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FOXBY EQUIVALENCE AND COTORSION THEORIES RELATIVE TO SEMI-DUALIZING MODULES


EDGAR ENOCHS and SIAMAK YASSEMI∗


Abstract


Foxby duality has proven to be an important tool in studying the category of modules over a local
 Cohen-Macaulay ring admitting a dualizing module. Recently the notion of a semi-dualizing
 module has been given [2]. Given a semi-dualizing module the relative Foxby classes can be
 defined and there is still an associated Foxby duality. We consider these classes (separately called
 the Auslander and Bass classes) and two naturally defined subclasses which are equivalent to the
 full subcategories of injective and flat modules. We consider the question of when these subclasses
 form part of one of the two classes of a cotorsion theory. We show that when this is the case, the
 associated cotorsion theory is not only complete but in fact is perfect. We show by examples that
 even when the semi-dualizing module is in fact dualizing over a local Cohen-Macaulay ring it
 both may or may not occur that we get this associated cotorsion theory.


1. The Foxby classes


Throughout this paperR will always be a commutative noetherian ring. For
 use throughout the paper we quote the following easy result.


LemmaA. Let R, S be rings, let F, G be covariant right-exact (resp.,
 contravariant left-exact) additive functors from the category ofR-modules to
 the category ofS-modules and letψ : F →Gbe a natural transformation
 such thatψ(M) is an isomorphism for all finitely generated modulesM. If
 furthermoreψ(M)is an isomorphism for all free modules M, thenψ is an
 isomorphism.


Deﬁnition 1.1. A finitely generatedR-module C is said to be asemi-
 dualizing moduleforRif


(i) Exti(C, C)=0 fori ≥1


(ii) the canonical mapR→Hom(C, C)is an isomorphism.


If furthermoreChas finite injective dimension thenCis said to be adual-
 izingmodule forR.


∗This paper was prepared while the second author was on sabbitical from the University of
 Tehran. He would like to thank the University of Kentucky for its hospitality during his stay there.
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(2)Throughout the rest of this paper C will always denote a semidualizing
 module forR.


It is not obvious that a local ring admits semi-dualizing modules other
 than itself and, possibly, a dualizing module. The question concerning their
 existence was posed in 1985 by Golod (see [7]) and in 1987 Foxby gave
 examples of rings with three different semi-dualizing modules (see Christensen
 ([2], pg. 1874) for examples of local Cohen-Macaulay rings having at leastn
 different semi-dualizing modules (for anyn≥1)).


In our situation there are two classes of modules associated withC.
 Deﬁnition1.2. The Auslander class ofR (relative toC) is denotedA
 and consists of modulesM such that:


(i) Tori(C, M)=0 fori≥1
 (ii) Exti(C, C⊗M)=0 fori≥1


(iii) the canonical mapµM :M →Hom(C, C⊗M)is an isomorphism.


Deﬁnition 1.3. The Bass class ofR (relative toC) is denoted B and
 consists of modulesN such that:


(i) Exti(C, N)=0 fori≥1


(ii) Tori(C,Hom(C, N))=0 fori ≥1


(iii) the canonicalνN :C⊗Hom(C, N)→N is an isomorphism.


WhenRis local Cohen-Macaulay andCis dualizingA andBhave a nice
 description in terms of Gorenstein projective and injective dimensions ([6],
 corollaries 2.4 and 2.6).


We note that for any C, R ∈ A and C ∈ B, both classes are closed
 under direct sums, direct summands and direct limits. and products. SinceC
 is finitely presented, Tori(C,−)and Exti(C,−)commute with products for
 anyi ≥ 0. So both classes are closed under products. IfF is flat, then by
 Lazard’s thesisF is a direct limit of projective modules. So ifM ∈ A and
 N ∈B, thenF ⊗M ∈ A andF ⊗N ∈ B. And soR ∈ A givesF ∈A.
 The next result gives thatE∈Bfor all injectiveE.


Proposition1.4. For any moduleM, M ∈Aif and only ifHom(M, E)∈
 Bfor all injectiveE.


Proof. For any injectiveEand anyM we have Hom(Tori(C, M), E) ∼=
 Exti(C,Hom(M, E))for alli, so easily Tori(C, M)= 0 for alli ≥1 if and
 only if Exti(C,Hom(M, E))=0 for alli ≥1 and all injectiveE.


