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DISTRIBUTIONS THAT ARE CONVOLVABLE WITH GENERALIZED POISSON KERNEL OF SOLVABLE



EXTENSIONS OF HOMOGENEOUS LIE GROUPS


EWA DAMEK, JACEK DZIUBANSKI, PHILIPPE JAMING
 and SALVADOR PÉREZ-ESTEVA∗


Abstract


In this paper, we characterize the class of distributions on a homogeneous Lie groupᑨthat
 can be extended via Poisson integration to a solvable one-dimensional extensionᑭofᑨ. To
 do so, we introduce theS-convolution onᑨand show that the set of distributions that are
 S-convolvable with Poisson kernels is precisely the set of suitably weighted derivatives ofL1-
 functions. Moreover, we show that theS-convolution of such a distribution with the Poisson
 kernel is harmonic and has the expected boundary behavior. Finally, we show that such distributions
 satisfy some global weak-L1estimates.


1. Introduction


The aim of this paper is to contribute to the understanding of the boundary be-
 havior of harmonic functions on one dimensional extensions of homogeneous
 Lie groups. More precisely, we here address the question of which distributions
 on the homogeneous Lie group can be extended via Poisson-like integration to
 the whole domain and in which sense this distribution may be recovered as a
 limit on the boundary of its extension. This question has been recently settled
 in the case of Euclidean harmonic functions onRn++1in [1], [2]. For sake of
 simplicity, let us detail the kind of results we are looking for in this context.


Let us endowRn++1:= {(x, t ):x ∈Rn, t >0}with the Euclidean laplacian.


The associated Poisson kernel is then given byPt(x) = (t2+x2t)(n+1)/2 and a
 compactly supported distributionT can be extended into an harmonic function
 via convolution u(x, t ) = Pt ∗T. As Pt is not in the Schwartz class, this
 operation is not valid for arbitrary distributions inS. The question thus arises
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(2)of which distributions inScan be extended via convolution with the Poisson
 kernel. The first task is to properly defineconvolution and it turns out that
 the best results are obtained by using theS-convolution which agrees with
 the usual convolution of distributions when this makes sense. The space of
 distributions that can beS-convolved with the Poisson kernel is then the space
 of derivatives of properly-weightedL1-functions. Moreover, the distribution
 obtained this way is a harmonic function which has the expected boundary
 behavior.


In this paper, we generalize these results to one dimensional extensions
 of homogeneous Lie groups, that is homogeneous Lie groups with a one-
 dimensional family of dilatations acting on it. This is a natural habitat for
 generalizing results onRn++1and these spaces occur in various situations. The
 most important to our sense is that homogeneous Lie groups occur in the
 Iwasawa decomposition of semi-simple Lie groups and hence as boundaries
 of the associated rank one symmetric space or more generally, as boundaries
 of homogeneous spaces of negative curvature [6]. Both symmetric spaces and
 homogeneous spaces of negative curvature are semi-direct productsᑭ=ᑨR∗+
 of a homogeneous groupᑨandR∗+acting by dilatations in the first case, or


“dilation like” automorphisms in the second. For a large class of left-invariant
 operators on ᑭ bounded harmonic functions can be reproduced from their
 boundary values onᑨvia so called Poisson integrals. They involve Poisson
 kernels whose behavior at infinity is very similar to the one ofPt. While for
 rank one symmetric spaces and the Laplace-Beltrami operator this is immediate
 form an explicit formula, for the most general case it has been obtained only
 recently after many years of considerable interest in the subject (see [3] and
 references there). Therefore, we consider a large family of kernels on which
 we only impose growth conditions that are similar to those of usual Poisson
 kernels. This allows us to obtain the desired generalizations.


In doing so, the main difficulty comes from the right choice of definition of
 theS-convolution, since the various choices area priorinon equivalent du
 to the non-commutative nature of the homogeneous Lie group. Once the right
 choice is made, we obtain the full characterization of the space of distributions
 that can be extended via Poisson integration. We then show that this extension
 has the desired properties, namely that it is harmonic if the Poisson kernel is
 harmonic and that the original distribution is obtained as a boundary value of
 its extension. Finally, we show that the harmonic functions obtained in this
 way satisfy some global estimates.


The article is organized as follows. In the next section, we recall the main
results on Lie groups that we will use. We then devote a section to results
on distributions on homogeneous Lie groups and theS-convolution on these
groups. Section 4 is the main section of this paper. There we prove the char-



(3)acterization of the space of distributions that areS-convolvable with Poisson
 kernels and show that their S-convolution with the Poisson kernel has the
 expected properties. We conclude the paper by proving that functions that are
 S-convolutions of distributions with Poisson kernels satisfy global estimates.


