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LOCAL DYNAMICS OF UNIFORMLY QUASIREGULAR MAPPINGS


AIMO HINKKANEN, GAVEN J. MARTIN and VOLKER MAYER∗


Abstract


We investigate local dynamics of uniformly quasiregular mappings, give new examples and show
 in particular that there is no quasiconformal analogue of the Leau-Fatou linearization of parabolic
 dynamics.


1. Introduction


Uniformly quasiregular (uqr) mappingsf : Rn →Rnare quasiregular maps
 such that all the iteratesfkhave a common distortion bound. These are natural
 higher (real) dimensional analogues of holomorphic functions and appeared
 for the first time in the paper [5] of Iwaniec and Martin.


In this paper we investigate local dynamics of these maps. The first problem
 is to give a classification of the different fixed point types. Recall that for
 holomorphic maps the multiplier, meaning the derivative of the map at the
 fixed point, is used for that. Quasiregular maps need not be differentiable, and
 even though they are locally Hölder continuous, they may be so with exponent
 less than 1. In the case of uqr maps, however, we are able to establish Lipschitz
 estimates near a fixed pointx0which is not a branch point. Such estimates show
 thatF = {fλ:λ >1}is a normal family, wherefλ(z)=λf (z/λ). A limit of a
 convergent subsequence ofFis in fact a uniformly quasiconformal map and we
 call it a generalized derivative off atx0. Using the classification of uniformly
 quasiconformal maps (they are either loxodromic, elliptic or parabolic) we get
 an analytic classification of the different fixed points which generalizes in a
 natural way the usual one of holomorphic functions. As an application we get
 that uqr maps do have precisely the same type of stable components as rational
 functions.


Then we turn to the existence problem. Examples of uqr maps with attract-
 ing, repelling or super-attracting fixed points are known [5], [15]. We obtain
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(2)new examples with parabolic dynamics and we also show that such a map can
 be constructed in a way that it does not admit a quasiconformal linearization in
 its attracting parabolic petal. We then complete the picture by showing that the
 natural candidates for a linearization are not affine maps but the generalized
 derivatives described above. In fact, we show that aK-uqr map can always be
 K-quasiconformally conjugated near an attracting or repelling fixed point to
 a generalized derivative.


2. Definitions and general facts


LetD⊂Rn =Rn∪ {∞}be a domain andf :D→Rna mapping of Sobolev
 classWloc1,n(D). We consider only orientation preserving mappings, that means
 that the Jacobian determinantJf(x) ≥ 0 for a.e.x ∈ D. Such a mapping is
 said to beK-quasiregular, where 1≤K <∞, if


max|h|=1|f(x)h| ≤Kmin


|h|=1|f(x)h| for a.e. x∈D.


The smallest number K for which the above inequality holds is called the
 linear dilatationoff. A non-constant quasiregular mapping can be redefined
 on a set of measure zero so as to make it continuous, open and discrete, and
 we shall always assume that this has been done. If D is a domain in the
 compactificationRn[equipped with the spherical metric; thusRnis isometric
 via stereographic projection to then-sphereSn], then we use the chart at infinity
 x →x/|x|2to extend in the obvious manner the notion of quasiregularity to
 mappingsf :D→Rn. Such mappings are also said to bequasimeromorphic.


A mappingf of a domainDinto itself is calleduniformly quasiregular (uqr)
 if there is some K with 1 ≤ K < ∞ such that all the iterates fk areK-
 quasiregular. We abbreviate this asf ∈UQR(D).


Iff is a quasiregular mapping defined on the domainDwith any range in
 Rn then, at a given pointx ∈ D, we can only consider the iteratesfk(x)as
 long as the orbitx →f (x)→. . .→fk(x)stays inD. We will call such an
 f alocal uqr mappingif, for a fixed 1 ≤K <∞, the dilatation offk does
 not exceedKfor everykand for a.e.x∈Dso thatfk(x)is defined.


The branch setBf is the set of pointsx ∈ D for whichf is not locally
 homeomorphic at x. In the whole paper we always assume that a uqr map
 is non-injective or has a non-empty branch set. Homeomorphic quasiregular
 maps are calledquasiconformal. For further details on quasiregular maps we
 refer to [20].


In the setting of quasiregular mappings we have the following version of
 Picard’s and Montel’s Theorem which is due to Rickman [20].


Picard’s Theorem. For everyK ≥ 1there is an integerq = q(n, K)



(3)so that anyK-quasiregular mapping f : Rn → Rn that omits q values is
 constant.


Montel’s Theorem. For anyK ≥1and any dimensionn≥2there is a
 positive integerq = q(n, K)so that the following holds: IfF is a family of
 K-quasiregular mappings defined on a domain⊂Rnsuch that each element
 f ∈F omitsqvaluesa1f, . . . , aqf that have spherical distanceσ(aif, ajf) > ε
 (i=j), whereε >0is independent off ∈F, thenF is a normal family.


Another important normality criterion is the following quasiregular version
 of Zalcman’s Lemma. It is due to Miniowitz [7]. We denote the unit ball inRn
 byBand writeB(x, r)= {y∈Rn:|y−x|< r}. Further, we writeSn−1=∂B
 andSn−1(r)=∂B(0, r).


Zalcman’s Lemma. A familyFofK-quasiregular mappingsf :B→Rn
 is not normal atx0 ∈ Bif, and only if, there are positive numbersρj  0,
 pointsxj →x0and mappingsfj ∈F such that


fj(xj+ρjx)→"(x)


spherically uniformly on compact subsets of Rn, where " : Rn → Rn is a
 non-constant quasimeromorphic map.


The conditionxj → x0 does not appear in Miniowitz’s paper but it can
 easily be achieved with slight modifications.