Similarly the natural isomorphisms Hom(Exti(C, C⊗M), E)∼=Tori(C,
Hom(C⊗M, E)) ∼= Tori(C,Hom(C,Hom(M, E)))give that Exti(C, C⊗



(3)M)=0 for alli≥1 if and only if Tori(C,Hom(C,Hom(M, E)))=0 for all
 i≥1 and all injectiveE.


Finally consider the commutative diagram:


Hom(Hom(C, C⊗M), E)−−−−−−−−→Hom(µM,E) Hom(M, E)


∼↑


= ↑νHom(M,E)


C⊗Hom(C⊗M, E) −−−−−−−−→∼= C⊗Hom(C,Hom(M, E)).


We see thatµM is an isomorphism if and only ifνHom(M,E)is an isomorphism
 for all injectiveE.


Corollary1.5. For any semi-dualizingC,E∈Bfor all injectiveE.
 Proof. R∈Aso Hom(R, E)=E∈Bfor all injectiveE.


The preceding Proposition raises the question of whether we get the ana-
 logous result concerningN ∈B.


Proposition1.6. For any moduleN,N ∈Bif and only ifHom(N, E)∈
 A for all injective modulesE.


Proof. LetEbe an injective module. Then the canonical mapM⊗Hom(N,
 E) → Hom(Hom(M, N), E) is an isomorphism for all finitely generated
 modulesM by Lemma A. Deriving both sides and puttingM =Cwe obtain
 the isomorphism


Tori(C,Hom(N, E))∼=Hom(Exti(C, N)E).


Applying LemmaA again we obtain that, hence, the canonical map Hom(N, E)


→ Hom(M ⊗Hom(C, N)E) is an isomorphism for all finitely generated
 modulesM. Deriving both sides as functors inM and puttingM = C, we
 obtain the isomorphism


Exti(C, C⊗Hom(N, E))∼=Hom(Tori(C,Hom(C, N))E).


These two isomorphisms immediately imply Proposition 1.6.


2. Foxby duality and cotorsion theories


In this section we again letCbe a semi-dualizing module forRand again let
 A andBdenote the associated Auslander and Bass classes.


Proposition2.1 (Foxby equivalence). The functorsC⊗ −:A →Band
Hom(C,−) : B → A give a well-defined equivalence betweenA and B
(viewed as full subcategories of the category ofR-modules).



(4)Proof. IfM ∈Athen Exti(C, C⊗M)=0 fori≥1. Also Hom(C, C⊗
 M)∼=M so Tori(C,Hom(C, C⊗M))∼=Tori(C, M)=0 fori≥1.


If we consider the commutative


C⊗Hom(C, C⊗M)−−−−−−→νC⊗M C⊗M


C⊗Hom(C, C⊗M)←−−−−−−C⊗µ∼=M C⊗M
 we see thatνC⊗M is an isomorphism. SoC⊗M ∈B.


The argument that Hom(C, N)∈A forN ∈Bis similar. Now it is clear
 that the two functors given an equivalence of categories.


Now given our equivalenceA ←→ B we note thatF ⊂ A andE ⊂ B
 whereF andE are respectively the class of flat and of injective modules. The
 image of the classF underA →B is denotedW(R)orW and the image
 ofE underB →Ais denotedU(B)orU. SoW consists of all the modules
 C⊗F withF flat andUof the modules Hom(C, E)withEinjective.


Proposition2.2. We have for anyC


a) M ∈UimpliesHom(M, E)∈W for all injectiveEand
 b) N ∈W impliesHom(N, E)∈Ufor all injectiveE.


Proof. a) If M ∈ U then M ∼= Hom(C, E) for an injective E. So
 Hom(M, E)∼=Hom(Hom(C, E), E)∼=C⊗Hom(E, E). But Hom(E, E)
 is flat, so Hom(M, E)∈W.


b) IfN ∈ W thenN ∼= C⊗F for a flat module F. So ifEis injective
 then Hom(N, E) ∼= Hom(C⊗F, E) ∼= Hom(C,Hom(F, E)) ∈ U since
 Hom(F, E)is injective.


It is well known that any module (over any ring) has an injective envelope.


Recently it has also been shown that every module has a flat cover [1]. We
 will consider the analogous questions using the classes of modulesW andU.
 We first note that bothW andUare closed under direct sums, summands and
 direct limits and direct products.


Deﬁnition2.3. Given a classG of modules, a linearφ : G→M with
 G ∈ G is said to be a G-precoverof M if Hom(H, G) → Hom(H, M)is
 surjective for allH ∈G. If moreover anyf : G→Gsuch thatφ◦f = φ
 is an automorphism ofG, thenφis said to be aG-cover.G-preenvelopesand
 G-envelopesare defined dually.