2. Background and preliminary results


In this section we recall the main notations and results we need on homogen-
 eous Lie algebras and groups. Up to minor changes of notation, all results from
 this section that are given without proof can be found in the first chapter of
 [4], although in a different order.


2.1. Homogeneous Lie algebras, norms and Lie groups


Letᒋbe a real and finite dimensional nilpotent Lie algebra with Lie bracket
 denoted [·,·]. We assume thatᒋis endowed with a family of dilatations{δa :
 a > 0}, consisting of automorphismes ofᒋ of the formδa = exp(Aloga)
 whereAis a diagonalizable linear operator onᒋwith positive eigenvalues. As
 usual, we will often writeaηforδaηand evenη/aforδ1/aη. Without loss of
 generality, we assume that the smallest eigenvalue ofAis 1. We denote


1=d1≤d2≤ · · · ≤dn := ¯d


the eigenvalues ofAlisted with multiplicity. If α is a multi-index, we will
 write|α| =α1+ · · · +αnfor its length andd(α)=d1α1+ · · · +dnαnfor its
 weight.


Next, we fix a basis X1, . . . , Xn of ᒋsuch thatAXj = djXj for eachj
 and writeϑ1, . . . , ϑnfor the dual basis ofᒋ∗. Finally we define an Euclidean
 structure onᒋby declaring theXi’s to be orthonormal. The associated scalar
 product will be denoted·,·and the norm·.


We denote byᑨthe connected and simply connected Lie group that cor-
 responds toᒋ. If we denote by V the underlying vector space of ᒋand by
 θk =ϑk◦exp−1, thenθ1, . . . , θnform a system of global coordinates onᑨthat
 allow to seeᑨ asV. Note thatθk is homogeneous of degreedk in the sense
 thatθk(δaη)=adkθk(η). The group law is then given by


θk(ηξ )=θk(η)+θk(ξ )+ 


α=0,β=0,d(α)+d(β)=dk


cα,βk θα(η)θβ(ξ )


for some constantscα,βk andθα =θiα1· · ·θnαn. Note that the sum above only in-
volves terms with degree of homogeneity< dk, that is coordinatesθ1, . . . , θk−1.
Although the group law is written in the multiplicative form, we will write 0
for the identity ofᑨ.



(4)Now we consider the semi-direct productsᑭ=ᑨR∗+of such a nilpotent
 groupᑨwithR∗+, that is, we considerᑭ=ᑨ×R∗+with the multiplication


(η, a)(ξ, b)=(ηδa(ξ ), ab).


Finally, we fix a homogeneous norm onᑨ, that is a continuous function
 x→ |x|fromᑨto [0,+∞)which isC∞onᑨ\ {0}such that


(i) |δaη| =a|η|,


(ii) |η| =0 if and only ifη =0,
 (iii) |η−1| = |η|,


(iv) |η·ξ| ≤γ (|η| + |ξ|),γ ≥1 and, according to [5], we will chose|.|in
 such a way thatγ =1, so that from now on|η·ξ| ≤ |η| + |ξ|,


(v) this norm satisfies Petree’s inequality: forr ∈R,
 (1+ |ηξ|)r ≤(1+ |η|)|r|(1+ |ξ|)r.
 This inequality is obtained as follows: whenr ≥0, write


1+ |ξ η| ≤1+(|η| + |ξ|)≤(1+ |η|)(1+ |ξ|)
 and raise it to the powerr. Forr <0, write


1+ |ξ| ≤1+(|ξ η| + |η−1|)≤(1+ |ξ η| + |η|)≤(1+ |ξ η|)(1+ |η|)
 and raise it to the power−r.


In particular,d(η, ξ )= |η−1ξ|is a left-invariant metric onᑨ.


For smoothness issues in the next sections, we will need the following
 notation. Letbe a fixedC∞function on [0,+∞] such that=1 in [0,1],
 (x)=x on [2,+∞)and≥1 on [1,2]. Then forμ∈R, we will denote
 byωμ(η)=(1+(|η|))μwhich isC∞inᑨ. In all estimates written bellow,
 ωμcan always be replaced by(1+ |η|)μ.


2.2. Haar measure and convolution of functions
 Ifη ∈ᑨandr >0, we define


B(η, r)= {ξ ∈ᑨ:|ξ−1η|< r}
 the ball of centerηand radiusr. Note thatB(η, r)is compact.