3. Basic dynamical properties


The dynamical behavior of a uqr mapping ofRn splits the sphere into two
 parts: theFatou setFf, which is the set of pointsxfor which{fk}is a normal
 family in a neighborhood ofx, and theJulia setJf =Rn\Ff. A connected
 component of the Fatou setFf is calledFatou componentand it is called
 astable component or astable domainif it is forward invariant:f ()⊂ .
 In that case, in fact,f ()=. The Fatou set is open, the Julia set is closed,
 and they are both completely invariant underf. Recall that a setEis said to
 be completely invariant underf iff (E) ⊂ Eandf−1(E) ⊂ E. Moreover,
 the Julia set of any non-injective uqr map cannot be empty. See [5] for this and
 for a more detailed presentation.


An immediate consequence of Montel’s Theorem is that we can define the
 exceptional setEf to be the largest discrete completely invariant set such that
 Ef has the following properties: for any open setUwithU∩Jf = ∅we have


(1) 


k≥0


fk(U)⊃Rn\Ef



(4)and for every pointxthat is not an exceptional point,x∈Ef, we have


(2) Jf ⊂


k≥0


f−k(x) .


Furthermore,Ef cannot contain more thanq =q(n, K)points. There are uqr
 mappings with zero, one or two exceptional points. It remains an exciting open
 question whether or not a uqr map may have more than two exceptional points.


We remark that an analysis similar to that for rational functions ([1], pp.


65–66) shows that there existsn ≥ 1 such that eachx ∈ Ef is a fixed point
 offnwithf−n(x)= {x}. Hence the local index offn atx is≥2 (and is, in
 fact, equal to(degf )n). It now easily follows from standard estimates ([20],
 Theorem III.4.7, p. 72) and the fact that the forward orbit ofxunderf lies in
 the finite setEf, first thatx is a super-attracting fixed point offnk whenkis
 large enough, and then thatx ∈Ff. HenceEf ⊂Ff.


An example of the utility of the exceptional set is that we can describe the
 image of the limit functions of Zalcman’s Lemma applied to the family{fk}.
 Letx0∈Jf. Then, by Zalcman’s Lemma, there arexj →x0andρj 0 such
 that


(3) "j(x)=fkj ◦αj(x)≡fkj(xj +ρjx)→"(x), x∈Rn,
 with uniform convergence on compact sets and such that the limit " is a
 non-constant mapping.


Lemma3.1. The image of such a limit function"is"(Rn)=Rn\Ef.
 Proof. Lety∈Rn\Ef be any non-exceptional point. Then there isk ∈N
 so thatf−k(y)contains more thanqpoints, withq=q(n, K)the constant of
 Picard’s Theorem. Now, since" =limj→∞fnj ◦αj we also have


fnj−k◦αj →&:Rn →Rn


where the non-constant quasimeromorphic map " satisfies fk ◦& = ".
 Because of Picard’s Theorem,&(Rn)∩f−k(y)= ∅. Therefore, there isz∈Rn
 with"(z)=fk◦&(z)=y.


On the other hand,"(Rn)cannot contain any exceptional point. Namely,
 sincex0∈Jf andEf is a finite set withJf ∩Ef = ∅, it follows that for any
 compact setE ⊂ Rn, we haveαj(E)∩Ef = ∅for all largej. Hence with


"j = fnj ◦αj, we have"j(E)∩Ef = ∅by the complete invariance ofEf


underf. By the counterpart of Hurwitz’s theorem for quasiregular maps, we
 have"(E)∩Ef = ∅. Since this holds for every compactE ⊂ Rn, we have


"(Rn)∩Ef = ∅. This proves Lemma 3.1.



(5)The counterpart of Hurwitz’s theorem for quasiregular maps states that if
 fnis a sequence ofK-quasiregular maps in a domainDconverging to a limit
 functionf locally uniformly inD(so that thenf isK-quasiregular by [20,
 Theorem VI.8.6, p. 159]) and if allfnomit the valuebinDthenf omitsb
 inDunlessf ≡ binD. In the proof of Lemma 3.1 above we takeDto be
 a relatively compact subdomain ofRncontainingE. It follows, for example,
 from the counterpart of the argument principle for quasiregular maps proved
 by Rickman [19] in University of Helsinki lecture notes in 1973; these notes
 seem to have remained unpublished.


We can now give a precise version of the expanding property (1):


Proposition3.2. Letf ∈UQR(Rn)andx0 ∈ Jf. Then there are arbit-
 rarily small neighborhoods⊂Rn\Ef ofx0such that⊂fN(), for some
 integerN, and such thatk =fkN()is an increasing sequence exhausting
 Rn\Ef.


Proof. Let" =limj→∞fkj◦αjbe a limit of a Zalcman sequence defined
 as in (3). Since "(Rn) = Rn\Ef there is a0 ∈ Rn such that"(a0) = x0.
 Consider = B(x0, ε) ⊂ Rn\Ef and let Uj be the component of (fkj ◦
 αj)−1()that containsa0. Then it is clear that


fkj :Dj =αj(Uj)→


is a proper map and thatDj ⊂  providedj is big enough. From this one
 easily deduces the Proposition using Montel’s Theorem.


Corollary3.3. Letf ∈ UQR(Rn)andx0 ∈ Jf. Then no subsequence
 of(fk)is normal in a neighborhood ofx0. In particular, we haveFfn =Ff


andJfn =Jf for alln≥1.


Proof. Suppose(fkj)is normal on whereis a neighborhood ofx0.
 Proposition 3.2 shows that we can choosearbitrarily small and such that⊂
 fN()for someN. If we writefkj =frj ◦fljNwithrj ∈ {0,1, . . . , N−1},
 then it follows from Proposition 3.2 that(fljN)j is not normal on, contra-
 dicting the normality of the sequence(fkj).


Fix n ≥ 1. Clearly by definition,Ff ⊂ Ffn and soJfn ⊂ Jf. If there
 existsx0∈Jf \Jfn, thenx0∈Ffn so that the sequence{fmn}∞m=1is normal
 in a neighborhood ofx0. Sincex0∈Jf, this contradicts what we have proved
 above already. It follows thatFfn =Ff and henceJfn =Jf.


Here is another fact which shows that uqr mappings do behave in many
respects like holomorphic functions.