If, for example,Gis the class of flat modules, then aG-cover is just called
a flat cover.



(5)Theorem2.4. Every module has aW-cover and aU-envelope.


Proof. For any moduleM letC ⊗M ⊂ E be an injective envelope of
 C⊗M. We will argue thatM →Hom(C, C⊗M) →Hom(C, E)is aU-
 envelope. GivenM →Hom(C,E)¯ withE¯ injective, we get a mapC⊗M →
 C⊗Hom(C,E)¯ ∼= ¯E(recall that E¯ ∈ B). This map can be extended to a
 mapE → ¯E which in turn gives a map Hom(C, E) → Hom(C,E)¯ . But
 then the composite M → Hom(C, E) → Hom(C,E)¯ is the original map
 M →Hom(C,E)¯ . SoM →Hom(C, E)is aU-preenvelope.


Now if f : Hom(C, E) → Hom(C, E) is such that f ◦φ = f where
 φ : M →Hom(C, E)is our given map, then applyingC⊗ −and using the
 fact thatc⊗Hom(C, E=Eis an injective envelope, we see thatC⊗f is an
 automorphism ofE.


But thenf = Hom(C, C⊗f ) : Hom(C, E) →Hom(C, E)is an auto-
 morphism of Hom(C, E).


The argument that every module N has a W-cover is similar. We just
 start with a flat cover F → Hom(C, N) and argue that C ⊗F → C ⊗
 Hom(C, N)→Nis the desiredW-cover.


Deﬁnition2.5 (see Salce [11]). For any classF ofR-modules, letF⊥
 consist of all modulesCsuch that Ext1(F, C)=0 for allF ∈F. Similarly, for
 a classC with let⊥C consist of allF such that Ext1(F, C)=0 for allC∈C.
 The pair(F,C)is said to be acotorsion theoryifF⊥= C andF = ⊥C. A
 cotorsion theory(F,C)is said to becompleteif for every module there is an
 exact sequence 0→N →C →F →0 withC ∈C andF ∈F and if for
 every moduleM there is an exact sequence 0 →C →F → M → 0 with
 C∈C andF ∈F.


If(F,C)is a complete cotorsion theory and 0 →N →C →F →0 is
 exact as in the definition, and ifD∈C, then Hom(C, D)→Hom(N, D)→
 Ext1(F, D) = 0 is exact and so N → C is aC-preenvelope. Similarly if
 0 → C → F → M → 0 is as in the definition thenF → M is an F-
 preenvelope.


Deﬁnition2.6. A complete cotorsion theory(F,C)is said to beperfect
 if every module has anF-cover and aC-envelope.


For any ringR, ifEis the class of injective modules, then⊥E is the class of
 all modules. Clearly(⊥E,E)is a perfect cotorsion theory. IfF is the class of
 flat modules then(F,F⊥)is also a perfect cotorsion theory (by [12], Lemma
 3.4.1 and [5] Theorem 7.4.4 and Theorem 7.26).


It is natural to ask when (⊥U,U) and (W,W⊥) are cotorsion theories.


This question will be answered in Theorems 2.10 and 2.11 below. We begin
with the following auxiliary result.



(6)Proposition2.7. The classesUandW are closed under extensions.


Proof. LetE, Ebe injective and let 0→Hom(C, E)→G→Hom(C,
 E)→0 be exact. Since Tor1(C,Hom(C, E))=0 we have


0→C⊗Hom(C, E)→C⊗G→C⊗Hom(C, E)→0
 is exact. ButC⊗Hom(C, E)∼=EandC⊗Hom(C, E)∼=Eso 0→E→
 C⊗G →E → 0 is exact and in fact split. ThereforeC⊗Gis injective.


Now applying Hom(C,−)we get as 0→Hom(C, E)→Hom(C, C⊗G)→
 Hom(C, E)→0 is exact. SoG∼=Hom(C, C⊗G)and soG∈U.


Now let 0 → C ⊗F → G → C ⊗F → 0 be exact where F
 and F are flat. Since Ext1(C, C ⊗F) = 0 we have 0 → Hom(C, C⊗
 F) → Hom(C, G) → Hom(C, C⊗F) → 0 is exact. So 0 → F →
 Hom(C, G)→F →0 is exact. SoF ⊂Hom(0, G)is pure and Hom(C, G)
 is flat. So applyingC⊗ −we get


0→C⊗F →C⊗Hom(C, G)→C⊗F→0
 exact. SoG∼=C⊗Hom(C, G)∈W.