If dλdenotes Lebesgue measure onᒋ, thenλ◦exp−1is a bi-invariant Haar
 measure onᑨ. We choose to normalize it so as to have|B(η,1)| =1 and still
 denote it by dλ. Moreover, we have


|B(η, r)| = |B(0, r)| = |r·B(0,1)| =rQ,



(5)whereQ = d1+ · · · +dn = trAis the homogeneous dimension ofᑨ. This
 measure admits a polar decomposition. More precisely, if we denote byS =
 {η∈ᑨ:|η| =1}, there exists a measure dσonSsuch that for allϕ∈L1(ᑨ),





ᑨ


ϕ(η)dλ(η)=
  +∞


0





S


ϕ(rξ )rQ−1dσ (ξ )dr.


Onᑭthe right-invariant Haar measure is given by dλada.


Recall that the convolution on a groupᑨwith left-invariant Haar measure
 dλis given by


f ∗g(η)=


ᑨ


f (ξ )g(ξ−1η)dλ(ξ )=


G


f (ηξ−1)g(ξ )dλ(ξ ).


This operation is not commutative but, writing f (η)ˇ = f (η−1), we have
 f ∗g=(gˇ∗ ˇf )ˇ.


We will need the following:


Lemma2.1. Lethbe aC∞ function onᑨsupported in a compact neigh-
 borhood of0such that 


ᑨ


h(η)dλ(η)=1.


Setha(η)=a−Qh(δa−1η), then the familyhaforms a smooth compactly sup-
 ported approximate identity. In particular, iff is continuous and bounded on
 ᑨ, thenf∗ha →f uniformly on compact sets asa →0.


We will need the following elementary lemma, which is proved along the
 lines of [2, Lemma 9]:


Lemma2.2. Forr, s ∈R, let
 Ir,s(η)=





ᑨ(1+ |ξ|)r(1+ |ξ−1η|)sdλ(ξ ).


Then, ifr+s+Q <0,Ir,s(η)is finite. Moreover, if this is the case, there is a
 constantCr,s such that, for everyη∈ᑨ,


Ir,s(η)≤


⎧⎪


⎪⎨


⎪⎪


⎩


Cr,s(1+ |η|)r+s+Q ifr+Q >0ands+Q >0,
 Cr,s(1+ |η|)max(r,s)log(2+ |η|) ifr+Q=0ors+Q=0,
 Cr,s(1+ |η|)max(r,s) else.


Proof. From Peetre’s inequality we immediately get the first part of the
lemma.



(6)From now on, we can assume thatr+s+Q <0. Writeᑨ=1∪2∪3
 for a partition ofᑨgiven by


1=
 


ξ ∈ᑨ:|ξ| ≤ 1
 2|η|
 and


2=
 


ξ ∈ᑨ:|ξ|> 1


2|η|, |ξ−1η| ≤ 1
 2|η|
 and let


Ii(η)=
 


i


(1+ |ξ|)r(1+ |ξ−1η|)sdλ(ξ ).


First, forξ ∈1, we have 21|η| ≤ |ξ−1η| ≤ 32|η|so that


I1(η)≤Cs(1+ |η|)s
 


1


(1+ |ξ|)rdλ(ξ )


≤Cs(1+ |η|)s
  |η|2


0


tQ−1(1+t )rdt


≤


⎧⎪


⎪⎨


⎪⎪


⎩


Cr,s(1+ |η|)r+s+Q ifr+Q >0
 Cr,s(1+ |η|)sln(2+ |η|) ifr+Q=0
 Cr,s(1+ |η|)s ifr+Q <0
 .


Next, forξ ∈2, we have 12|η| ≤ |ξ| ≤ 32|η|, thus


I2(η)≤Cr(1+ |η|)r
 


2


(1+ |ξ−1η|)sdλ(ξ )


≤Cr(1+ |η|)r
  |η|/2


0


tQ−1(1+t )sdt


≤


⎧⎪


⎪⎨


⎪⎪


⎩


Cr,s(1+ |η|)r+s+Q ifs+Q >0
Cr,s(1+ |η|)rln(2+ |η|) ifs+Q=0
Cr,s(1+ |η|)r ifs+Q <0
.



(7)Finally, forξ ∈3, we have 13|ξ| ≤ |ξ−1η| ≤3|ξ|so that
 I3(η)≤Cr,s





3


(1+ |ξ|)r(1+ |ξ|)sdλ(ξ )≤Cr,s
 


ᑨ\1


(1+ |ξ|)r+sdλ(ξ )


=Cr,s


 +∞


|η|


2


tQ−1(1+t )r+sdt ≤Cr,s(1+ |η|)r+s+Q.
 The proof is then complete when grouping all estimates.


