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(2)Executive   Summary   


In this thesis we analyze monthly historical stock returns data on 10 industries, to examine if the 
 presence of time-varying risk is seen in real data and how it affects the construction of optimal 
 portfolios, more specifically the calculations of asset-weights in optimal portfolios. We believe 
 that taking this conditional asset-risk into consideration, we might be able to get better results 
 with optimization methods that usually assumes constant correlation and uses a mean-variance 
 approach. 


Through testing we find indications of an autoregressive conditional heteroskedastic process in 
 all 10 series of returns. We construct a multivariate generalized autoregressive conditional 
 heteroskedastic model, called multivariate GARCH, in order to model the time-varying risk of 
 the assets as conditional covariance-matrices of our data-series. Over time there are significant 
 variations in the conditional risks, meaning that using generalized historical means as a measure 
 of today’s risk and/or expected returns is an over-simplified and possibly flawed approach. 


We find that our data can be modeled by a multivariate GARCH(1,1) model, and using statistical 
 software packages we can compute and estimate the parameters of this model, in matrix-form 
 which is necessary for the multivariate model. We will also be able to compute the conditional 
 covariance-matrices and error-terms for every sample-period.  


Given the time-varying risk the GARCH model only allows us to do a single-period forecast into 
 the future, so we will apply Monte Carlo Simulation in order to forecast multiple-periods ahead. 


We will then use the mean-variance optimization techniques from the Modern Portfolio Theory 
to compute Global Minimum Variance portfolios. We will present investment strategies that do 
monthly rebalancing of our portfolio, minimizing the conditional-risk in every month as found by 
Monte Carlo Simulations, and by applying the GARCH-model at ultimo a given month. We will 
suggest such an investment-strategy for periods of six consecutive months, and compare our 
results to portfolios constructed with simple mean-variance optimization. We will test the 
performance of these different types of strategies and find indications that the time-varying risk 
approach, seems to create better performing portfolios than the mean-variance optimization.  
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(6)Part   1   -‐   Introduction   


When we started discussing possible topics for our thesis, a great deal of topics within different 
 aspects of our curriculum was taken into consideration. We found that both of us had a keen 
 interest in Capital Market Theory and Investments as well as Econometrics and Corporate 
 Finance in general. We have previously done extensive work on corporate valuations, and felt 
 that this time we would widen our horizons and try to be more original in our choice of topic. We 
 decided to work with portfolio optimization as known from Modern Portfolio Theory, but with 
 the twist that we would implement time-varying risk. 


Today’s literature in finance is seeing researchers trying to implement time-varying risk to 
 existing models (i.e. the Capital Asset Pricing Model and different index models like the single 
 index or Eugene Fama & Kenneth R. French’s three-factor model1). The idea that risk is time-
 varying was not taken into consideration in the literature and teachings of our previous 


coursework at CBS. This simply made such a topic more appealing, as we would gain knowledge 
 on how time-varying risk can be implemented into financial models. Looking through library-
 databases online we found that most research papers implementing time-varying risk would do so 
 by simply altering the structures of previously acknowledged regression models. We especially 
 got captivated by Ralitsa Petkova & Lu Zhang’s conditional CAPM-model, and by Tim 


Bollerslev, Robert Engle & Jeffrey Wooldridge’s 1988 research paper “A Capital Asset Pricing 
 Model with Time-Varying Covariances”. The latter research paper would have an approach to 
 modeling time-varying risk, which we will adopt in this thesis. In order to “think outside of the 
 box” and go beyond the research already found in the literature, we want to do more than just put 
 up some model with time-varying risk. We found that one aspect of investment-theories had not 
 seemingly been covered in the literature we looked through, i.e. optimization of multiple asset 
 portfolios, under an assumption of time-varying risk. Most research papers that incorporated 
 time-varying risk seemed to work with pricing models like the known factor or index-models; 


mainly CAPM and the multifactor models by Fama & French. The Bollerslev, Engle & 


Wooldridge research focuses on return data of different types of securities (i.e. Stock, Bonds and 
                                                                                                                                                                                        


1   Fama   &   French,   Common   Risk   Factors   in   the   Returns   on   Stocks   and   Bonds,   Journal   of   Financial   Economics,   Volume   



(7)T-Bills). These are asset pricing models, in which the researchers implement some factor of time-
 varying conditional risk. In our case we wanted to work with portfolio optimization techniques 
 known from the Modern Portfolio Theory. Therefore we would not be working with an asset 
 pricing model. This is different from what we saw in the literature, and so we find it important to 
 try and research if a proper time-varying risk model can improve existing portfolio-optimization 
 models, and help us calculate more efficient portfolio-weights when applying it to real world 
 data. 