(6)Lemma 3.4. Suppose f ∈ UQR(Rn) and let  be a domain of Rn. If
 (fkj)is a subsequence of the iterates off such that for everyjwe can define
 Fj :→Rna branch of the inverse offkj, then


1) {Fj}is a normal family and,


2) if∩Jf = ∅, then any convergent subsequence of{Fj}has a constant
 limit function.


Proof. We know thatBf = ∅. It follows then from [13] thatBf contains at
 least 2 points. Note that eachFjis one-to-one in. The normality criterion for
 quasiconformal mappings ([28], pp. 69, 66) applies now sinceBf ⊂Rn\Fj()
 and it gives the normality of the family{Fj}.


Suppose now that  ∩Jf = ∅ and that Fjl converges on  to a non-
 constant map, which is therefore a quasiconformal mapϕ :→. Choose
 D = B(y0, ε)relatively compact in  with y0 ∈ Jf. Let D = ϕ(D) and
 x0= ϕ(y0)∈Jf. Thus there is a neighborhoodD ⊂ Dofx0such that for
 all largel, we havefkjl(D) ⊂ D. Then it follows from Montel’s Theorem
 that(fkjl)lis normal nearx0∈Jf and this contradicts Corollary 3.3.


4. Fixpoint classification


We propose here a classification of the fixed points and therefore also of the
 cycles, i.e., the sets{x1, . . . , xp}withf (xi)=xi+1fori= 1, . . . , p−1 and
 f (xp) = x1. In what follows we will consider a local uqr mappingf of a
 domainU ofRn, that fixes some pointx0=f (x0)∈U.


The different fixed point types in the case of holomorphic mappings are
 determinated by the derivative of the function at the fixed point. For uqr map-
 pings such a derivative need not exist. But we will see that instead there is
 a family of uniformly quasiconformal mappings, which reduces to the linear
 mappingDf (x0)when this derivative exists, and we show that these maps,
 which we call generalized derivatives, do determine the different fixed point
 types.


4.1. Lipschitz estimates near fixed points


The study of the distortion behavior that will follow is essential for the intro-
 duction of the generalized derivatives. A priori, a quasiregular mapping has a
 Hölder behavior near any point. Here we verify that in the case of uqr map-
 pings we have in fact Lipschitz behavior. We writeB(r)=B(0, r). We further
 writerE= {rz:z∈E}wheneverr >0 andE⊂Rn.


Lemma4.1.Suppose thatf is aK-uqr map, thatf (0)=0, and thatf is
locally injective near the origin, i.e.,0 ∈Bf. Then there existL ≥ 1and a



(7)neighborhoodV of the origin such that


(4) 1


L|x| ≤ |f (x)| ≤L|x| for every x ∈V.


Proof. Suppose thatf is injective on the unit ballBand that there exists
 a sequencexk∈Bwith


(5) lim


k→∞


|f (xk)|


|xk| =0.


Necessarilyxk → 0. This together with the usual distortion estimates ([29,
 Corollary 11.31, p. 147], whose proof can be adapted to cover the present situ-
 ation also) implies that there is 2r0∈]0,1[ such thatf (B(2r0))⊂B(r0). Con-
 sequentlyfk(B(2r0))⊂ B(r0)and hencefk|B(2r0)isK-quasiconformal for
 everyk. This leads to uniform distortion estimates: there isK∗=K∗(n, K)≥
 1 such that


(6) fk(rSn−1)⊂A ρ


K∗, K∗ρ


=B(K∗ρ)\B ρ
 K∗





for everyk ∈ Nandr ∈ ]0, r0], where we may takeρ = |fk(y)|for anyy
 with|y| =r.


Denoterk = |xk|andεk = |f (xk)|/|xk|. We may assume thatrk ≤r0and
 εk <1/K∗for everyk ∈ N. It then follows from (6) withy =xk and hence
 ρ=εkrkthat


Ak =B(rk)\f (B(rk))⊃B(rk)\B(K∗εkrk)=A(K∗εkrk, rk)
 and this shows that


modAk ≤modA(K∗εkrk, rk)=ωn−1



 log 1


K∗εk


1−n


.


Hereωn−1is the measure of the unit sphereSn−1ofRnand in [20], [28] one
 can find all the details needed concerning the modulus.


Consider  = B(r0)\f2(B(r0)) which is, so to say, a “double funda-
 mental domain” of the action off. Then there is an annulusAk ⊂such that
 fν(Ak)=Ak for someν. The quasi-invariance of the modulus for quasicon-
 formal mappings implies


0<mod≤modAk ≤Kmod(fν(Ak))≤Kωn−1



 log 1


K∗εk


1−n


which is impossible fork sufficiently large.



(8)We showed that the left hand side of the inequality (4) is true. The other
 part follows in the same way, one just has to consider(f|B)−1instead off.


In the case when the fixed point x0 = 0 is also a branch point x0 ∈ Bf


with local indexi=i(0, f ) >1 the local distortion estimates of quasiregular
 mappings show that for everyk ∈Nthere are a neighborhoodV of the origin
 and a constantC >0 so that


(7) |fk(x)| ≤C|x|µ for every x∈V with µ=
 ik


K
 n−11


(cf. [20, Theorem III.4.7, p. 72]).


4.2. Generalized derivatives


Let again the originx0 = 0 be a fixed point of a uqr map f at which f is
 locally injective, and letB0be a neighborhood of 0 in whichf is injective so
 that the results of the previous subsection 4.1 are valid. So in particular we
 havef (B0)⊂LB0, whereLis the Lipschitz constant from (4).


We consider nowfλ defined by fλ(z) = λf (z/λ), where λ ≥ 1, as a
 mapping defined on λB0. Then, for a sequence of λ tending to infinity the
 associated sequence of mappingsfλ is normal on every ball of fixed radius
 centered at the origin. A limit functionϕ =limj→∞fλj can be considered as
 a generalized derivative off atx0 and one knows that it is a constant or a
 quasiregular mapping ofRn.


Deﬁnition4.2. The set of limit mappings
 Df (x0)=


ϕ= lim


j→∞fλj where λj → ∞


is called theinfinitesimal spaceof the uqr mapf at the fixed pointx0.
 Remark4.3. In case thatf has a derivative atx0, thenDf (x0)contains
 only the linear mappingx →Df (x0)x.