2.3. Invariant differential operators onᑨ


Recall that an elementX∈ᒋcan be identified with a left-invariant differential
 operator onᑨvia


Xf (ξ )= ∂


∂sf


ξ.exp(sX)


s=0


.


There is also a right-invariant differential operatorYcorresponding toX, given
 by


Yf (ξ )= ∂


∂sf


exp(sX).ξ


s=0


.


Note thatXandYagree atξ =0. ForX1, . . . , Xnthe basis ofᒋdefined in Sec-
 tion 2.1 we writeY1, . . . , Ynfor the corresponding right-invariant differential
 operators.


Ifαis a multi-index, we will write


Xα =Xα11· · ·Xnαn, Xα =Xnαn· · ·X1α1,
 Yα =Y1α1· · ·Ynαn, Yα =Ynαn· · ·Y1α1.


We will writeZα if something is true for any of the above. For instance, we
 will use without further notice that


|Zαωμ| ≤Cωμ−d(α).
 For “nice” functions, one has1





ᑨ


Xαf (η)g(η)dλ(η)=(−1)|α|
 


ᑨ


f (η)Xαg(η)dλ(η)


and 


ᑨ


Yαf (η)g(η)dλ(η)=(−1)|α|
 


ᑨ


f (η)Yαg(η)dλ(η).


1in [4] theis missing, this is usually harmless but not in this article.



(8)As a consequence, one also has
 Xα(f ∗g)=f ∗(Xαg),


Yα(f ∗g)=(Yαf )∗g


and


Xα(f ∗g)=f ∗(Xαg),
 Yα(f ∗g)=(Yαg)∗f.


Moreover, usingXαfˇ = (−1)|α|(Yαf )ˇorXαfˇ = (−1)|α|(Yαf )ˇand cor-
 recting the proof in [4], one gets


(Xαf )∗g=f ∗(Yαg) and (Xαf )∗g=f ∗(Yαg).


Recall that a polynomial onᑨis a function of the form


P =


finite


aαθα


and that its isotropic and homogeneous degrees are respectively defined by
 max{|α|, aα =0}and max{d(α), aα =0}.


For sake of simplicity, we will write the Leibniz’ Formula as
 Xα(ϕψ )=


β≤α


α,βXβϕXα−βψ, Xα(ϕψ )=


β≤α


α,βXβϕXα−βψ.


Further, we may write


(2.1) Yα = 


β∈Iα


Qα,βXβ


where Iα = {β : |β| ≤ |α|, d(β) ≥ d(α)} and Qα,β are homogeneous
 polynomials of homogeneous degreed(β)−d(α).


Let us recall thatᑨ has an underlying vector space V to which ᑨ may
 be identified. In turn, by choosing a basis, V can be identified with RdimV
 and then consider this basis as orthogonal. This endowsᑨwith an Euclidean
 structure which we consider as fixed throughout this paper. We may then define
 Euclidean derivatives∂i, i = 1, . . . ,dimV onᑨ as the standard derivation
 operator onRdimVand the Euclidean Laplace operator is defined in the standard
 way as


=


dimV
 i=1


∂i2.


As in (2.1), any Euclidean derivative can be written in terms of left or right
invariant derivatives. We will only need the following in the next section: for



(9)everyM, there exist polynomialsωα,|α| ≤ 2M and left-invariant operators
 Xα such that


(2.2) (I −)M = 


|α|≤2M


ωαXα.


Finally, we will exhibit another link among several of this objects. Letha
 be as in Lemma 2.1 and letf, ϕ be smooth compactly supported functions.


Then


(Xαf )∗ha, ϕ


= Xαf, ϕ∗ ˇha =(−1)|α|f,Xα(ϕ∗ ˇha) = f, ϕ∗(Yαha)∨


=
 


ᑨ





ᑨ


f (ξ )ϕ(ξ η)(Yαha)(η)zdλ(η)dλ(ξ )


=


ᑨ





ᑨ


f (ξ )ϕ(ξ η)


β∈Iα


Qα,β(η)(Xβha)(η)dλ(η)dλ(ξ )


=
 


ᑨ





ᑨ


f (ξ )


β∈Iα


(−1)|β|(Xβ(Qα,β(η)ϕ(ξ η)))ha(η)dλ(η)dλ(ξ )


=
 


ᑨ





ᑨ


f (ξ )


β∈Iα


(−1)|β|


ι≤β


β,ι(Xβ−ιQα,β)(η)(Xιϕ)(ξ η)ha(η)dλ(η)dλ(ξ ).