We decided to work with stocks only, but classified as portfolios of industry stock (see “Data” 


section for a further discussion on this choice of data). We believe that this can have certain 
 advantages in testing our model, but it might also give an indication, of whether or not some 
 industry-stocks dominate others in the term of risk-return relations. We also look for indications 
 of certain industries performing better or worse in different states of the overall economy. The 
 first thing we need to do is look into the time-varying risk part. We will argue for constructing a 
 multivariate type of time-series regression model which can statistically model time-varying 
 conditional covariance matrices. We will research how multi-period forecasting with such a 
 model works by using Monte Carlo Simulations. We will try to use different “investment 
 strategies” and accordingly compute asset weights of efficient portfolios. Thereafter we want to 
 compare the performance of these strategies, to see if the results of a time-varying risk model 
 seem to be a more appropriate measure of the input data needed to calculate optimal portfolio 
 weights.  


With this in mind we want to look into the Modern Portfolio Theory, more specifically Harry 
 Markowitz’s mean-variance optimization model. This model is capable of optimizing portfolio 
 weights with portfolios consisting of multiple assets, by using the covariance-matrices of the 
 assets to optimize the return/risk ratio. Thus, it would fit perfectly with the idea of imposing time-
 varying risk and the results of the econometric model, should be directly transferable to use in 
 this Markowitz optimization. The reason for this is that when the risk - or variance - in an 


econometric model, is time-varying or conditional - as often seen for time-series of asset returns -
we can use a specific econometric model to forecast risk. This is the Autoregressive Conditional 



(8)Heteroskedasticity model or the Generalized Autoregressive Conditional Heteroskedasticity 
 model also abbreviated ARCH and GARCH. Both of these models do conditional forecasts of 
 risk and can be extended to be multivariate, which means that they can work with several assets 
 by using matrices and vectors as model parameters (e.g. a covariance matrix for multiple assets, 
 where the single asset version would just model the assets variance). Thus, the result would also 
 be a computed or forecasted matrix of covariances, which can be directly used for modern 
 portfolio optimization. The model imposes time-varying risk and therefore each period’s 


“conditional covariance matrix” will be described as a function of the previous period’s 


conditional covariance and error-terms, as variances, covariances and errors are the measures of 
 risk, both systematic and unsystematic, in an econometric regression model.  


We obviously have to impose a number of delimitations to this topic as the idea behind our 
 model can be used to conduct research on pretty much every type of asset and/or investment 
 strategy. Assumptions are also necessary for our model to hold, and as any economist will know, 
 we need to impose various assumptions especially in the use of modern portfolio theory. We will 
 present detailed discussions of delimitations and assumptions. 


We want to research if we can improve the Markowitz optimization of portfolio weights under 
 the assumption that the data for this optimization process can be generated/forecasted by an 
 ARCH or GARCH model, because it is subject to time-varying risk. Even the non-financial 
 savvy person can see examples of how risk in the real world appears to be time-varying, simply 
 by looking at the fluctuations of asset-prices shown in graphs for most stock-data of returns in 
 periods of economic recessions versus non-recessions. Thus we decided that we would create a 
 forecasting autoregressive conditional heteroskedasticity model that could take into consideration 
 that changes in the states of the economy and several other factors could affect risk levels of risky 
 assets.  


