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Abstract. Thisstudyoersacharacterization of the collectionofproperties


expressibleinHennessy-MilnerLogic(HML)withrecursionthatcanbetested


using niteLTSs. Inaddition to actions used to probe the behaviour ofthe


tested system,the LTSs thatweuse astestswill be able toperformadistin-


guishedactionnoktosignaltheirdissatisfactionduringtheinteractionwiththe


testedprocess. Aprocess
s
passesthetestT
 iT
 doesnotperformtheaction

nok when it interacts with 
s
. A test T
 tests for a property φ
 in HML with

recursioniit ispassed by exactlythe statesthat satisfy
φ
. Thepapergives

anexpressivecompletenessresultoeringacharacterizationofthecollectionof


propertiesinHMLwithrecursionthataretestableintheabovesense.


1 Introduction


Observational semantics for concurrent processes are based upon the general


idea that two processes should be equated, unless they behave dierently, in


some precise sense, when they are made to interact with some distinguishing


environment. Such an idea is, in arguably its purest form, the foundation of


thetheoryof thetesting equivalencesof DeNicola andHennessy [4, 6 ]. In the


theory of testing equivalence, two processes, described abstractly as labelled


transitionsystems(LTSs) [8],aredeemed tobeequivalent itheypass exactly


thesame tests. A test isitself anLTS i.e., a process  which mayperform


a distinguished action to signal that it is (un)happy with the outcome of its


interaction with the tested process. Intuitively, the purpose of submitting a


process to a test is to discover whether it enjoys some distinguished property


or not. Testing equivalence then stipulates that two processes that enjoy the


sameproperties for whichtestscan bedevised areto beconsidered equivalent.


Themain aim of this study isto present acharacterization ofthe collectionof


properties of concurrent processes that can be tested using LTSs. Of course,


inorder to be able to even attempt such a characterization (let alone provide


it),we need to precisely dene a formalism for the descriptionof properties of


LTSs, single out a collection of LTSs astests, and describe thetesting process


andwhen anLTSpassesor failsa test.


Asourspecication formalismforproperties ofprocesses,we useHennessy-


Milner Logic (HML) with recursion [10 ]. This is a very expressive property
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(4)logicconsideredbyHennessyandMilnerintheirseminalstudy[7]. Theresulting


property language is indeed just a reformulation of the modal 
µ
-calculus [10 ].

Following the idea of using test automata to check whether processes enjoy


propertiesdescribedbyformulaeinsuchalanguage[2,1], weuseniteLTSsas


propertytesters. Inadditiontoactionsusedtoprobethebehaviourofthetested


system, the LTSs that we use as tests will be able to perform a distinguished


actionnok(read`notokay')tosignaltheirdissatisfactionduringtheinteraction


withthe testedprocess. Asintheapproachunderlyingthetestingequivalences,


a test interacts witha process by communicating withit, and, inkeeping with


theaforementioned references,theinteraction between processesand testswill


be described using the (derived) operation of restricted parallel composition


from CCS [13 ].


We say that a process 
s
 fails the test T
 i T
 can perform the action nok

when it interacts with 
s
. Otherwise s
 passes T
. A test T
 tests for a property
 φ
 in HML with recursion i it is passed by exactly the states that satisfy φ
.

The main result of the paper is an expressive completeness result oering a


characterization of the collectionof properties inHML with recursion thatare


testable in the above sense. We refer to this language as SHML (for `safety


HML').Moreprecisely we showthat:


 every property 
φ
 of SHML is testable, in the sense that there exists a test
 T φ
 suchthats
satisesφ
ifandonly ifs
passesT φ
,for every process s
;and

 everytest 
T
 is expressibleinSHML,inthesense thatthere existsa formula


φ T
 of SHMLsuchthat, foreveryprocess s
,theagents
passesT
 ifand only

if
s
satisesφ T
.

Thisexpressivecompletenessresultwillbeobtainedasacorollaryofastronger


result pertaining to the compositionality of the property language SHML. A


propertylanguageiscompositionalifchecking whetheracompositesystem
s k T


satisesa property
φ
can bereduced todeciding whetherthecomponent s
has

a corresponding property
φ/T
. Astheproperty φ/T
 is required to be express-

ibleinthepropertylanguageunderconsideration, compositionalityclearlyputs


a demand on its expressive power. Let 
L
nok be the property language that

only contains the simplesafetyproperty
[
nok]
ff,expressingthatthenokaction

cannot be performed. We prove that SHML is the least expressive, composi-


tional extension of the language 
L
nok (Thm. 3.19). This yields the desired ex-

pressive completeness resultbecause any compositionalpropertylanguage that


can express the property 
[
nok]
ff is expressive complete with respect to tests

(Propn. 3.13). Anyincrease in expressiveness for thelanguage SHML can only


beobtained at thelossof testability.