As Xβ−ιQα,β is a homogeneous polynomial, if it is not a constant, then
 Xβ−ιQα,β(0)=0. With Lemma 2.1, it follows that





ᑨ


(Xβ−ιQα,β)(η)(Xιϕ)(ξ η)ha(η)dλ(η)→0


uniformly with respect toξ in compact sets, asa →0. On the other hand, if
 Xβ−ιQα,β is a constant,





ᑨ


(Xβ−ιQα,β)(η)(Xιϕ)(ξ η)ha(η)dλ(η)


=(Xβ−ιQα,β)(0)
 


ᑨ


(Xιϕ)(ξ η)ha(η)dλ(η)→Xβ−ιQα,β(0)Xιϕ(ξ )
 asa →0, uniformly with respect toξin compact sets, again with Lemma 2.1.


We thus get that(Xαf )∗ha, ϕconverges to
 


ᑨ


f (ξ )


β∈Iα


(−1)|β|


ι≤β





β,ι(Xβ−ιQα,β)(0)Xιϕ(ξ )dλ(ξ ).



(10)On the other hand(Xαf )∗haconverges uniformly toXαf on compact sets,
 thus (Xαf )∗ha, ϕ → Xαf, ϕ =(−1)|α|f,Xαϕ.


As the two forms of the limit are the same for allf, ϕwith compact support,
 we thus get that


(2.3) Xα =(−1)|α|


β∈Iα


(−1)|β|


ι≤β





β,ι(Xβ−ιQα,β)(0)Xι.


2.4. A decomposition of the Dirac distribution


In Section 3.1, we will need the following result about the existence of a
 parametrix:


Lemma2.3. For every integermand every compact setK ⊂ ᑨwith0in
 the interior, there exists and integerM, a family of left-invariant differential
 operatorsXα of order|α| ≤ M and a family of functions{Fα}|α|≤M of class
 Cmwith support inKsuch that


(2.4) 


α


XαFα =δ0
 whereδ0is the Dirac mass at origin.


Proof. Let us start with the Euclidean case, that is, whenᑨis considered
 as an Euclidean vector space (seethe previous section). Even though this is
 classical (see[11]), let us include the proof for sake of completeness.


First, forMbig enough, the functionF0defined onRdbyF0(ξ )=1/(1+
 4π2|ξ|2)M(whereFis the Fourier transform ofF) is of classCmand satisfies
 (I−)MF =δ0whereis the Euclidean Laplace operator.


Now letϕ be a smooth function supported in K withϕ = 1 in a neigh-
 borhood of 0. Then by Leibniz’s rule, we get that(I −)M(F0ϕ)is of the
 form


ϕ(I −)MF0+


cαβ∂βF0∂αϕ.


Note that∂αϕ = 0 in a neighborhood of 0 and thatF0is analytic away from
 0 so that, if we setH =


0<|α|≤2M,|β|≤2Mcαβ∂βF0∂αϕthenH is smooth and
 supported inK. Further, as(I−)MF0ϕ =ϕ(0)δ0=δ0, we have thus proved
 that there exists two functionsGandH of classCm with support inK such
 that


(I−)MG=δ0+H
which concludes the proof in the Euclidean case.



(11)To obtain (2.4), let us recall (2.2):


(I −)M = 


|α|≤2M


ωαXα.
 It follows that, forψ ∈D,


(I−)MG, ψ


= 


|α|≤2M


ωαXαG, ψ = 


|α|≤2M


(−1)|α|G, Xα(ωαψ )


= 


|α|≤2M


(−1)|α|


β≤α


G, Xα−βωαXβψ


= 


|α|≤2M





β≤α


Xβ((−1)|α|+|β|GXα−βωα), ψ.


We have thus written


(I−)MG=


α





β≤α


Xβ((−1)|α|+|β|GXα−βωα)


and asδ0=(I−)MG−H we get the desired decomposition.


2.5. Laplace operators and Poisson kernels


Deﬁnition2.4. LetPbe a smooth function onᑨand letPa(η)=a−QP(δa−1η)
 and letbe a real non-negative number. We will say thatPhas property(R)
 if it satisfies the following estimates:


(i) there exists a constantCsuch that
 1


Cω−Q− ≤P≤Cω−Q−;


(ii) for every left-invariant operatorXα, there is a constantCαsuch that for
 everyη∈ᑨ,|XαP(η)| ≤Cαω−Q−−d(α)(η),


(iii) for everyk, there is a constantCk such that for everyη∈ᑨ, and every
 a >0,


|(a∂a)kPa(η)| ≤Cαa−Qω−Q−(δa−1η).