Corollary2.8. For anyW-coverφ : W →M,ker(φ)∈ W⊥and for
 anyU-envelopeψ :N →U,coker(ψ)∈⊥U.


Proof. Apply Wakamatsu’s lemma (see [5] Corollary 7.2.3 and Proposition
 7.2.4).


Proposition 2.9. Let 0 → W → W → W → 0 be a short exact
 sequence whereW, W∈W. ThenW ∈W if and only ifExt1(C, W)=0.


Proof. The condition is necessary sinceW ⊂B. Now assume Ext1(C, W)


=0. Then


0→Hom(C, W)→Hom(C, W)→Hom(C, W)→0


is exact. But Hom(C,W)and Hom(C,W)are flat and hence so is Hom(C,W).
 Since Hom(C, W)is flat so is 0→C⊗Hom(C, W)→C⊗Hom(C, W)→
 C⊗Hom(C, W)→0. ButC⊗Hom(C, W)∼=WandC⊗Hom(C, W)∼=
 W so C ⊗Hom(C, W) ∼= W. Since Hom(C, W) is flat this gives that
 W∈W.


Theorem2.10. The following are equivalent forU:
 a) (⊥U,U)is a cotorsion theory


b) E ⊂UwhereE is the class of injective modules
c) everyU-envelopeM →U is injective



(7)d) µM :M →Hom(C, C⊗M)is an injection for allM


e) E→Hom(C, C⊗E)is an injection for all injective modulesE
 f) E→Hom(C, C⊗E)is injective for an injective cogeneratorE
 Proof. a)⇒b). ClearlyE ⊂(⊥U)⊥.


b) ⇒c). Let M → U be aU-envelope. Let M ⊂ E with E injective.


SinceE∈U,M →Ecan be factoredM →U →E. So sinceM →Eis
 injective, so isM →E.


d)↔c) From the proof of Theorem 2.6 we know that aU-envelope ofM
 is of the formM → Hom(C, C⊗M)→ Hom(C, E)whereC⊗M ⊂ E
 is an injective envelope. So Hom(C, C ⊗M) → Hom(C, E) is injective.


SoM → Hom(C, E)is injective if and only ifM → Hom(C, C⊗M)is
 injective.


d)→e) trivially. To get e)→d), letM ⊂ E withEinjective. Then we
 have a commutative diagram


M −−−→Hom(C, C⊗M)


↓ ↓


E −−−→Hom(C, C⊗E)


by e),E →Hom(C, C⊗E)is an injection. SinceM →Eis an injection,
 M →Hom(C, C⊗M)is also an injection.


e)→f) is trivial. To get f)⇒e), letE¯ be an injective cogenerator. Then if
 Eis injective we haveE⊂ ¯E(I)for some setI. SinceE¯ →Hom(C, C⊗ ¯E)
 is injective, so isE¯(I)→Hom(C, C⊗ ¯E)(I) ∼=Hom(C, C⊗ ˜E(I)(sinceCis
 finite generated). But we have a commutative diagram


E−−−→ Hom(C, C⊗E)


↓ ↓


E¯ −−−→Hom(C, C⊗ ¯E(I))
 and we quickly see thatE→Hom(C, C⊗E).


d)→a). LetM ∈(⊥U)⊥. We want to show thatM ∈U. LetM →Ube a
 U-envelope. By d),M →U is an injection. So we have the exact 0→M →
 U → MU → 0. By Corollary 2.8, MU ∈ ⊥U. But then sinceM ∈ (⊥U)⊥the
 sequence 0→M →U → MU →0 splits. SoM is a direct summand ofU.
 SinceUis closed under direct summands we see thatM ∈U.


We also have


Theorem2.11. The following are equivalent:



(8)a) (W,W⊥)is a cotorsion theory


b) F ⊂W whereF is the class of flat module
 c) for allM,C⊗Hom(C, M)→M is surjective
 d) everyW-coverW →M is surjective


Proof. The proof is analogous to that of the preceding theorem.


Proposition2.12. If(⊥U,U)(or(W,W⊥)) is a cotorsion theory then it
 is a perfect cotorsion theory.


Proof. Suppose(⊥U,U)is a cotorsion theory. Then by Theorem 2.6 every
 M has aU-envelopeM →U which is injective by d) of Theorem 2.12. By
 Corollary 2.8 the cokernel is in⊥U.