The paper is organized as follows. After reviewing the model of labelled


transition systems and HML with recursion (Sect. 2), we introduce tests and


describe howthey can beused to test for propertiesof processes(Sect.3). We


thenproceedto arguethatnot everyformulainHMLwithrecursionistestable


(Propn. 3.4), but that its sub-language SHML is (Sect.3.1). Our main results


on the compositionalityand completeness ofSHML arepresentedinSect. 3.2.



(5)We begin by briey reviewing the basic notions from process theory that will


be neededinthis study. Theinterestedreader isreferredto,e.g.,[7, 10,13]for


moredetails.


Labelled Transition Systems Let
Act
be aset of actions,and let a, b
range

over it. We assume that 
Act
 comes equipped with a mapping · : Act → Act


such that 
a = a
, for every a ∈ Act
. Action ¯ a
 is said to be thecomplement of
 a
. We letAct τ
 (ranged overbyµ
)standfor Act ∪ {τ }
,whereτ
 isasymbolnot

occurringin
Act
. Following Milner [13],the symbolτ
 will standfor aninternal

actionof asystem; suchactionswill typicallyarisefrom thesynchronization of


complementary actions (cf. the rules for the operation of parallel composition


inDefn.2.2).


Denition 2.1. Alabelled transitionsystem (LTS)overthesetofactions
Act τ


isa triple
T = hS , Act τ , −→i
whereS
 isasetofstates, and−→ ⊆ S × Act τ × S


is a transition relation. An LTS is nite i its set of states and its transition


relationarebothnite. Itisrootedifadistinguishedstateroot
( T ) ∈ S
issingled

out asitsstart state.


Asitisstandardpracticeinprocesstheory,weusethemoresuggestivenotation



s → µ s 0
 in lieu of (s, µ, s 0 ) ∈−→
. We also write s 9 µ
 ifthere is no state s 0
 such

that
s → µ s 0
. Following [13 ], we now proceedto dene versions ofthetransition

relations thatabstractfrom theinternal evolution of statesasfollows:



s ⇒ ε s 0
 i s → τ ∗ s 0



s ⇒ µ s 0
 i ∃s 1 , s 2 . s ⇒ ε s 1



→ µ s 2



⇒ ε s 0


where we use



→ τ ∗
 tostand for thereexive,transitiveclosure of→ τ
 .

Denition 2.2 (Operations on LTSs).


 Let
T i = hS i , Act τ , −→ i i
 (i ∈ { 1, 2 }
) betwo LTSs. Theparallel composition
 of T 1
 andT 2
 istheLTST 1 k T 2 = hS 1 × S 2 , Act τ , −→i
,where thetransition

relation 
−→
is dened bythe rules(µ ∈ Act τ , a ∈ Act
):


s 1



→ µ 1 s 0 1 s 1 k s 2 → µ s 0 1 k s 2



s 2



→ µ 2 s 0 2 s 1 k s 2 → µ s 1 k s 0 2



s 1 a



→ 1 s 0 1 s 2 a



→ 2 s 0 2 s 1 k s 2



→ τ s 0 1 k s 0 2


In the rules above, and in the remainder of the paper, we use the more


suggestive notation 
s k s 0
 inlieu of (s, s 0 )
.

 Let 
T = hS , Act τ , →i
be an LTS and let L ⊆ Act
 be a set of actions. The

restriction of 
T
 over L
 is the LTS T \ L = hS\ L, Act τ ,
;i
, where S\ L = { s \ L | s ∈ S}
and thetransitionrelation ; isdened by therules:


s → τ s 0 s \ L
;τ s 0 \ L



s → a s 0 s \ L
;a s 0 \ L


where 
a, a 6∈ L
.


(6)parallel composition and restriction are precisely those of CCS. We refer the


interested reader to op.cit.formore details onthese operations.


Hennessy-Milner Logic with Recursion In their seminal study [7], Hen-


nessyandMilner gavealogicalcharacterizationofbisimulationequivalence[14 ]


(over states of image-nite LTSs) interms of a (multi-)modal logic which has


since then been referred to as Hennessy-Milner Logic (HML). For the sake of


completeness and clarity, we now briey review a variation of this property


language for concurrent processes which contains operations for the recursive


denition of formulae  a feature that dramatically increases its expressive


power. The interested reader isreferredto, e.g.,[10 ] for moredetails.


Denition 2.3. Let 
Var
 be a countably innite set of formula variables, and

letnokdenoteanaction symbolnotcontainedin 
Act
. ThecollectionHML(Var)


of formulae over
Var
 andAct ∪ {
nok}
 isgivenbythefollowing grammar:


φ ::=
tt|
ff| φ ∨ φ | φ ∧ φ | h α i φ | [α]φ | X |
min(X, φ) |
max(X, φ)


where 
α ∈ Act ∪ {
nok}
, X
 is a formula variable and min(X, φ)
 (respectively,
 max(X, ϕ)
) stands for the least (respectively, largest) solution of the recursion
 equation X = ϕ
.

