is the average of the
 purity of contributing cells.


Due to the long distances in the tapping bay the
 cells in a batch are not allowed to be to far from
 each other.


Spredning = 5−1 = 4


5
 4


3


2 51


1
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Given a metal purity for each cell in the tapping
 bay we want to maximize the value of the metal
 in our batches.


Under the condition of:


all cells are tapped ones


there are at most three cells in a batch
 the “spread” S in a batch is ≤ S1


except for at most C batches where
S1 < S ≤ S2
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Example


Let S1 = 4, C = 0. Consider 6 cells with the
 following contents


Cell Al% Si% Fe%


652 (1) 99.87 0.050 0.058
653 (2) 99.95 0.022 0.026
654 (3) 99.94 0.020 0.029
655 (4) 99.93 0.023 0.039
656 (5) 99.78 0.024 0.019
657 (6) 99.93 0.022 0.030



(30)Jesper Larsen 30



Possible batches with cell 1 (652)


Batch Cells Al% Si% Fe% Code Premium
1 1 2 3 99.920 0.031 0.038 AA190K 100
2 1 2 4 99.917 0.032 0.041 AA190K 100
3 1 2 5 99.867 0.032 0.091 AA185G 15
4 1 3 4 99.913 0.031 0.042 AA190K 100
5 1 3 5 99.863 0.031 0.092 AA185G 15
6 1 4 5 99.860 0.032 0.096 AA1709 0
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The Final Model


1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16


652 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0


653 1 1 1 0 0 0 1 1 1 1 1 1 0 0 0 0


654 1 0 0 1 1 0 1 1 1 0 0 0 1 1 1 0


655 0 1 0 1 0 1 1 0 0 1 1 0 1 1 0 1


656 0 0 1 0 1 1 0 1 0 1 0 1 1 0 1 1


657 0 0 0 0 0 0 0 0 1 0 1 1 0 1 1 1


1 1 1 1 1 1 1 1


0 0 1 0 1 8 1 8 1 4 1 1 4 8 1


0 0 5 0 5 0 0 5 0 5 0 5 5 0 0 5
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Feasible and Optimal Solution


“Quick and Dirty”: (652, 653, 654) and (655,
 656, 657) gives a value of 115.


Take the “Quick and Dirty” solution and


interchange 654 and 656 and we get a profit of
 155.


The optimum is (652, 653, 655) and (654, 656,
657) with a profit of 280!!
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Cell Batching Optimization


max Pn


i=1 pixi
 st Pn


i=1 ajixi = 1 j = 1, 2, . . . , m
 Pn


i=1 sjxj ≤ C


where sj = 1 if the spread is larger than S1 and 0
otherwise.
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A Network Design Problem


Wired telecommunication networks are usually
 organized in a hierarchal structure based on
 two or more layers.


The two layers in the network are denoted the
 backbone network and the access network.


c d


a


b
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Designing a network


When designing hierarchal networks, a number
 of related questions have to be resolved: Which
 nodes should be hubs, how should we define


the clusters, and which interconnections should
 we allow.


We consider the joint selection of hubs and


clustering of nodes of two-layered networks. In
each of the layers, we assume the networks to
be fully interconnected.
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First model for FINDP I


min X


ij∈E


cijxij + X


ij∈E


cijyij (1)


s.t. yij + xij ≤ 1 ∀ij ∈ E (2)


hi + hj + xij ≤ 2 ∀ij ∈ E (3)


yij ≤ hk ∀ij ∈ E, k ∈ {i, j} (4)


xik + xjk ≤ xij + 1 ∀i, j, k ∈ V, i < j, k 6= i, k 6= j (5)
 yik + yjk ≤ yij + 1 ∀i, j, k ∈ V, i < j, k 6= i, k 6= j (6)


hi + hj ≤ yij + 1 ∀ij ∈ E (7)


wij ≤ hi ∀i, j ∈ V, i 6= j (8)


wij ≤ xij ∀i, j ∈ V, i 6= j (9)


hi + xij ≤ 1 + wij ∀i, j ∈ V, i 6= j (10)


hj + X


i,i6=j


wij = 1 ∀ij ∈ E (11)


(12)
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First model for FINDP II


bmin ≤ X


i


hi ≤ bmax (13)


vmin − 1 ≤ X


j


xij ≤ vmax − 1 ∀i ∈ V (14)


xij, yij, wij, hi binary (15)


xij = 1 if ij is a link in the access network, yij
 correspondingly for the backbone.


hi = 1 if i is a hub 0 otherwise.


wij = hixij
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Why not stick to this model?


Problem LP-FINDP CG-FINDP


n Bd Seconds Gap (%) Seconds Gap (%) Iter Cols


10 1 0.15 52.6 0.47 14.9 8 159


10 2 0.12 61.1 0.88 3.9 9 219


10 3 0.15 69.9 1.05 13.1 9 237


15 1 1.15 31.3 1.84 8.8 17 388


15 2 1.31 60.0 2.32 1.9 14 408


15 3 0.38 73.3 3.25 17.2 13 450


20 1 1.69 57.0 3.62 27.7 21 545


20 2 1.16 65.6 6.14 11.1 17 718


20 3 1.36 76.0 8.24 13.8 14 747


25 1 6.39 27.1 13.30 14.9 24 846


25 2 4.73 56.5 14.58 20.2 21 1272


25 3 5.07 70.8 19.06 15.6 19 1224
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Why not stick to this model?


Problem LP-FINDP CG-FINDP


n Bd Seconds Gap (%) Seconds Gap (%) Iter Cols


10 1 0.16 66.5 0.41 5.7 9 163


10 2 0.14 74.4 1.26 4.5 9 194


10 3 0.13 78.5 0.82 4.7 8 222


15 1 1.74 49.6 1.15 5.3 12 294


15 2 1.29 76.0 3.64 1.8 13 397


15 3 0.47 80.4 5.34 5.9 14 487


20 1 1.81 56.8 5.49 1.5 21 599


20 2 1.09 80.2 12.15 9.7 16 636


20 3 1.12 88.9 14.46 7.1 19 697


25 1 6.61 48.5 14.97 6.1 25 763


25 2 4.97 76.2 33.24 4.0 27 1220


25 3 4.64 83.7 36.97 1.8 27 1367
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How do we formulate it as a SPP?


The key observation here is the independence
 of the cost of an access network from the


backbone network and other access networks.


The same observation can be made for the cost
 of the backbone network.


We define two different types of columns: one
 representing an access network and one


representing a backbone network.
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How do we formulate it as a SPP?


A column for the access network must contain
 information on which nodes are in the access
 network and which of them is a hub.


A column for the backbone network just need


information on which nodes are in the backbone
 network.


We need to link the choosen access networks
to the backbone network.
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A example of the final model


a : 1 1 1 1 1 1 = 1


b : 1 1 1 1 1 1 = 1


c : 1 1 1 1 1 1 = 1


d : 1 1 1 1 1 1 = 1


a :−1 −1 −1 1 1 1 = 0


b : −1 −1 −1 1 1 1 = 0


c : −1 −1 −1 1 1 1 = 0


d : −1 −1 −1 1 1 1 = 0



(43)
A SPP for the FINDP


min X


c∈C


ccuc + X


b∈B


cbvb (16)


s.t. X


c∈C


aciuc = 1 i ∈ V (17)


− X


c∈C


sciuc + X


b∈B


sbivb = 0 i ∈ V (18)


uc, vb binary (19)


Variables are uc = 1 if cluster c in C is selected,
 0 otherwise and


vb = 1 if backbone b in B is selected, 0
otherwise.
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