Since f is locally injective near x0, the Lipschitz estimates (4) imply
 that a limit function ϕ ∈ Df (x0) is a quasiconformal homeomorphism of
 Rn. Moreover, ϕ is a uniformly quasiconformal mapping since fλkj(z) =
 λjfk(z/λj).


For uniformly quasiconformal mappings other than the identity map, we use
the classification, as for Möbius transformations, of such maps into parabolic,
loxodromic and elliptic mappings (see [3], [24]). In our case ϕ cannot be
parabolic since it fixes 0 (and∞). So eitherϕisloxodromicwhich means that
ϕk or ϕ−k converges uniformly on compact sets of Rn to the origin, orϕ is
ellipticand in this case the group< ϕ >generated byϕis precompact.



(9)Lemma4.4. If one elementϕ∈Df (x0)is loxodromic, then all the elements
 of the generalized derivative are loxodromic. Consequently, the same is true
 in the elliptic case.


Proof. Suppose thatDf (x0)contains a loxodromic elementϕ. We may
 assume that 0 is an attracting fixed point ofϕ. Then there iskwith


ϕk(4K2B)⊂ 1
 4K2B.


This means that the action ofϕkhas a fundamental domain, which is the topolo-
 gical annulusAwith boundary components∂B(0,4K2)andϕk(∂B(0,4K2)),
 and that this domain contains the annulusA 1


4K2,4K2 ⊂A.


Sincefλj(z) = λjf (z/λj) → ϕ(z) uniformly on compact sets, we see
 thatfk has, in any neighborhoodV of the origin, a fundamental domainA0


that contains some annulusA 1


3K2r,3K2r . Sinceϕis loxodromic, and so in
 particular not constant, the fixed pointx0is not a branch point off. IfV has
 been chosen small enough so that the distortion estimate analogous to (6) is
 valid inV forfk, then all theAν =fνk(A0)contain an annulus of the form
 A 1


K∗rν, K∗rν for a suitable numberK∗independent ofν. Here we may take,
 for example,rν = |fνk(x1)|for any preassignedx1∈A0, say with|x1| =r.


This uniform control of all the fundamental domains implies that every
 limit mapping ψ = limfµi ∈ Df (x0) is loxodromic: use again uniform
 convergence to see thatψk has a fundamental domain containing an annulus
 of the formA 1


K∗ρ, K∗ρ .


4.3. Classification of the fixed points and Fatou components


We showed that the elements of the infinitesimal space Df (x0) share the
 common property of being either constant, elliptic or loxodromic. This allows
 us to give the following fixed point classification.


Deﬁnition 4.5. Letx0 be a fixed point of the uqr mapf at whichf is
 locally injective, and letDf (x0)be the infinitesimal space off at this point.


Then we callx0


1) attractingorrepellingif one, and therefore every, elementϕ∈Df (x0)
 is loxodromic and if the origin is a attracting or repelling fixed point of
 ϕrespectively (i.e.,(ϕk)converges uniformly on compact subsets ofRn
 to the origin in the attracting case and to infinity on compact subsets of
 Rn\ {0}in the repelling case);


2) neutralif the elements ofDf (x0)are elliptic.


Ifx0is a fixed point of the uqr mapf at whichf is not locally injective, we
callx0asuper-attractingfixed point off.



(10)Note that in the attracting and super-attracting case the iterates offconverge
 uniformly tox0near this point. In the super-attracting case, choosekso large
 thatik


K


n−11 > 1 in the terminology of (7), and then use (7) to conclude that
 the iterates offktend tox0uniformly in a sufficiently small neighborhood of
 x0. This then implies that the whole sequence fm → x0uniformly on some
 such neighborhood asm→ ∞.


In particular, (super-)attracting fixed points are in the Fatou set. Similarly,
 whenx0is repelling then the iterates off are not equicontinuous nearx0and
 x0∈Jf.


Attracting and super-attracting fixed points can be characterized as follows
 (the first two assertions of this Proposition are also equivalent in the case of
 repelling fixed points):


Proposition4.6. For a mapf ∈UQR(Rn)and a fixed pointx0off, the
 following assertions are equivalent:


1) x0is an attracting or super-attracting fixed point off.


2) x0is an attracting or super-attracting fixed point of some iteratefk.
 3) There is a stable component⊂Ff and a subsequencefkj converging


locally uniformly to a pointx0∈.


Note that in 1) and 2), it is clear thatx0is a fixed point off and of anyfk.
 It is the type of the fixed point that is important.


Proof. The equivalence between 1) and 2) follows directly from the defin-
 ition since a uniformly quasiconformal map is loxodromic when some iterate
 of it is loxodromic. It is also clear that 1) implies 3).


Suppose then that 3) is true, so that there exists a constant limit function
 x0=limfkj such thatx0∈. The convergence is locally uniform in. Thus
 there is a ballB centered atx0whose closure is contained insuch that for
 a certain integerp, which is among thekj, we have fp(B) ⊂ B. Now the
 Brouwer fixed point theorem shows thatfphas a fixed pointcinB, and, as
 m → ∞, we havefmp → c, locally uniformly in B, but then also locally
 uniformly in, in view of the definition ofas a component of the Fatou set
 off. Each of the pointsci =fi(c)∈for 0≤i < pis a fixed point offp.
 Sinceci = fmp(ci)→c, we have (takingi= 1)f (c)=c. Sincefmp→c,
 we havefi+mp →fi(c) = casm → ∞, locally uniformly in, for each
 fixedi with 0 ≤ i < p. Putting together the finitely many sequencesfi+mp
 for 0 ≤ i < p, we find that the full sequencefm → casm → ∞, locally
 uniformly in. Hence it must be the case thatx0=c, and 1) holds.


Attractors and repellors already have been studied by Hinkkanen and Martin
in [4]. They used there the following



(11)Topological Deﬁnition. A fixed point x0 isattracting (repelling, re-
 spectively) if there is a neighborhoodU ofx0such thatf is injective onUand
 such thatf (U)⊂U (f (U)⊃U, respectively).