WeuseSHML
(Var)
(for`safetyHML')tostandforthecollectionofformulae

inHML
(Var)
that donot contain occurrences of∨
,h α i
 and min(X, φ)
.

A closed recursive formula of HML
(Var)
 is a formula in which every formula

variable 
X
 is bound, i.e., every occurrence of X
 appears within the scope of

some min
(X, φ)
 ormax(X, φ)
 construct. A variableX
 isfreeintheformulaφ
if

some occurrenceofitin
φ
isnotbound. Forexample,theformulamax(X, X)
 is

closed, but min
(X, [a]Y )
 is not because Y
 isfree init. The collectionof closed

formulaecontainedinHML
(Var)
(respectively,SHML(Var)
)willbewrittenHML

(resp. SHML). In the remainder of this paper, every formula will be closed,


unlessspeciedotherwise, andweshallidentify formulaethatonly dierinthe


names of their bound variables. For formulae 
φ
 and ψ
, and a variable X
, we

write 
φ { ψ/X }
 for the formula obtained by replacing every free occurrence of
 X
 inφ
withψ
. The details ofsuchan operation inthepresenceof binders are

standard (see,e.g., [15 ]),and areomittedhere.


Given an LTS 
T = hS , Act τ , −→i
,an environment is a mapping ρ : Var → 2 S
. Foranenvironmentρ
,variableX
andsubsetofstatesS
,wewriteρ[X 7→ S]


fortheenvironmentmapping
X
toS
,andactinglikeρ
onalltheothervariables.

Denition 2.4 (Satisfaction Relation). Let 
T = hS , Act τ , −→i
 be an LTS.

For every environment 
ρ
 and formulaϕ
 contained in HML(Var)
,the collection
[[ϕ]]ρ
 of states in S
 satisfying the formula ϕ
 with respect to ρ
 is dened by


(7)structural recursion on
ϕ
thus:


[[
tt]]ρ
def= S [[
ff]]ρ
def= ∅



[[ϕ 1 ∨ ϕ 2 ]]
def= [[ϕ 1 ]]ρ ∪ [[ϕ 2 ]]ρ [[ϕ 1 ∧ ϕ 2 ]]
def= [[ϕ 1 ]]ρ ∩ [[ϕ 2 ]]ρ



[[ h α i ϕ]]
def= n



s | s ⇒ α s 0
 for some s 0 ∈ [[ϕ]]ρ o [[[α]ϕ]]
def=



n



s |
foreverys 0
,s ⇒ α s 0
 impliess 0 ∈ [[ϕ]]ρ o



[[X]]ρ
def= ρ(X) [[
min(X, ϕ)]]ρ
def= \



{ S | [[ϕ]]ρ[X 7→ S] ⊆ S } [[
max(X, ϕ)]]ρ
def= [



{ S | S ⊆ [[ϕ]]ρ[X 7→ S] } .


Theinterestedreaderwillndmoredetailsonthisdenitionin,e.g.,[10]. Here


wejustconneourselvestoremarkingthat,astheinterpretationofeachformula



φ
 containing at most X
 free induces a monotone mapping [[φ]] : 2 S → 2 S
, the

closedformulaemin
(X, φ)
 andmax(X, φ)
areindeedinterpretedastheleastand
 largestsolutions, respectively,of the equation X = φ
. Ifϕ
 isa closed formula,

thenthe collection of states satisfying it is independent of the environment 
ρ
,

and will be written 
[[ϕ]]
. Inthe sequel, for every state s
and closed formula ϕ
,

we shallwrite
s | = ϕ
 (read`s
satisesϕ
') inlieuof s ∈ [[ϕ]]
.

Whenrestricted toSHML , thesatisfaction relation 
| =
is thelargestrelation

includedin
S×
SHMLsatisfyingtheimplicationsinTable1. Arelationsatisfying
 thedeningimplicationsfor | =
willbecalledasatisability relation. Itfollows
 fromstandardxed-point theory[16]that,overS ×
HML,therelation | =
isthe

union of all satisability relations and that the above implications are in fact


biimplications for
| =
.

Remark. Since nok is not contained in 
Act
, every state of an LTS trivially

satisesformulae of the form 
[
nok]φ
. The role played bythese formulaein the

developmentsofthispaperwillbecome clearinSect.3.2. Dually,nostateofan


LTS satisesformulaeof the form
h
noki ϕ
.

Formulae 
φ
 andψ
 arelogically equivalent (withrespectto | =
) i they aresat-

ised by the same states. We say that a formula is satisable i it is satised


byat leastone state insome LTS, otherwise we saythatitis unsatisable.