By an argument of Salce ([10] or see [4] Proposition 7.1.7) (⊥U,U)is
 complete. By ([4], Theorem 7.2.6)(⊥U,U)is perfect.


A similar argument works for(W,W⊥).
 3. Examples with dualizing modules


We recall that a moduleD is said to dualizing if it is semi-dualizing and if
 inj.dimD <∞. In this sectionDwill always be dualizing forRandUwill
 always be the class of modules Hom(D, E)withEinjective. Our ringsRwill
 always be local and Cohen-Macaulay. We will show that if dimR = 0, then
 (⊥U,U)is a cotorsion theory if and only ifRis Gorenstein. Of course, ifRis
 Gorenstein of any dimension then(⊥U,U)is a cotorsion theory (Uis just the
 class of injective modules). For anyd ≥1 we will show there are examples of
 our ringsRof dimensiondwhich are not Gorenstein but for which(⊥U,U)is
 a cotorsion theory and such examples where(⊥U,U)is not a cotorsion theory.


Proposition3.1. IfRis local and artinian andRis not Gorenstein, then
 (⊥U,U)is not a cotorsion theory.


Proof. By Theorem 2.12 e) it suffices to argue thatD→Hom(D, D⊗D)
 sinceD= E(k)wherekis the residue field ofk. We letMv = Hom(M, D)
 be the Matlis dual ofM for anyM. We have(D⊗D)v = Hom(D, R). But
 ifσ ∈ Hom(D, R)thenσ (k)= 0 sinceRis not injective (recall that length
 D=lengthR). Now


D⊗D∼=((D⊗D)v)v ∼=Hom(D, R)v ∼=Hom(Hom(D, R), D)
 SoD→Hom(D, D⊗D)becomes


D→Hom(D,Hom(Hom(D, R), D))



(9)This map isx → (y → (σ (→ σ(x)(y))). By the remark above,k is in the
 kernel of this map.


Remark3.2. IfR is local artinian, letS ⊂ R be the socle ofR and let
 dimkS = pwherekis the residue field. Ifpis a prime, then the only semi-
 dualizing modulesCforRareE(k)(the dualizing module) andC =R. For if
 mis the maximal ideal ofRandT ⊂Cis the socle ofCthen Hom(C/mC, T )
 is the socle ofR=Hom(C, C). But its dimension overkis dimC/mC·dimT.
 So either dimC/mC=1 or dimT =1. Then it is not hard to see thatC=R
 in the first case andC =E(k)in the second.


Example 3.3. Let k be a field and let R = k[[x3, x4, x5]]. Then R is
 local, Cohen-Macaulay and of dimension 1. ButRis not Gorenstein since the
 submonoid ofN generated by 3, 4 and 5 is not symmetric.


TheR-submoduleDofk[[x]] generated byxandx2is dualizing forR. We
 argue thatE→Hom(D, D⊗E))is an injection for the injective cogenerator
 E=E(k).


IfP is the maximal ideal ofRthenE(R/P )= E(k)= k[x−3, x−4, x−5]
 (by Park [9]). To argue thatk[x−3, x−4, x−5]→Hom(D, D⊗k[x−3, x−4, x−5])
 is an injection means we have to argue that if z ∈ k[x−3, x−4, x−5] and if
 y⊗z=0 inD⊗k[x−3, x−4, x−5] for ally∈Dthenz=0.


We argue that ifz=0 thenx⊗z=0 inD⊗k[x−3, x−4, x−5]. Ifx⊗z=0
 thenx⊗z+x2⊗0=0. Butxandx2generateD. So in matrix notation


[x x2]⊗
 z


0
 


=0


So for this to happen there must bey , y2, y3∈k[x−3, x−4, x−5] such that
  x4 x5 x6


−x3 −x4 −x5
 y1
 y2
 y3





=
 z


0
 


.


Since it is easy to check that the modules of relations betweenxandx2(as
 a submodule ofR2) is generated by(x4,−x3),(x5,−x4)and(x6,−x5). But


−x3y1−x4y2−x5y3=0 impliesx4y1+x5y2+x6y3=0, i.e. thatz=0.


Remark. It would be of interest to characterize the submonoids S =
 a1, a2, . . . , a5 ⊂ N such that R = k[[xa1, xa2, . . . , xa5]] are such that
 (⊥U,U)is a cotorsion theory.