This condition is equivalent to the present definition based on the general-
 ized derivatives (which easily follows from [8, p. 420]). Let us mention, as an
 example of the utility of our new definition, that the implication “2) implies
 1)” in the proof of Proposition 4.6 is a rather non-trivial fact if one uses only
 the topological definition.


In the same way, a fixed point is super-attracting if, and only if, it is a branch
 point, i.e., the definition used in [15]. Concerning the neutral fixed points, they
 can be classified into three different types:


Deﬁnition4.7. A neutral fixed pointx0of a uqr mappingf is
 1) aSiegel pointif it is in the Fatou setFf,


2) aparabolic fixed pointprovided that there is a stable component⊂Ff


withx0∈∂and a sequence{fnj}such thatfnj →x0locally uniformly
 on, and


3) aCremer pointifx0is in the Julia set and is not parabolic.


By Definition 4.7, a parabolic point and a Siegel point generates a stable
 component as do (super-)attracting fixed points. Recall that a componentof
 Ff is said to be stable iff ()⊂ (and, in fact,f ()=, as one can see
 in the same way as for rational functions).


Deﬁnition4.8. A stable componentofFf is called an (immediate)
 1) (super-)attracting basinif it contains a (super-)attracting fixed point,
 2) parabolic basinif there is a fixed pointx0 ∈∂and a sequence{fkj}


that converges locally uniformly ontox0, and


3) rotation domainprovidedf|is a compact group. If such a domain
 contains a fixed point then it is also called a Siegel domain.


Note that in case 3), the definition makes sense only iff|is a homeo-
 morphism ofonto itself. Also, we have not proved that a givencould be
 a parabolic basin on account of at most onex0∈∂.


As for rational functions, these are the only possible stable components:


Proposition4.9. A stable componentof Ff is a (super-)attracting or
 parabolic basin or it is a rotation domain.


Proof. Let be a stable component of Ff. Suppose first that there are
 x0∈and a sequence of iteratesfkj such that


fkj →x0∈



(12)locally uniformly in . Again, since fkj ◦ f = f ◦ fkj converges to x0


and tof (x0), the limit pointx0is a fixed point. Ifx0∈thenx0must be an
 attracting or super-attracting fixed point andan attracting or super-attracting
 basin (Proposition 4.6). Otherwisex0is parabolic anda parabolic basin. So
 from now on we may assume that the limit of every convergent sequencefkj
 is non-constant.


Suppose then that there exists a non-constant limit functionφ =limfkj, for
 some sequence of integerskj → ∞asj → ∞, the convergence being locally
 uniform on. Clearlyφ()⊂, and sinceφis a non-constant quasiregular
 map and hence an open map, it is easily seen thatφ()⊂ . Hence for any
 compact subsetEof, the setφ(E)must be a compact subset of.


Writemj = kj+1−kj ≥ 1. By replacing kj by a subsequence, without
 changing notation, we may assume thatmj → ∞ as j → ∞. After that,
 we find a subsequencemjp such thatfmjp → ψ locally uniformly on as
 p → ∞. Since for any compact subsetE of, the setφ(E) is a compact
 subset of, and sincefnjp+1 = fmjp ◦fnjp, we find on the basis of locally
 uniform convergence thatφ= ψ◦φ, first on each compact subset of, and
 hence on all of . Thereforeψ is non-constant, so that both φ and ψ are
 non-constantK-quasiregular maps ofinto itself.


LetBφdenote the branch set ofφ. Suppose thatx0∈\Bφ. Then there is
 a branchhofφ−1defined in a neighborhood ofφ(x0)taking the pointφ(x0)
 onto the pointx0. We have φ◦h = ψ ◦φ ◦hin a neighborhood ofφ(x0),
 which gives ψ(z) = z for all z in in a neighborhood of φ(x0). It follows
 thatψ = Id, the identity map, in φ(\Bφ). Since (\Bφ is dense in 
 and) φ(\Bφ) is dense in φ() (if dim refers to topological dimension,
 then dimBφ = dimφ(Bφ) = dimφ−1(φ(Bφ)) ≤ n−2 by [27]), it follows
 by continuity thatψ = Id in the subdomain φ() of  and hence also in
 ∩φ(). (For a rational functionfin dimension 2, it now follows by analytic
 continuation thatψ =Idin all ofsinceψis analytic in, but this argument
 is not available in the general quasiregular case.)


Next, it is seen that f is one-to-one in  ∩φ(). For if x, y ∈ φ()
 andx = y whilef (x) = f (y), then fmjp(x) = fmjp(y)for all p, so that
 ψ(x)=ψ(y), which is a contradiction sinceψ(x)=xandψ(y)=y. Thus
 indeedf is one-to-one in∩φ()and in particular inφ().


We wish to prove next thatψ = Id in all of. For this purpose, choose
a subsequence of mjp, denoted briefly just by κp, and a subsequence of kj,
denoted byλp, such thatκp−λp → ∞asp→ ∞, and such thatfκp−λp →χ
asp → ∞, locally uniformly on . Sincefκp = fκp−λp ◦fλp, and since
fλp → φ, so that for any compact subset E of, the setsfλp(E) remain
in a compact subset of(this is why we have to consider firstfκp−λp◦fλp
rather thanfλp◦fκp−λp), we deduce thatψ =χ◦φ. Thusχis a non-constant



(13)quasiregular map (ifχ were constant then this would forceψ to be constant,
 which is not the case) withχ() ⊂ . Next, fromfκp = fλp ◦fκp−λp we
 now get, in the same way,ψ =φ◦χ. Hence


∩φ()=ψ(∩φ())⊂ψ()=φ(χ())⊂φ().


Ifφ() = , this gives a contradiction, as there would then exist a point
 in ∩∂φ(). Such a point is in ∩φ()but not in φ(), which is the
 contradiction.


We deduce thatφ() = , and it follows thatψ = Id on. Since now
 φ◦χ =χ ◦φ = Id, it follows thatφis a homeomorphism ofonto itself.


Alsof is one-to-one in, so thatfis also a homeomorphism ofonto itself.