3 Testing Formulae


As mentioned in Sect. 1, the main aim of this paper is to present a complete


characterization of the class of testable properties of states of LTSs that can


be expressed in the language HML. In this section we dene the collection of


testsand the notion of property testing usedin this study. Informally,testing


involves the parallel composition of the tested state witha test. Following the


spiritof the classic approach ofDe NicolaandHennessy [4 , 6],we saythat the



(8)
s | =
tt ⇒ true s | =
ff ⇒ f alse



s | = ϕ 1 ∧ ϕ 2 ⇒ s | = ϕ 1
ands | = ϕ 2



s | = [α]ϕ ⇒ ∀ s 0 . s ⇒ α s 0
 impliess 0 | = ϕ s | =
max(X, ϕ) ⇒ s | = ϕ {
max(X, ϕ)/X }


Table 1. Satisfactionimplications


tested state failsa test ifthe distinguished reject action nok can be performed


bythetestwhileitinteractswithit,andpassesotherwise. Theformaldenition


of testing then involves the denition of what a test is, how interaction takes


placeandwhenthetesthasfailedorsucceeded. Wenowproceedto make these


notions precise.


Denition 3.1 (Tests). A test is a nite, rooted LTS over the set of actions



Act τ ∪ {
nok}
.

In theremainderof this study,testswill oftenbeconcisely described usingthe


regularfragment of Milner's CCS[13 ] given bythefollowing grammar:



T ::= 0 | α.T | T + T | X |
x(X = T
)

where 
α ∈ Act τ ∪ {
nok}
, and X
 ranges over Var
. As usual, we shall only be

concerned with the closed expressions generated by the above grammar, with


x(
X = T
)asthebindingconstruct,andweshallidentifyexpressionsthatonly
 dier in the names of their bound variables. In the sequel, the symbol ≡
will

be used to denote syntactic equality up to renaming of bound variables. The


operationof substitution over theset of expressions given above is dened ex-


actlyasforformulaeinHML
(Var)
. Theoperationalsemanticsoftheexpressions
 generated by the above grammar is given by the classic rules for CCS. These

arereported belowfor thesakeof clarity:



α.T → α T



T 1



→ α T 1 0 T 1 + T 2 → α T 1 0



T 2



→ α T 2 0 T 1 + T 2 → α T 2 0



T {
x(X = T
)/X } → α T 0


x(
X = T
)→ α T 0


where 
α
 is either nok or an action in Act τ
. The intention is that the term T


stands for the test whose start state is 
T
 itself, whose transitions are precisely
 those thatareprovable usingthe above inferencerules, andwhose set ofstates

is the collection of expressions reachable from 
T
 by performing zero or more

transitions. We referthe readerto [13 ]for moreinformation ontheoperational


semantics of CCS.


Denition 3.2 (Testing Properties). Let
ϕ
beaformulainHML,andletT


bea test.


 Astate 
s
of anLTSpassesthetest T
 i (s k
root(T )) \ Act
nok;
. Otherwise we

saythat
s
failsthe test T
.


(9) We saythatthetest
T
 testsforthe formulaϕ
(andthatϕ
istestable) ifor

every LTS
T
 and every state s
of T
,s | = ϕ
is
 passesthetestT
.

 Let
L
bea collectionofformulae inHML. WesaythatL
is testableieach

of the formulaein
L
 is.

Example3.3. The formula 
[a]
ff states that a process does not aord a ⇒ a
-

transition. We therefore expect that a suitable test for such a property is



T ≡ ¯ a.
nok.0
. Indeed, the reader will easily realize that (s k T ) \ Act
 nok;
 i s ; a
,

foreverystate 
s
. Theformula[a]
ff isthus testable,inthesense ofthis paper.

Theformulamax
(X, [a]
ff∧ [b]X)
issatisedbythosestateswhichcannotper-

forma



⇒ a
-transition, nomatterhowtheyengageinasequenceof


⇒ b
 -transitions.

Asuitable test for sucha property is x(
X = ¯ a.
nok.0 + ¯ b.X
) , and theformula

max
(X, [a]
ff∧ [b]X)
 isthus testable.

Asalreadystated,ourmainaiminthispaperistopresentacharacterization of


thecollectionof HML-properties that aretestable inthesenseof Defn. 3.2. To


this end, we begin by providing evidence to the eect that not every property


expressibleinHMLis testable.


Proposition 3.4 (Two Negative Results).


1. Let 
φ
 be a formula in HML. Suppose that φ
 is satisable. Then, for every

action
a
 in Act
, the formulah a i φ
 isnot testable.

2. Let 
a
 and b
 be two distinct actions in Act
. Then the formula [a]
ff∨ [b]
ff is

not testable.


Remark. If
ϕ
is unsatisable, then the formula h a i ϕ
 islogically equivalent to

ff. Sinceff is testable using the test nok
.0
, the requirement on ϕ
 is necessary

forPropn.3.4(1)tohold. Notemoreoverthat,aspreviouslyremarked,boththe


formulae
[a]
ffand[b]
ffaretestable,buttheirdisjunctionisnot(Propn.3.4(2)).