We decided to base our work on researching investments in stock in specific industries within the 
 US Stock Market. We could have chosen other asset-classes as well, but we wanted to use 


industry-specific data because previous studies do not seem to use this, as they mainly work with 



(9)diversification across stocks, bonds T-bills etc., or in some cases across countries/markets. This 
 would generate new knowledge and hopefully help indicate how different industries are affected 
 by the state of the economy. Our 10 industries - which we call industry-portfolios as they are 
 comprised portfolios of stocks within certain industries - would be the assets in our overall 
 portfolio to be constructed and tested. This could also have been done like the before-mentioned 
 studies with regards to stocks, bonds, commodities etc. or internationally with investing in 


different countries, or pretty much with any existing asset or portfolio. That is also why we find it 
 important to research if our method, and our model, seems to be more efficient. By focusing on 
 industries and different time-periods with the economy being in different states, we are hoping to 
 see how our optimization technique will perform in comparison to standard modern portfolio 
 optimization with fixed correlations. And also if one approach will perform significantly better 
 than others in periods of high equity price fluctuations such as economic booms versus decline 
 periods in recessions.  


Our hypothesis will be that imposing time-varying risk in the Markowitz optimization, will give 
 us somewhat more efficient solutions to the portfolios we want to construct. In this thesis we will 
 present research and results to discuss and conclude whether or not this hypothesis seems to hold. 


Research   Question   


We aim to use multivariate analysis of time-series and it is our belief that risk in historical stock 
 returns is time-varying. Our analysis will include the testing of this. Thus we want to look at 
 econometric models that estimate conditional variances. We want to use the GARCH model, 
 developed by Bollerslev in 1988 to construct time-varying covariance matrices for different time 
 periods, and we want to do multiple-period forecasting by applying Monte Carlo Simulations. 


We will then attempt to forecast a series of conditional covariance matrices for selected time-
periods of different economic states. These matrices will be used to construct optimal portfolios, 
using modern portfolio theory, for each of the periods. Thus suggesting, what we have chosen to 
call a “semi-passive” investment approach that alters investments when the state of the economy 
changes.  



(10)The reasoning behind looking at recessions versus normal states of the economy is to see if there 
 is any significant difference in the way our model performs in the different states. By doing this 
 we will see if our model can outperform normal portfolio optimization in all cases, in recessions 
 only, in booms only or in no cases. As a bit of a bonus we can also get an indication of which 
 industries seem to perform better in different economic states. 


To do this, we have articulated a research question as follows: 


“How can we construct an econometric financial time-series model with time-varying risk, which 
 can be used to create efficient portfolio choices, using a combination of 10 US industry 


portfolios? And how does optimal portfolios suggested by this model perform compared to a 
 portfolio constructed from applying normal/simple mean-variance optimization?” 


In answering this research question we have developed a series of sub-questions, that we have 
 organized in three categories (time-series analysis, portfolio theory and performance testing) to 
 help us perform our analysis. 


Time Series Analysis: 


What data do we use and why? 


How do we test our data to find motivations for an econometric model? 


How do we construct a multivariate econometric model, which estimates the time-varying 
 variance? 


How can our model forecast covariance-matrices to be used for mean-variance optimization, in 
 one and more periods ahead? 


Portfolio Theory: 


What assumptions do we make in applying modern portfolio theory? 


What type of efficient portfolio should we aim to create? 


How do we determine the asset weights in the optimal portfolios for our time periods? 



(11)How would regular modern portfolio theory, with no regards to time-varying risk, suggest the 
 construction of an optimal portfolio? 


Performance Testing:  


What recent time period do we use for testing our portfolio suggestions versus normal passive 
 Markowitz optimal portfolio.  


What level of risk and return does each model perform with? Which model has the highest 
 Sharpe ratio? 


The point of these sub-questions will be working as guidelines to help us, step-by-step, getting 
 closer to and eventually reaching a final conclusion. The reader should not consider the order of 
 these research questions as a part of the actual thesis structure. The structure of the thesis is 
 determined and discussed in the section “Structural Method”. 


Methodology   


Scientific   Standpoint   
    


What is reality?2 How is it recognized3 and how can we examine it4? By answering these 


questions, we also consider which paradigm is going to build the foundation of the project. Egon 
 Guba defines the scientific paradigm as  


”A basal set of values, that controls our actions – both the actions that are done every day, and 
 the ones connected to disciplined studies”5. 


We will now discuss and explain the paradigms that we will work with in this thesis.  