Remark2.5. Condition (i) implies thatP∈L1(ᑨ). Throughout this paper,
 we will further assume thatPis normalized so that


ᑨP(η)dλ(η)=1.


Note that several other important estimates will automatically result from
these estimates.



(12)(1) First, by homogeneity of the left-invariant operatorXα, there is a constant
 Cα such that for everyη∈ᑨ, and everya >0,


|XαPa(η)| ≤Cαa−Q−d(α)ω−Q−−d(α)(δa−1η).


(2) LetX=Xiα1


1 · · ·Xαik


k be a left-invariant differential operator. Setd(X)=
 di1α1+ · · · +dikαk its weight, then the commutation rules inᒋimply
 thatX=


β:d(β)=d(α)cβXβ. It follows that


|XPa(η)| ≤Ca−Q−d(X)ω−Q−−d(X)(δa−1η).


(3) WritingYα =


β∈IαQα,βXβwhereQα,βis a homogeneous polynomial
 of degreed(β)−d(α), we get that


|YαPa(η)| ≤Ca−Q−d(α)ω−Q−−d(α)(δa−1η).


In particular, in all estimates,Pacan be replaced byPˇa. Also, as for the
 previous point,Yα may be replaced byY=Yiα1


1 · · ·Yiαk


k .


(4) The previous remark also shows that in point (ii) we may as well impose
 the condition forright invariant differential operators. This would not
 change the class of kernels.


Example2.6. A large class of kernels satisfying property(R)is asso-
 ciated to left-invariant operators onᑭ. Let us detail the following for which
 we refer to [3] and the references therein for details. Consider a second order
 left-invariant operator onᑭof the form


L =
 m
 j=1


Zj2+Z.


We assume the Hörmander conditioni.e.that


(2.5) Z1, . . . , Zmgenerate the Lie algebra ofᑭ.


The image of such an operator onR+under the natural homomorphism(ξ, a)


→ais, up to a multiplicative constant,
 (a∂a)2−αa∂a.


Ifa > 0 then there is a smooth integrable function Pa on ᑨ such that the
 Poisson integrals


(2.6) f ∗Pa(η)=
 


ᑨ


f (ξ )Pa(ξ−1η)dλ(ξ )



(13)of anL∞functionf isL-harmonic and moreover, all boundedL-harmonic
 functions are of this form. In particular,Pa(η)isL-harmonic.


The properties (i) and (ii) for P have then been proved in [3] – see the
 main theorem there for diagonal action and L satisfying 2.5. (iii) follows
 immediately from (i) and the (left-invariant) Harnack inequality applied to the
 harmonic functionPa(η)i.e.


|(a∂a)kPa(η)| ≤CkPa(η).


Our first aim will be to give a meaning to such Poisson integrals for as
 general as possible distributionsfso as to still obtain anL-harmonic functions
 when the kernel isL-harmonic.


3. Distributions onᑨ


3.1. Basic facts and the spaceDL1


Distributions onᑨare defined as onRnas the dual of the spaceD :=D(ᑨ)of
 C∞ functions with compact support, endowed with with the usual inductive
 limit topology. We will write the space of distributionsD:=D(ᑨ). Notions
 such as support, Schwartz classS := S(ᑨ), tempered distributionsS :=
 S(ᑨ),· · ·are defined as for distributions onRn and the space of compactly
 supported distributions will be denoted E := E(ᑨ). Because of the link
 between left invariant derivatives and Euclidean derivatives (similar to the
 links between left and right invariant derivatives,see [4]), these spaces are
 just the usual spaces of distributions onᑨseen asV  Rn. In particular, we
 will use the fact that every set of distributions that is weakly bounded is also
 strongly bounded.


ForT ∈D, we defineTˇ ∈Dby ˇT , ϕ = T ,ϕˇ, whileXαT is defined
 byXαT , ϕ =(−1)|α|T ,Xϕ .


The definition of the convolution of two functions is easily extended to
 convolution of a distribution with a smooth function via the following pairings:


forT ∈Da distribution andψ, ϕ∈D smooth functions
 – the right convolution is given byT ∗ψ, ϕ = T , ϕ∗ ˇψ
 – the left convolution is given byψ∗T , ϕ = T ,ψˇ ∗ϕ.


As in the Euclidean case, one may check thatT∗ψandψ∗T are both smooth.