Ouraim intheremainder ofthis paperisto showthatthecollectionoftestable


propertiesisprecisely SHML . Thisis formalized bythefollowing result.


Theorem 3.5. The collection of formulae SHML is testable. Moreover, every


testable propertyin HML can be expressed in SHML.


Theremainderofthispaperwillbedevotedtoaproofoftheabovetheorem. In


theprocess ofdeveloping sucha proof, weshallalso establishsomeresults per-


tainingto theexpressive powerofSHMLwhichmaybeofindependent interest.


3.1 Testability of SHML


WebeginourproofofThm.3.5byshowingthatthelanguageSHMListestable.


To thisend, we dene,for every openformula
φ
inthelanguage SHML(Var)
,a

regularCCS expression
T φ
bystructural recursion thus:


T
tt

def
= 0 T [a]φ
def= ¯ a.T φ T
ff def=
 nok.0 T X


def
= X T φ 1 ∧ φ 2
 def= τ.T φ 1 + τ.T φ 2 T
max(X,φ)


def
=
 x(X = T φ
) .



(10)For example,if
φ ≡
max(X, [a]
ff∧ [b]X)
 thenT φ
isthetestx(X = τ.¯ a.
nok.0 + τ. ¯ b.X
) . We recall thatwe identify CCS descriptions of tests thatonly dierin
 thenameoftheir boundvariablessince theygive riseto isomorphicLTSs. Our

order ofbusiness inthis sectionwill be to showthefollowing result:


Theorem 3.6. Let
φ
be aclosed formulacontained inSHML. Thenthe testT φ


tests for it.


In theproofof this theorem,it will be convenient to have analternative,novel


characterization ofthesatisfactionrelationfor formulaeinthelanguage SHML.


Thiswe nowproceedto present.


Denition 3.7. Let
T = hS , Act τ , −→i
beanLTS.Thesatisfactionrelation| = ε


isthelargestrelationincludedin
S ×
SHMLsatisfyingthefollowingimplications:


s | = ε
tt ⇒ true s | = ε
ff ⇒ f alse



s | = ε ϕ 1 ∧ ϕ 2 ⇒ s 0 | = ε ϕ 1
 ands 0 | = ε ϕ 2 ,
 for every s 0
 such thats ⇒ ε s 0 s | = ε [a]ϕ ⇒ s ⇒ a s 0
 impliess 0 | = ε ϕ,
 for everys 0



s | = ε
max(X, ϕ) ⇒ s 0 | = ε ϕ {
max(X, ϕ)/X } ,
 for every s 0
 such thats ⇒ ε s 0


A relation satisfying the above implications will be called a weak satisability


relation.


The satisfaction relation 
| = ε
 is closed with respect to the relation


⇒ ε
, in the

sense ofthe following proposition.


Proposition 3.8. Let 
T = hS , Act τ , −→i
 be an LTS. Then, for every s ∈ S


and 
ϕ ∈
SHML, s | = ε ϕ
 i s 0 | = ε ϕ
, for every s 0
 such that s ⇒ ε s 0
.

Proof. The only interesting thing to check is that if 
s | = ε ϕ
 and s ⇒ ε s 0
, then
 s 0 | = ε ϕ
. To thisend, itissucient to provethat therelationR
 dened thus:


R
def= {(s, ϕ) | ∃t. t | = ε ϕ
andt ⇒ ε s}


is a weak satisability relation. The straightforward verication is left to the


reader. 2


Wenow proceedto establishthatthe relations
| = ε
 and| =
coincideforformulae

inSHML .


Proposition 3.9. Let
φ
beaformulacontainedinSHML. Then,foreverystate
 s
 of an LTS, s | = φ
i s | = ε φ
.

In the proof of Thm. 3.6, it will be convenient to have at our disposal some


furtherauxiliaryresults. Foreaseofreference,thesearecollectedinthefollowing


lemma.


Lemma 3.10.



(11)1. Let 
φ
 be a formula in SHML. Assume that T φ
 nok→
. Then φ
 is logically

equivalent toff.


2. Let
φ
be aformulainSHML. Assumethat T φ



→ τ T
. Thenthere areformulae
 φ 1
andφ 2
 inSHMLsuchthatT ≡ T φ 1
,andφ
islogicallyequivalenttoφ 1 ∧ φ 2
.

3. Let
φ
be aformulainSHML. AssumethatT φ → ¯ a T
. Thenthere isa formula
 ψ
 in SHML such that T ≡ T ψ
, andφ
 islogically equivalent to[a]ψ
.

Usingthese results,we arenowina position to prove Thm.3.6.


Proof of Thm. 3.6: In light of Propn. 3.9, it is sucient to show that, for


every state
s
 ofan LTS andclosed formulaφ ∈
SHML,
 s | = ε φ
i (skT φ )\Act
nok; .


We provethe two implications separately.