                                                                                                                                                                                       


2   Ontology   


3   Epistemology   


4   Methodology   


5   Claus   Nygaard,   Samfundsvidenskabelige   analysemetoder,   page   23   



(12)Before we start the analysis we want to point out which scientific standpoint we take. We are 
 primarily dealing with quantitative empirics collected from the Kenneth French website, more 
 specifically 10 different industry’s performances since July 1926. We start by looking at Guba’s 
 scientific paradigms6 to state how we perceive finding of “the truth”. We will take a standpoint 
 similar to the positivistic paradigm, meaning that we believe the ontological status on the 
 perception of reality, is that the reality exists somewhere in its true form and is defined by 
 specific laws of nature. This will not be biased or flawed by subjective human perception, as we 
 only work with objective data. We are thus seeking an objectively defined reality, which will be 
 possible as we only use the objective data that are not biased. 


However, the reader should keep in mind that working with a completely positivistic standpoint 
 is not very consistent with reality. In our discussion of results and the implications of our findings 
 we will discuss the possibility of violations of the positivistic ontology. We will also discuss 
 potential deviations or any unexpected results in general. This means that we arguably move 
 towards a neo-positivistic paradigm in the latter part of the thesis (more specifically in our 
 discussion), as we need to take into consideration that biases will exist in the real world, and in 
 our case it’s almost certain that biases can be created by a subjective human perception of reality. 


So we want to base our work on the positivistic standpoint, but we will discuss how a neo-
 positivistic reality can influence our results. 


Scientific   Method   
    


We have chosen only to work with quantitative analysis. We want to make in-depth research, as 
 well as take a look at “the big picture”, meaning we want to reflect on our findings and possibly 
 relate them to other potential research problems. This demands a lot from our delimitations, 
 which we continually will relate reflexively to. We will use the theory of causal thinking to write 
 this project because it is the connection between cause and effect, which is important to reach a 
 conclusion. Only by a realization of the project, an effectual way of thinking will be relevant. 


                                                                                                                                                                                       


6   Claus   Nygaard,   Samfundsvidenskabelige   Analysemetoder,   page   23   



(13)Our paradigm states that the results of our studies will not depend on our interpretations. Thus, it 
 is not necessary to take any critical standpoints to our results, as well as the theories we use, as 
 they will be objective in its nature. The purpose of the methodology is to find the objective truth, 
 which is how positivism differs from neo-positivism, where the human bias is a part of the 
 output. However, we will of course discuss our findings and evaluate possibilities of existing 
 real-world biases.  


We have established a hypothesis about the research we want to conduct, in which we believe we 
 can create a model that outperforms modern portfolio theory. We will compare all the findings in 
 favour of or against this hypothesis, and thus we will be the neutral agent, examining the 


empirics, and describing it from statistics and numbers, according to the positivistic ideology 
 about finding the one objective truth. This is often seen as the approach from the natural sciences, 
 that we believe will be applicable to our material, as it is only empirical data that forms the basis 
 of the knowledge produced in our thesis. 


The conclusion of this paradigm is important, as it will be a prerequisite to our ability to explain 
 and predict optimal portfolios in the future. 


The   Dual   Competency   
    


The dual competency is a description of the ability to produce competent knowledge, but also 
being able to critically evaluate your studies. The ability of relating critical to collecting, and 
analyzing data, is very important in a project. That is why we, will try to be critical and reflective 
about our data, method, assumptions etc. An important question to ask is; are things as they 
appear to be, or is anything hidden behind the data? We have been more critical, since there can 
be doubts about the validity, reliability and adequacy of results and data. The way we relate to the 
dual competencies is the following: 



(14)The knowledge and data we use and primarily the results we produce, will be staged in such a 
 way that it will reflect the considerations we have made, just as second-order learning requires. It 
 will be criticized and its validity and value of truth will be considered7. This applies to the 


theories, knowledge, results and data. This has been appropriated in first-order learning. Though 
 in some aspects, the naive realist will shine through, because it is impossible to relate reflectively 
 to the tiniest detail. We will strive not to take things for granted. It is important to be able to 
 […]interpret the perspectives behind the phenomenon of the immediate manifestations8. To be 
 critical becomes an important factor, as there are many things that need to be taken into account. 


It is important that we understand the situation   and put ourselves in a position where we can 
 deal critically with the knowledge we gather. 


Structural   Method   


After defining the problem, we have created the research question and a series of sub-questions. 


These research sub-questions are put up in a way that each part of the analysis can lead back to a 
 specific question in the “Research Question” section. The sections of the analysis come in the 
 same order as the categories of the research sub-questions. However, the order of every single 
 sub-question will not necessarily dictate one chronological order in which results are presented. 