Sinceφ was an arbitrary limit function (all of them assumed to be non-
 constant), it follows that all limit functions are homeomorphisms of onto
 itself. All of them are alsoK-quasiregular maps on . Above, we also saw
 thatφ−1is such a limit function. Further, ifφ1andφ2are such limit functions,
 with, sayfkj →φ1andflj →φ2, then


φ1◦φ2= lim


j→∞fkj ◦flj = lim


j→∞flj ◦fkj =φ2◦φ1,


so that the limit functions form a group, which further is an abelian group. If
 φmis a sequence of such limit functions tending to a non-constant functionφ,
 then there is clearly a sequence of iterates off tending toφ, so thatφis also
 a homeomorphism in this abelian group. Thus the group of limit functions is
 closed, in this sense. This shows thatis a rotation domain.


We end this section by discussing the case when the derivative off exists
 at a fixed pointx0. In this case it is easy to check what kind of a fixed point we
 have. It suffices to consider the matrixA=Df (x0). If we set


A =max{|Ah|:|h| =1}
 then the fact thatf is uniformly quasiregular implies that


Akn≤KdetAk for every k ∈N.


Such a matrix is known to be an affine conjugate of an element of the similarity
 groupRO(n)(see [9] for this and more details). Therefore,x0is an attracting,
 neutral or repelling fixed point if, and only if, all the eigenvalues ofDf (x0)
 (note that they all coincide with each other) are strictly less than, equal to, or
 strictly greater than 1, respectively.


However, it is not clear whether the different types of neutral fixed points
can be distinguished if one only looks at the derivative. One might hope that



(14)the fixed point is parabolic if some power ofDf (x0)is the identity (and in
 general, when the generalized derivativeDf (x0)contains an element of finite
 order). But conversely there are parabolic fixed points for whichDf (x0)gen-
 erates a non-discrete subgroup of the group of orthogonal matrices. In fact,
 a parabolic Möbius transformation which has a non-periodic rotation part is
 such an example.


5. Examples of uniformly quasiregular mappings


Finding explicit examples of uqr maps is a particularly difficult thing. Also,
 as we showed in [12], there is a rigidity phenomenon which says that, on
 the Julia set, uqr maps are always of a very special kind (i.e., of Lattès-type)
 provided that the Julia set is large enough and that the maps have some kind
 of expansive property on the Julia set. So, there are not too many such maps.


On the other hand, there is some freedom to modify uqr maps on their Fatou
 set. We illustrate this in Proposition 5.1.


Our main motivation here is to analyse whether or not there are uqr map-
 pings that have fixed points of the different types we defined. Examples with
 super-attracting, attracting and repelling fixed points are known. We give new
 examples having parabolic fixed points and they will be used later to construct
 quasiconformally wild parabolic examples, meaning that the quasiconformal
 analogue of Leau and Fatou’s petal linearization theorem is not true. We do
 not know of any (higher-dimensional) uqr mapping with a Cremer or Siegel
 point.


The first family of examples has been found by Iwaniec-Martin:


Theorem([5]). There are uqr maps ofRnwith non-empty branch set, with
 attracting and repelling fixed points and with Julia set a Cantor set (on which
 the map does act like a Schottky group).


5.1. Lattès-type and related examples


The Lattès-type mappings introduced in [15], [16] are uqr analogues of the
 rational functions that are called critically finite with parabolic orbifold. They
 are obtained by semi-conjugating an expanding similarity by an automorphic
 map. We call a quasimeromorphic maph : Rn → Rnautomorphic, or more
 precisely automorphic with respect to a group9of isometries ofRn, ifh◦γ =h
 for allγ ∈ 9 and if in addition 9 acts transitively on fibers ofh: for every
 x1, x2 ∈Rnwithh(x1)= h(x2)there isγ ∈9such thatγ (x1)=x2. Now, a
 uqr mapf is ofLattès-typeif


(8) f ◦h(x)=h◦A(x) for every x∈Rn



(15)whereh:Rn →Rn\Ef is a automorphic map andA(x)=λU(x)withλ >1
 andU ∈O(n)an orthogonal matrix.


For example, whenhis automorphic with respect to a cocompact group9
 andf a corresponding solution of (8), thenJf =Rnand the repelling cycles
 of f are dense inRn. We call such a map chaotic Lattès-type map. Other
 Lattès-type mappings are power mappings, i.e., uqr analogues ofz → zd.
 They are obtained by takinghto be an analogue of the exponential function
 and9to be a group so thatRn/ 9is a cylinder (see [15]). These are examples of
 uqr mappings with a super-attracting fixed point. Starting from such a power
 mapping we obtain new examples of a different nature.


Proposition 5.1. There is a uqr map f of Rn with a super-attracting
 and an attracting fixed point, such that the union of the associated immediate
 basins is equal to the Fatou setFf.


Proof. Start withg ∈UQR(Rn)a power map. So in particular 0 and∞are
 super-attracting fixed points and the Julia set is the sphereSn−1. We modifygin
 the attracting basinBof 0. In order to do this, take a ballB=B(0, r)⊂Bthat is
 moved inside itself. We may even choose this ball so thatB =g(B)⊂B(0,r2).
 Takea∈Bsuch thatgis locally injective ataand denoteb=g(a). Modify
 then, using Sullivan’s quasiconformal version of the Annulus Theorem [25],
 g nearasuch thatg : B(a,2ε) →B(b, ε)is conformal and mapsaonto b.
 Hereε >0 is at least so small such thatB(a,4ε)⊂B. Clearly, this new map,
 which we still denote byg, is quasiregular but not necessarily uqr. The mapf
 we look for isf =ϕ◦gwhereϕis a quasiconformal map which is the identity
 outside ofB(0,r2), such thatϕ(B)⊂B(a, ε)and whose restriction toB(b, ε)
 is a translation that mapsB(b, ε)ontoB(a, ε). It is now easy to check thatf
 has all the properties we looked for.


5.2. Construction of parabolic uqr-maps


Here we give an example of a global non-injective uqr map that has a parabolic
 fixed point.