 `If Implication'. It issucient to show thattherelation



R
def= n



(s, φ) | (s k T φ ) \ Act
nok;
 andφ ∈
SHMLo


isaweaksatisabilityrelation. Thedetailsoftheproofarelefttothereader.


 `Only If Implication'. We prove the contrapositive statement. To this


end,assumethat



(skT φ )\Act ⇒ ε (s 0 kT 0 )\Act
nok→


for some state 
s 0
 and test T 0
. We show thats 6| = ε φ
 holds by induction on

thelength ofthe computation 
(s k T φ ) \ Act ⇒ ε (s 0 k T 0 ) \ Act
.


•
 Base Case: (s k T φ ) \ Act ≡ (s 0 k T 0 ) \ Act
 nok→
. In this case, we may in-

fer that 
T φ


nok
→
. By Lemma 3.10(1), it follows that φ
 is unsatisable.

Propn. 3.9nowyields that
s 6| = ε φ
,whichwasto be shown.


•
 Inductive Step: (s k T φ ) \ Act → τ (s 00 k T 00 ) \ Act ⇒ ε (s 0 k T 0 ) \ Act
 nok→
, for

some state 
s 00
 and test T 00
. We proceed by a case analysis on the form

the transition



(s k T φ ) \ Act → τ (s 00 k T 00 ) \ Act


may take.



∗
 Case: s → τ s 00
 andT 00 ≡ T φ
.

In this case, we may apply the inductive hypothesis to infer that



s 00 6| = ε φ
. By Propn. 3.8, it follows that s 6| = ε φ
, which was to be

shown.



∗
 Case: T φ → τ T 00
 and s = s 00
.

ByLemma3.10(2), itfollows that
φ
islogicallyequivalent toφ 1 ∧ φ 2


forsomeformulae
φ 1
 andφ 2
inSHML,andthatT 00 ≡ T φ 1
. Byinduc-

tion, we may nowinfer that 
s 6| = ε φ 1
. Since φ
 islogically equivalent

to 
φ 1 ∧ φ 2
, this implies that s 6| = ε φ
 (Propn. 3.9), which was to be

shown.



(12)
∗
 Case: s → a s 00
 and T φ → ¯ a T 00
,for someaction a ∈ Act
.

ByLemma3.10(3),itfollowsthat
φ
islogicallyequivalent to[a]ψ
for

some formula
ψ
 inSHML,and thatT 00 ≡ T ψ
. Byinduction, we may

now infer that 
s 00 6| = ε ψ
. Since φ
 is logically equivalent to [a]ψ
 and
 s → a s 00 6| = ε ψ
,this impliesthats 6| = ε φ
(Propn. 3.9), whichwasto be

shown.


This completes the inductive argument, and the proof of the `only if'


implication.


The proofof the theoremisnowcomplete. 2


3.2 Expressive Completeness of SHML


We have just shown thatevery property 
ϕ
 which can be expressed inthe lan-

guageSHML istestable,inthesenseof Defn.3.2. Wenow addresstheproblem


of the expressive completeness of this property language with respect to tests.


More precisely, we study whether all properties that are testable can be ex-


pressed inthe property language SHML  in thesense that, for every test 
T
,

there existsa formula
ψ T
 inSHML such that every state ofan LTS passesthe

test 
T
 if, andonly if, itsatisesψ T
. Our aiminthis sectionis to completethe

proof of Thm. 3.5 by arguing that the language SHML is expressive complete,


in the sense that every test 
T
 may be expressed as a property inthelanguage

SHML inthe precisetechnical sense outlinedabove. Thisamountsto establish-


ing an expressive completeness result for SHML akin to classic ones presented


in, e.g., [9, 5, 17 ]. In the proof of this expressive completeness result, we shall


follow an indirect approach by focusing on the compositionality of a property


language
L
withrespecttotestsandtheparallelcompositionoperatork
. Aswe

shallsee(cf. Propn.3.13),ifapropertylanguage 
L
,thatcontains theproperty
 [
nok]
ff, is compositional with respect to tests and k
 (cf. Defn. 3.12) then it is

expressivecomplete(cf.Defn.3.11). WeshallshowthatSHMLiscompositional


with respect to tests and 
k
, and obtain the expressive completeness of such a
 language asa corollaryofthis stronger result.

Webeginwithsomepreliminarydenitions,introducingthekeyconcepts of


compositionality and(expressive)completeness.


Denition 3.11 (Expressive completeness). Let 
L
 be a collection of for-

mulaeinHML. We saythat
L
is(expressive) complete (withrespecttotests)if
 for everytest T
 thereexistsaformulaϕ T ∈ L
suchthat, foreverystate s
of an

LTS, 
s | = ϕ T
 is
 passesthetest T
.