We want this structural design to contribute to the overall structure of the project and give a 
 better overview to the reader. In the conclusion, we will answer the relevant research sub-
 questions in a somewhat chronological order, by summarizing our findings. This will hopefully 
 make it easy for the reader, to see the “red line” in the presentation of our conclusion. It also has 
 the benefit that a reader who is only interested in one particular sub-question, will be able to go 
 straight to the analysis where it is described, and thereafter directly to the conclusion to see the 
 connection9. 


                                                                                                                                                                                       


7   Søren   Barlebo   Rasmussen,   Forskningsbaseret   Læring,   page   26   


8   Søren   Barlebo   Rasmussen,   Forskningsbaseret   Læring,   page   28   


9   Lotte   Rienecker,   Den   Gode   Opgave   



(15)Part 1 of the thesis consists of an introduction. This includes the research questions, information 
 about data gathering, limitations, and methods used. In Part 2 we describe the theories used in the 
 thesis. Here we also mention the assumptions that we need to take into consideration. The 


analysis then begins in Part 3, where we will apply all the theories mentioned to our data. Finally 
 in Part 4, we sum up the thesis, by discussing the results and concluding on our research 


questions. 


The analysis will start by focusing on creating the correct GARCH models. This model will be 
 constructed from returns in both recession periods, and non-recession periods, as we have 
 categorized them. In this process we will be estimating the conditional covariance matrices and 
 squared residuals. It will be tested if the models fit best as an ARCH (1,1), or any other form. 


This is determined by the information criterion from the theory section.  


All time-series regressions will be analyzed and statistically tested, to see if we can solidly 
 indicate the presence of an autoregressive conditional heteroskedastic (ARCH) process.   


When the model has been created, we can forecast the expected risks of any month in the given 
 data set and use this forecast to compute the weights of optimal portfolios. This will be designed 
 using modern portfolio theory. With the optimal portfolios created, it can be compared to a 
 portfolio created by the standard modern portfolio approach. By conducting a performance test it 
 will then be possible to see if our model will be able to perform better in terms of risk and 
 returns.  


The most important part of the analysis will focus on estimating the optimal portfolios, because 
 our hypothesis is that these will be improved as compared to standard modern portfolio theory. 


This is primarily due to the fact that we believe risk is time varying. And our project will thus 
 focus on creating an overall model that will be able to forecast the best possible portfolio, with an 
 investment horizon of one month. In our case, this will be for 10 industry portfolios on the 


American market. 



(16)The specific steps that we go through to answer the work questions will be described 
 chronologically in the theory section. 


Delimitations   


By the selection of primary data, we have had a focus on relevance rather than representativeness. 


This is why we have limited ourselves to 10 industry portfolios within the US equity market. 


We would like to find out which industries will be optimal to invest in, under the assumption that 
 risk is time-varying. To best argue in favour of this assumption, we can simply refer to stock-
 performance measures in periods of recession versus periods of boom. Just as all other aspects of 
 the economy, the volatility of stock-prices are affected by the economic climate and probably 
 also several other factors or unknown variables. We also found it interesting to be able to identify 
 which industries are more valuable to an investor’s portfolio in different economic climates. Thus 
 we have found it necessary to delimit ourselves to analyzing industry portfolios, and leaving out 
 different asset types, like bonds and commodities, which of course are also relevant to an 


investor. 


We have chosen 10 industry portfolios because we believe that this gives a good overview of 
 how a portfolio can be constructed and optimized within a market. Our data covers the stock-
 market very well, as it contains most of the investment opportunities in US stocks (see data 
 section for further description), and this is also the reason why we haven’t found it necessary to 
 add any other industry portfolios, as we probably could have used a lot more, but then they would 
 just consist of less investment opportunities accordingly. The important thing to keep in mind is 
 that our analysis is delimited from using other asset-classes such as T-Bills, Bonds, Options etc. – 
 ONLY stock-prices will be part of the analysis. 