We will now introduce the space of integrable distributionsDL1 and show
 that this is the space of derivatives ofL1functions.


Deﬁnition 3.1. Let B := B(ᑨ)be the space of smooth functions ϕ :
ᑨ → C such that, for every left-invariant differential operatorXα, Xαϕ is
bounded.



(14)Let B˙ := ˙B(ᑨ)be the subspace of all ϕ ∈ B(ᑨ) such that, for every
 left-invariant differential operatorXα,|Xαϕ(u)| →0 when|u| → ∞.


We equip these spaces with the topology of uniform convergence of all
 derivatives.


The spaceDL1 = DL1(ᑨ)is the topological dual ofB˙(ᑨ)endowed with
 the strong dual topology.


Note thatS andC0∞are dense inB˙(but not inB) so thatDL1is a subspace
 ofS. Note also that every compactly supported distribution is inDL1. Further,
 asB˙ is a Montel space, so isDL1.


It is also obvious that ifT ∈ DL1, ϕ ∈ B andXα is left-invariant, then
 XαT ∈ DL1 andϕT ∈ DL1. We will need the following characterization of
 this space:


Theorem3.2. LetT ∈D(ᑨ). The following are equivalent
 (i) T ∈DL1(ᑨ);


(ii) T has a representation of the formT =


finiteXαfαwherefα ∈L1(ᑨ)
 andXαare left-invariant differential operators;


(iii) for everyϕ∈D(ᑨ), the regularizationT ∗ϕ∈L1(ᑨ).


Proof. The proof follows the main steps of the Euclidean case, see [11,
 page 131]. Denote byD1the set of all functionsψ ∈D such thatψ∞ ≤1.


(i)⇒(iii) Assume thatT ∈DL1 and letϕ∈D. Now, note that
 (3.7) T ∗ϕ, ψ = T , ψ∗ ˇϕ


so, ifϕis fixed andψ runs overD1, the set of numbers on the right of (3.7) is
 bounded, thus so is the set of numbers{T ∗ϕ, ψ, ψ ∈D1}. ButT ∗ϕis a
 (smooth) function so this implies thatT ∗ϕ ∈L1.


(iii)⇒(ii) Assume that, for everyψ ∈D,T ∗ψ ∈L1, thusT ∗ ˇψ ∈L1.
 Now, forψ ∈D fixed, the set of numbers


 ˇT ∗ϕ,ψˇ =  ˇT ,ψˇ ∗ ˇϕ = T , ϕ∗ψ = T ∗ ˇψ , ϕ


stays bounded whenϕ runs over D1. It follows that the set of distributions
 { ˇT ∗ϕ, ϕ∈D1}is bounded inDsince it is a weakly bounded set.


This implies that there exists an integermand a compact neighborhoodK
 of 0 such that, for every functionψof classCmwith support inK,Tˇ∗ϕ∗ψ (0)
 stays bounded whenϕvaries overD1. Using


Tˇ ∗ϕ∗ψ (0)=  ˇT ∗ϕ,ψˇ =  ˇT ,ψˇ ∗ ˇϕ = T ∗ψ, ϕ
we get thatT ∗ψ ∈L1for everyψ ∈Cmwith support inK.



(15)Now, according to Lemma 2.3, we may write
 


finite


XαFα =δ0


where theFα’s are of classCmand are supported inK. It follows that


T =


finite


T ∗XαFα =


finite


Xα(T ∗Fα).


The first part of the proof shows that theT ∗Fα’s are inL1so that we obtain
 the desired representation formula.


(ii)⇒(i) is obvious so that the proof is complete.


Deﬁnition3.3. LetBc :=Bc(ᑨ)be the spaceB(ᑨ)endowed with the
 topology for whichϕn →0 if,


(i) for every left-invariant differential operatorXα,Xαϕn →0 uniformly
 over compact sets,


(ii) for every left-invariant differential operatorXα, theXαϕn’s are uniformly
 bounded.


The representation formula of T ∈ DL1 given by the previous theorem
 shows thatT can be extended to a continuous linear functional on Bc. For
 example, if we writeT =f0+


|α|≥1Xαfα, then
 T ,1D


L1,Bc = f0,1 =


ᑨ


f0(ξ )dλ(ξ ).


3.2. TheS-convoultion


Recall that ifG ∈ S and ϕ ∈ S thenGˇ ∗ϕ ∈ C∞ so that the following
 definition makes sense:


Deﬁnition3.4. LetF, G∈S(ᑨ), we will say that they areS-convol-
 vable if, for everyϕ ∈S(ᑨ),(ϕ∗ ˇG)F ∈DL1. If this is the case, we define


F ∗G, ϕ = (ϕ∗ ˇG)F,1DL1,Bc.