Compositionality, ontheother hand,isformallydened asfollows:


Denition 3.12 (Compositionality). Let 
L
 be a collection of formulae in

HML. Wesaythat 
L
iscompositional (withrespecttotests andk
) if, forevery
 ϕ ∈ L
 and every test T
, there exists a formula ϕ/T ∈ L
 such that, for every

state 
s
of anLTS, s k
root(T ) | = ϕ
i s | = ϕ/T
.

Intuitively,theformula
ϕ/T
 statesanecessaryandsucientconditionforstate
s
to satisfyϕ
when itismade to interact withthetestT
.


(13)tothenotionofcompleteness. Inthesequel,weuse
L
noktodenotetheproperty

language that only consists of the formula 
[
nok]
ff. (Recall that nok is a fresh

actionnot contained in
Act
.)

Proposition 3.13. Let
L
beacollectionofformulaeinHMLthatincludesL
nok.

Suppose that 
L
 iscompositional. Then L
 iscomplete withrespect to tests.

Proof. Consider an arbitrary test 
T
. We aim at exhibiting a formula φ T ∈ L


meetingthe requirements inDefn. 3.11. Since 
L
 iscompositionaland contains
 theformula [
nok]
ff,we may dene ϕ T
 to be theformula([
nok]
ff)/T
. Lets
be

an arbitrarystate of an LTS. We can now argue that 
s
 passesT
 i it satises
 φ T
 thus:


s
passesthetest T
 i(s k
root(T )) \ Act
nok;


i
(s k
root(T )) \ Act | = [
nok]
ff

i
(s k
root(T )) | = [
nok]
ff

(Asnok
6∈ Act
)

i
s | = ([
nok]
ff)/T


(As
L
 iscompositional)
 is | = ϕ T .


Thiscompletes the proof. 2


Aswe shallnowshow, SHML iscompositionalwithrespectto testsand 
k
,and

thus expressivecompletewithrespectto tests. We beginbydeninga quotient


construction for formulae of SHML, in the spirit of those given for dierent


propertylanguagesand overdierent models in,e.g., [12 ,3,11 ].


Denition 3.14 (Quotient Construction). Let
T
 beatest,andlett
beone

of its states. For every formula 
ϕ
 SHML, we dene the formula ϕ/t
 (read `ϕ


quotientedby
t
')asshowninTable 2.

ff
/t
def=
ff

tt
/t
def=
tt


(φ 1 ∧ φ 2 )/t
def= φ 1 /t ∧ φ 2 /t ([α]φ)/t
def= [α](φ/t) ∧ ^



n



t 0 | t ⇒ α t 0



o (φ/t 0 ) ∧ ^ n



(b, t 0 ) | t ⇒ b t 0



o [b] ([α]φ)/t 0 


max
(X, φ)/t
def= (φ{
max(X, φ)/X})/t


Table 2. Quotient constructfor SHML



(14)denitionofthequotientformula
ϕ/t
presentedibidemshouldbereadasyield-

inga nitelistofrecursion equations,overvariables oftheform
ψ/t 0
,forevery

formula
ϕ
andstatet
ofatest. Thequotientformulaϕ/t
itselfisthecomponent

associatedwith
ϕ/t
inthelargestsolutionofthesystemofequationshavingϕ/t


as leading variable. For instance, if
ϕ
 is the formula [a]
ff and t
 isa node of a

test whose only transition is 
t → ¯ b t
,then, asthe readercan easily verify,ϕ/t
 is

thelargest solutionof the recursion equation:



ϕ/t
def= [a]
ff∧ [b](ϕ/t)


which correspondstotheformulamax
(X, [a]
ff∧ [b]X)
inthepropertylanguage

SHML. This formula states the, intuitively clear, fact thata state of the form



s k t
 cannotperform a ⇒ a
-transition is
cannot executesuch a stepno matter

how it engages in a sequence of synchronizations on 
b
 with t
. Note that the

quotient of a recursion-free formula may be a formula involving recursion. It


can be shown that this is inevitable, because the recursion-free fragment of


SHML isnot compositional. Finally,we remark that, because of our niteness


restrictionson tests, the right-hand sideof the deningequationfor 
([α]φ)/t
 is

a niteconjunction of formulae.


Thefollowingkeyresultstatesthecorrectnessofthequotientconstruction.


Theorem 3.15. Let 
ϕ
 be a closed formulain SHML. Suppose that s
isa state

of an LTS, and 
t
is a state of a test. Then s k t | = ϕ
 is | = ϕ/t
.

Proof. We prove thetwo implicationsseparately.


 `Only If Implication'. Consider the environment 
ρ
 mapping each vari-

able
ϕ/t
inthelistofequationsinTable2tothesetofstates{ s | s k t | = ϕ }
.

We prove that 
ρ
 is a post-xed point of the monotonic functional on envi-

ronments associated with the equations in Table 2, i.e., that if 
s ∈ ρ(φ/t)


then 
s ∈ [[ψ]]ρ
, where ψ
 is the right-hand side of the dening equation for
 φ/t
. Thiswe nowproceedto do bya caseanalysison theform theformula
 ϕ
maytake. Weonlypresent thedetailsfor themostinteresting caseinthe
 proof.