Theorem5.2. There exists a uqr-mapf : Rn → Rnhaving a parabolic
 fixed point, such that the Fatou set off consists of one completely invariant
 parabolic basin of attraction and the Julia set off is a Cantor set.


To be more precise, in what follows we will construct a uqr map that behaves
around one of its fixed points like the translationx→x+1 near infinity. Our
construction is based on the conformal trap technique introduced by Iwaniec
and Martin in [5] and developed further in [10], [11].



(16)We start the construction with an arbitrary non-injective quasiregular map
 f : Rn →Rn. Letx0 ∈Rnbe a point such that the following two properties
 hold:


(1) The preimages{x1, . . . , xd} =f−1(x0)are all disjoint and are not branch
 points.


(2) There is a small ballU0 = B(x0, r) such that f−1(U0) has pairwise
 disjoint componentsU1, . . . , Udand such thatf :Uj →U0is injective
 for 1≤j ≤d.


We may suppose thatx1 = x0, that is, f fixes this pointx1. Otherwise,
 whenx0is not one of its preimages, then it suffices to consider the mapx →
 f (x)+(x1−x0)instead off. In the first step we modify our map in order to
 makef behave like the rotation


R(y)=R(y1, y2, . . . , yn)=(−y1,−y2, y3, . . . , yn)


nearx1. For convenience, we assume thatx1=0, to avoid the use of a further
 translation when applyingR. Choose a ballB(x1, τ)⊂U1and a second one
 B(x1, ε) ⊂ B(x1, τ)∩f (B(x1, τ)). Then, using Sullivan’s quasiconformal
 version of the Annulus Theorem [25], we can modifyf so thatf = Id in
 B(x1, ε)and so thatf remains unchanged outsideB(x1, τ). In what follows
 we will work with the quasiregular mappingf1=R◦f. It has the properties:


(1) f1is the rotationRin the ballV1=B(x1, ε), and


(2) f1−1(V1)consists of pairwise disjoint components V1, V2, . . . , Vd such
 thatf1:Vj →V1is injective for 1 ≤j ≤d. Note thatVj ⊂Uj for all
 j with 1≤j ≤d.


Take now a ballB such that x1 ∈ ∂B and 2B ⊂ V1, such that y1 > 0
 throughoutB. Here, ifB =B(ζ, ρ), we write 2B=B(ζ,2ρ). Denote byj


the preimage of 2B inVj (j = 2, . . . , d) and choose further ballsBj ⊂ j


withxj ∈∂Bj. Appealing a second time to Sullivan’s quasiconformal version
 of the Annulus Theorem [25], we modifyf1to a new mapg1so that


(1) g1=f1in the complement of2∪. . .∪dand


(2) g1:Bj →Bconformal withg1(xj)=x1forj =2, . . . , d.


In the final step we create the conformal trap: Let&be a conformal mapping
which exchanges the ballBwith its complement. Then the mapping we looked
for isg =&◦g1. The dynamical properties of this mapping are those of the
mapping of [5] except that the basin of attraction is parabolic. We only verify
the properties ofgimportant for our purposes, namely:



(17)Proposition5.3. The mappingg : Rn →Rnis uqr and, if we conjugate
 g by a Möbius transformation sending the fixed point x1 to infinity, then g
 becomes a translation near infinity.


Proof. The uniform control of the dilatation is a consequence of the con-
 formal trap. In fact, it suffices to follow the orbit of an arbitrary given point
 x∈Rn. Observe first thatg(B)⊂Band thatgrestricted to this ballBis the
 composition of the rotationR with the conformal inversion&. So, the map
 x→gn(x)is conformal inBfor everyn∈N.


LetB1=R(B)and suppose thatxis in the complement ofB1∪· · ·∪Bd =
 g1−1(B). Theng1(x) ∈Band therefore g(x)∈ B. This means that for those
 pointsx, the first stepx →g(x)is not conformal, but it ends in the ballBand
 this yields that all the following applications ofgare conformal.


Consider finally a pointx ∈B1∪· · ·∪Bd. Thenx→g(x)is also conformal.


Now two cases may occur: either the imageg(x)∈B1∪ · · · ∪Bdand then the
 next application ofgwill also be conformal. The other possibility isg(x) ∈
 B1∪· · ·∪Bd. Then we are in the above situation and we see that after (at most)
 one more application ofg, where the orbit gains some dilatation, we land inB
 and then we never leave this ball and have a conformal orbit. This shows that
 gand all its iteratesgnhave the same dilatation.


The verification thatx1is parabolic can be done in the following way: The
 mapping g is conformal around x1 and so, by Liouville’s Theorem, is the
 restriction of a Möbius transformation. SinceBis an attracting petal andB1


is a repelling one, this Möbius transformation must be parabolic.


6. Linearizations and dynamics of the branch points


6.1. Non-linearizable parabolic dynamics


Recall that Leau and Fatou showed that a holomorphic mapping f can be
 conformally linearized in each parabolic petal U, meaning that there is ϕ
 defined and univalent onU∩f−1(U)with


(ϕ◦f )(z)=ϕ(z)+1 for all z∈U ∩f−1(U)


(see, e.g., [18]). Our aim here is to establish that the quasiregular analogue is
 false in dimensionn=3.


Theorem6.1. In dimensionn=3, there are uqr maps with parabolic fixed
point that cannot be quasiconformally linearized in their attracting parabolic
petal U, i.e., there is no quasiconformal mapping ϕ so that(ϕ ◦f )(x) =
ϕ(x)+1holds inU ∩f−1(U).



(18)We prove this result by modifying the examples obtained in the previous
 section so that they will behave like the quasiconformally wild parabolic map-
 pings of [14]. We use the following properties of these latter mappings.


Proposition6.2. There is a uniformly quasiconformal map hof H3 =
 {x3>0}onto itself, extending to a self-homeomorphism of the closure ofH3,
 whose restriction to{x3 = 0}is the translationx = (x1, x2, x3) →T (x) =
 (x1+1, x2, x3), which is topologically conjugate to this translation but which
 does not admit a quasiconformal linearization inV = {x1>0} ∩H3.