IfF, G∈S(ᑨ), thenFandGareS-convolvable and the above definition



(16)coincides with the usual one. Indeed, for everyϕ∈S(ᑨ),
 F ∗G, ϕ =





ᑨ


F∗G(η)ϕ(η)dλ(η)


=
 


ᑨ





ᑨ


F (ξ )G(ξ−1η)ϕ(η)dλ(ξ )dλ(η)


=
 


ᑨ





ᑨ


ϕ(η)G(ηˇ −1ξ )dλ(η)
 


F (ξ ).1 dλ(ξ )


= (ϕ∗ ˇG)F,1DL1,Bc.


Remark 3.5. There are various ways to define the S-convolution that
 extend the definition for functions. ForS, T ∈D(ᑨ), let us cite the following:


(1) SandT areS1-convolvable if, for everyϕ ∈ D(ᑨ),Sx⊗Tyϕ(xy) ∈
 DL1(ᑨ⊗ᑨ). TheS1-convolution ofSandT is then defined by


S∗1T , ϕ = Sx⊗Tyϕ(xy),1DL1(ᑨ⊗ᑨ),Bc(ᑨ⊗ᑨ).


(2) SandT areS2-convolvable if, for everyϕ ∈D,S(Tˇ ∗ϕ)∈DL1(ᑨ)
 S∗2T , ϕ = S(Tˇ ∗ϕ),1DL1(ᑨ),Bc(ᑨ).


(3) SandTareS3-convolvable if, for everyϕ, ψ ∈S(ᑨ),(Sˇ∗ϕ)(T∗ ˇψ )∈
 L1(ᑨ). TheS3-convolution ofSandT is then defined by


S∗3T , ϕ∗ψ =


ᑨ


(Sˇ∗ϕ)(η)(T ∗ ˇψ )(η)dλ(η).


It turns out that in the Euclidean case, all four definitions are equivalent and
 lead to the same convolution [10]. There are various obstructions to prove this
 in our situation, mostly stemming from the fact that left and right-invariant
 derivatives differ.


Also, one may replace theDL1 space by the similar one defined with the
 help of right-invariant derivatives. We will here stick to the choice given in the
 definition above as it seems to us that this is the definition that gives the most
 satisfactory results.


One difficulty that arises is that the derivative of a convolution is not easily
linked to the convolution of a derivative. Here is an illustration of what may
be done and of the difficulties that arise. We hope that this will convince the
reader that several facts that seem obvious (and are for usual convolutions of
functions) need to be proved,e.g.thatT ∗Pais harmonic ifPais.



(17)Lemma3.6. LetS, T ∈ D(ᑨ)and letY be a right-invariant differential
 operator of first order. IfSandT areS-convolvable, ifY SandT areS-
 convolvable and if, for allϕ∈S(ᑨ),Y ((ϕ∗ ˇT )S)∈DL1(ᑨ), then


Y (S∗T )=(Y S)∗T .
 Proof. As(Yf )g=Y (f g)−f Y g, we get that
 Y (S∗T ), ϕ = − S∗T , Y ϕ = −


(Y ϕ)∗ ˇT
 S,1


= −Y (ϕ∗ ˇT )S,1 = −Y ((ϕ∗ ˇT )S),1 + (ϕ∗ ˇT )Y S,1


=0+ (Y S)∗T , ϕ


the next to last equality being justified by the assumptions onF,G.


Using this lemma inductively gives


Yα(S∗T )=(YαS)∗T


provided all intermediate steps satisfy the assumption of the lemma. This is
 the case ifSis compactly supported.


3.3. Weighted spaces of distributions


We will need the following weighted space of integrable distributions, intro-
 duced in the Euclidean setting in [7], [8], [9].


Deﬁnition3.7. Givenμ∈Rwe consider
 ωμDL1(ᑨ):=ωμDL1(ᑨ)=


T ∈S(ᑨ):ω−μT ∈DL1(ᑨ)
 with the topology induced by the map


ωμDL1(ᑨ)→DL1(ᑨ)
 T →ω−μT .


This space admits an other representation given in the following lemma:


Lemma3.8. Givenμ∈R, we have
 (3.8)


ωμDL1(ᑨ)=
 


T ∈S(ᑨ):T = 


finite


Xαgα, wheregα ∈L1(ᑨ, ω−μdλ) .
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