We now consider passage from the ringR to the ring R[[x]]. Given an
R-moduleM we have theR[[x]]-moduleM[[x]]. IfN is anotherR-module
then HomR[[x]](M[[x]], N[[x]])∼=HomR(M, N[[x]])∼=HomR(M, N)[[x]].



(10)This and some of the isomorphisms below can be found in (Park [9]). For
 completeness, we give short arguments for them.


Also, for any R[[x]]-module U, R[[x]]⊗R[[x]] U ∼= R ⊗R U and so if
 P is a projective R-module, P[[x]]⊗R[[x]]U ∼= P ⊗RU. HenceM is any
 R-module, andP1 →P0 →M →0 is exact withP1, P0projective, we get
 the commutative diagram


P1⊗RU −−−→ P0⊗RU −−−→ M⊗RU −−−→0


↓∼= ↓∼= ↓


P1[[x]]⊗R[[x]]U −−−→P0[[x]]⊗R[[x]]U −−−→M[[x]]⊗R[[x]]U −−−→0
 with exact rows. SoM ⊗RU ∼=M[[x]]⊗R[[x]]U.


If we furthermore assume U = N[[x]] with N an R-module, we get
 M[[x]]⊗R[[x]] N[[x]] ∼= M ⊗R N[[x]] ∼= M[[x]]⊗RN. But if M is fur-
 thermore finitely generated, we getM ⊗RN[[x]]∼= (M ⊗R N)[[x]]. So we
 getM[[x]]⊗R[[x]]N[[x]]∼=(M⊗RN)[[x]] if eitherM orNis finitely gen-
 erated.


These isomorphisms then give ExtnR[[x]](M[[x]],N[[x]])∼=ExtnR(M,N)[[x]]


and TorRn[[x]](M[[x]], N[[x]])∼= TorRn(M, N)[[x]] (here ifMorN is finitely
 generated).


From these isomorphisms it easily follows that ifC is semi-dualizing for
 R, thenC[[x]] is semi-dualizing forR[[x]]. But also ifDis dualizing forR
 thenD[[x]] is dualizing forR[[x]] (see [4], Proposition 2.7).


LettingRbe a local artinian ring which is not Gorenstein andD= E(k),
 then we know D → HomR(D, D ⊗R D) is not injective. So with D¯ =
 D[[x1, . . . , xs]] andR¯ =R[[x· · ·xs]] we get


D¯ =D[[x1, . . . , xs]]


→HomR¯(D,¯ D¯ ⊗RD)¯ =HomR(D, D⊗RD)[[x1, . . . , xs]]


Now letRbe local with a dualizing moduleDand supposeRwithD(as our
 C) satisfies the conditions of Theorem 2.10. By f) of that theorem this means
 E(k)→Hom(D, D⊗E(k))is an injection wherekis the residue field ofR.
 The injective envelope of the residue field ofR[[x]] isE(k)[x−1] andD[[x]]


is a dualizing module forR[[x]]. We argue that


E(k)[x−1]→HomR[[x]](D[[x]], D[[x]]⊗R[[x]]E(k)[x−1])
 is also an injection.


We haveD[[x]]⊗R[[x]]E(k)[x−1]∼=D⊗R(E(k)[x−1])∼=(D⊗RE(k))[x−1].


But an R[[x]]-linear map D[[x]] → (D ⊗R E(k))[x−1] is uniquely de-
termined by its R-linear restriction D → (D ⊗R E(k))[x−1] (since ever



(11)element of (D⊗R E(k))[x−1] is annihilated by xn for some n ≥ 1) and
 this restriction can be anyR-linear map. So HomR[[x]](D[[x]], D[[x]]⊗R[[x]]


E(k)[x−1])∼=HomR(D, (D⊗RE(k))[x−1]). But thisR[[x]]-module is iso-
 morphic to Hom(D, D⊗E(k))[x−1]. So our map becomes


E(k)[x−1]→Hom(D, D⊗E(k))[x−1].
 SinceE(k)→Hom(D, D⊗E(k))is an injection, so is this map.


Noting thatR[[x]] is Gorenstein if and only ifR is, we see that by this
 procedure we can use our zero dimensional example to get a local Cohen-
 Macaulay ring of any dimensiond ≥ 1 admitting a dualizing module which
 is not Gorenstein but which does satisfy the conditions of Theorem 2.10 (with
 Cbeing a dualizing module). Similarly we can get examples for everyd ≥0
 which do not satisfy these conditions.
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