Proof. The maps of [14] are uniformly quasiconformal mappings h of
 R3that are obtained by homeomorphic conjugation of the translationT. It is
 shown in [14] that these maps do not admit a quasiconformal conjugation to
 this translation and an inspection of the proof given there shows that this result
 is local:hdoes not admit a quasiconformal linearization inV.


The explicit construction of these maps (which goes back to Tukia) shows
 that h preserves the half-space H3. The uniformly quasiconformal map of
 the planeh|∂H3 admits a quasiconformal conjugation to a translation [21],
 [22]. Since moreover every plane quasiconformal map can be extended to a
 quasiconformal map ofH3(see for example [26]) we can conjugate the whole
 maph|H3to a new map that has all the properties mentioned in Proposition
 6.2.


Proof of Theorem6.1. Letfbe a uqr mapping ofR3with parabolic fixed
 point∞such thatf is the translationT outside some ballB(cf. Proposition
 5.3). Sincef is a translation near∞it preserves a half-spaceH ⊂ R3\B
 and is the translationT there. We may suppose thatH = H3. This allows to
 consider a new map:


g(x):=


h(x) forx∈H3,
 f (x) elsewhere,


where h is the map of Proposition 6.2. It is clear now that g is uqr, that


∞ is a parabolic fixed point of this mapping and that it does not admit a
 quasiconformal linearization in the attracting petal.


6.2. Linearization at attractors and repellors


In contrast to the parabolic case, a uqr map can be quasiconformally linearized
 near attractors and repellors. More precisely, Hinkkanen and Martin [4] showed
 that ifx0is say a repelling fixed point off ∈UQR(Rn), then there is a global
 quasiconformal map"such that"(0)=x0and


(9) f◦"(y)="(2y) foryclose to 0.




    
  




      
      
        
      


            
    
        Referencer

        
            	
                        
                    



            
                View            
        

    


      
        
          

                    Hent nu ( PDF - 21 Sider - 159.69 KB )
            

      


      
      
        
  RELATEREDE DOKUMENTER

  
    
      
          
        
            Static Validation of Voting Protocols
        
      

        This means that we shall prove a subject reduction lemma, which states that the analysis ρ, κ | = P captures any behavior of the process P, and use this result to show that the

    
      
          
        
            OntheRecursiveEnumerabilityofFixed-PointCombinators BRICS
        
      

        We show that the set of fixed-point combinators forms a recursively- enumerable subset of a larger set of terms that is (A) not recursively enumerable, and (B) the terms of which

    
      
          
        
            BRICS Basic Research in Computer Science
        
      

        We show that on a RAM with addition, subtraction, bitwise Boolean operations and shifts, but no multiplication, there is a trans-dichotomous solution to the static dictionary

    
      
          
        
            Competitive Advantage and the Existence of the MNC Earlier Research and the Role of Frictions
        
      

        We  first build a simple model of perfect product markets and show that the “conventional wisdom” that  BH criticize hold true under these conditions, but that imperfections in

    
      
          
        
            BRICS Basic Research in Computer Science
        
      

        The aim of this paper is to show that consistency checking is NP-complete even if we focus on genotype information for a single gene , and thus that the existence of consis-

    
      
          
        
            The Limits of Conceptual Analysis in Aesthetics Karlheinz Lüdeking
        
      

        But if the concept of art is basically a value-concept, how can we then  explain the undeniable fact that there is a certain class of things that – no  matter how we would judge

    
      
          
        
            BRICS Basic Research in Computer Science
        
      

        This entails that predI a cannot have linear xpoints. But if we cut our model down to the full subcategory of dI domains and ane stable functions, dI a we still have a model of

    
      
          
        
            Towards a Domain Science
        
      

        • we show that there is a class of CSP channel and process structures that correspond to the class of mereologies where mereology parts become CSP processes and connectors

      



      

    

    
            
            
      
  RELATEREDE DOKUMENTER

  
          
        
    
        
    
    
        
            On Mereologies in Computing Science
        
        
            
                
                    
                    27
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            View of The Correctness of an Optimized Code Generation
        
        
            
                
                    
                    28
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            View of Transition System Models for Concurrency
        
        
            
                
                    
                    49
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            View of CCS, Locations and Asynchronous Transition Systems
        
        
            
                
                    
                    38
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            View of A New Characterization of Tree Medians with Applications to Distributed Algorithms
        
        
            
                
                    
                    14
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            View of A Modal Characterisation of Distributed Bisimulation
        
        
            
                
                    
                    27
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            View of Biduality in Spaces of Holomorphic Functions
        
        
            
                
                    
                    12
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

          
        
    
        
    
    
        
            Nordic Journal of Media Management
        
        
            
                
                    
                    13
                

                
                    
                    0
                

                
                    
                    0
                

            

        

    


      

      


              
          
            
          

        

          

  




  
  
  
    
      
        Company

        	
             Om os
          
	
            Sitemap

          


      

      
        Kontakt  &  Hjælp

        	
             Kontakt os
          
	
             Feedback
          


      

      
        Juridisk

        	
             Vilkår for brug
          
	
             Politik
          


      

      
        Social

        	
            
              
                
              
              Linkedin
            

          
	
            
              
                
              
              Facebook
            

          
	
            
              
                
              
              Twitter
            

          
	
            
              
                
              
              Pinterest
            

          


      

      
        Få vores gratis apps

        	
              
                
              
            


      

    

    
      
        
          Skoler
          
            
          
          Emner
                  

        
          
                        Sprog:
            
              Dansk
              
                
              
            
          

          Copyright 9pdf.org © 2024

        

      

    

  




    



  
        
        
        
          


        
    
  
  
  




     
     

    
        
            
                

            

            
                                 
            

        

    




    
        
            
                
                    
                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                        
                            
  

                            

                    

                    
                        

                        

                        

                        
                            
                                
                                
                                    
                                

                            

                        
                    

                    
                        
                            
                                
  

                                
                        

                        
                            
                                
  

                                
                        

                    

                

                                    
                        
                    

                            

        

    