•
 Case: ϕ ≡ [α]ψ
. Assume that skt | = [α]ψ
. We show that state s


is contained in 
[[ξ]]ρ
 for every conjunct ξ
 in the right-hand side of the

dening equationfor 
([α]ψ)/t
.


∗
 Case: ξ ≡ [α](ψ/t)
. To showthat s ∈ [[ξ]]ρ
, itis sucient to prove

that
s 0 ∈ [[ψ/t]]ρ
,foreverys 0
 suchthats ⇒ α s 0
. Tothisend,wereason

asfollows:



s ⇒ α s 0
 impliess k t ⇒ α s 0 k t


implies
s 0 k t | = ψ


(As
s k t | = [α]ψ
)

i 
s 0 ∈ ρ(ψ/t)


(By thedenitionof 
ρ
)

i 
s 0 ∈ [[ψ/t]]ρ .



(15)
∗
 Case: ξ ≡ ψ/t 0
 witht ⇒ α t 0
. Toshowthats ∈ [[ξ]]ρ
,itissucient to

prove that
s ∈ [[ψ/t 0 ]]ρ
,for every t 0
 suchthatt ⇒ α t 0
. To thisend, we

reason asfollows:



t ⇒ α t 0
impliess k t ⇒ α s k t 0


implies
s k t 0 | = ψ


(As
s k t | = [α]ψ
)

i 
s ∈ ρ(ψ/t 0 )


(By thedenitionof
ρ
)

i 
s ∈ 



ψ/t 0  ρ .



∗
 Case: ξ ≡ [¯ b] ([α]ψ)/t 0 


with 
t ⇒ b t 0
. To show that s ∈ [[ξ]]ρ
, it is

sucienttoprovethat
s 0 ∈ [[([α]ψ)/t 0 ]]ρ
,foreverys 0
suchthats ⇒ ¯ b s 0
.

To this end,we reasonasfollows:



s ⇒ ¯ b s 0
 and t ⇒ b t 0
 imply s k t ⇒ τ s 0 k t 0


implies
s 0 k t 0 | = [α]ψ


(By Propns. 3.8and 3.9,as
s k t | = [α]ψ
)

i 
s 0 ∈ ρ(([α]ψ)/t 0 )


(By thedenitionof 
ρ
)

i 
s 0 ∈ 



([α]ψ)/t 0  ρ .


The prooffor thecase 
φ ≡ [α]ψ
is now complete.

 `If Implication'. Consider the relation 
R
dened thus:


R
def= { (s k t, ϕ) | s | = ϕ/t } .


It isnot hard to showthat
R
 isa satisabilityrelation.

Theproof ofthe theoremis now complete. 2


Corollary 3.16. The propertylanguage SHML iscompositional withrespect to


testsand theparallel compositionoperator 
k
.

Proof. Given aproperty
ϕ ∈
SHMLand atest T
,deneϕ/T
 to betheformula
 ϕ/
root(T )
 given by thequotient construction. The claimis nowan immediate

consequenceof Thm.3.15. 2


Theorem 3.17. The propertylanguage SHML is expressivecomplete.


Example3.18. Applying theconstruction in the proof of Propn. 3.13, and the


denitionof thequotient formulato thetests



T 1 ≡
x(X = ¯ a.
nok.0 + ¯ b.X
) and
 T 2 ≡
x(X = τ.¯ a.
nok.0 + τ. ¯ b.X
)

yieldsthat the formulatested byboth 
T 1
 and T 2
 is max(X, [a]
ff∧ [b]X)
.


(16)the proof of Thm. 3.5. Thus, as claimed, the collection of testable properties


coincides withthatof the propertiesexpressibleinSHML . Thefollowing result


givesanothercharacterization oftheexpressivepowerofSHMLwhichhassome


independent interest.


Theorem 3.19. The property language SHML isthe least expressive extension


of 
L
nok that is compositional with respect totests andk
.

Proof. Assume that
L
 is a propertylanguage that extendsL
nok and is compo-

sitional. WeshowthateverypropertyinSHMLis logicallyequivalent to onein



L
,i.e.,thatL
isatleastasexpressiveasSHML. Tothisend,letϕ
beaproperty

inSHML. By Thm.3.6, there is atest 
T ϕ
 suchthat s | = ϕ
i s
passesthe test
 T ϕ
, for every state s
. Since L
 is an extension of L
nok that is compositional,
 Propn. 3.13yieldsthat L
iscomplete. Thus there isaformulaψ ∈ L
suchthat
 s | = ψ
 i s
 passes the test T ϕ
, for every state s
. It follows that ψ
 and ϕ
 are

satised byprecisely the same states,and aretherefore logicallyequivalent. 2
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