Another issue we have delimited ourselves from is international diversification. The theories and 
research in the area of international diversification (i.e. Fama & French research) suggest that it is 
always a good idea to diversify internationally to other markets. But as our emphasis is on 



(17)industry specific performance and measurement, we left out the international aspect and are only 
 looking at the American market. Of course we can’t generalize and say that the same industries 
 will be good to invest in different markets at different time periods, but we believe it gives a good 
 overall indication and, more importantly, it will be provide us with good input data for setting up 
 and testing our model. This has been the idea behind focussing on industries rather than 


countries, which would also leave us with way too much data to process. 


We will be analyzing monthly return data on stocks and we are delimited to the time period 1927-
 2012. A model for daily returns could however be in the same way we build our model, and it 
 would simply do daily instead of monthly forecasting. 


Finally we would like to mention that our model is theoretically constructed and all calculations 
 of portfolio weights are done by applying the formulas for mean-variance optimization in the 
 Modern Portfolio Theory. This means that our model will suggest short-selling, so we actually 
 refrain from using a realistic delimitation such as “no short-sales”. This is something we do 
 because we are writing this thesis as an academic research paper, and not some “how to invest 
 guide” for the non-financial savvy person. Thus the emphasis will be on developing and testing 
 the model and that is why we do not impose a constraint on short sales, which is also mentioned 
 in our analysis. 


Data   


Data   on   Historical   Returns   


Our entire analysis is based on historic data regarding our chosen assets. We have chosen to 
 analyze industries in the US market, and needed a source that could give us significant historical 
 data on returns for different industry-defined asset classes. In previous coursework from a 
 semester abroad we have worked with data from the “Kenneth French Website”: 


http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html  



(18)The website is a library database managed by Kenneth R. French, the author and professor who is 
 mostly known for his work with Eugene F. Fama on the three-factor model. The database is a 
 part of the library of “Tuck School of Business” at Dartmouth College, USA. The website holds a 
 massive data library which includes a wide selection of return data. The data is put into 


constructed portfolios on countries, industries, ratios, value/growth, size of market cap, the Fama-
 French research factors (“market excess return”, “small minus big” and “high minus low”) and 
 much more. There are naturally also listings of risk-free and market excess returns. Seeing as this 
 library holds returns data on constructed industry portfolios, we believed that this would be a 
 good source of collecting our data. We also find it very reliable as it is part of a university library.  


On the construction of the portfolios or asset-classes that we want to analyze, the French website 
 writes the following:   


“We assign each NYSE, AMEX, and NASDAQ stock to an industry portfolio at the end of June of 
 year t based on its four-digit SIC code at that time. (We use Compustat SIC codes for the fiscal 
 year ending in calendar year t-1. Whenever Compustat SIC codes are not available, we use 
 CRSP SIC codes for June of year t.) We then compute returns from July of t to June of t+1.” 


Basically, what we need to take note of is that they classify the stocks in one industry on their 
 industrial code and they use stocks of the biggest US stock market indexes.  


The 10 industries that make up our data are as follows:  


Consumer Non-Durables (NoDur): Food, Tobacco, Textiles, Apparel, Leather, Toys 
 Consumer Durables (Durbl): Cars, TV's, Furniture, Household Appliances 


Manufacturing (Manuf): Machinery, Trucks, Planes, Chemicals, Office Furniture, Paper, 
 Computer Printing 


Energy (Enrgy): Oil, Gas, and Coal Extraction and Products 


Business Equipment (HiTec): Computers, Software, and Electronic Equipment. Also includes: 


industrial controls, computer programming and data processing, computer integrated systems 
design, computer processing, data prep, information retrieval services, computer facilities 



(19)management service, computer rental and leasing, computer maintenance and repair, computer 
 related services, research & development labs, research, development, testing labs. 


Telecommunications (Telcm): Telephone and Television Transmission 
 Shops: Wholesale, Retail, Services including Laundries and Repair Shops 
 Health (Hlth): Healthcare, Medical Equipment and Drugs 


Utilities (Utils): Generators, Energy Network Operators, Energy Traders and Marketers, Energy 
 Service Providers and Energy Retailers 


Other: Mines, Construction, Building Maintenance, Transportation, Hotels, Bus Services, 
 Entertainment, Finance 


The data on risk-free rates and market excess returns are according to the website; value-
 weighted return of all CRSP firms incorporated in the US and listed on the NYSE, AMEX, or 
 NASDAQ. And the website comments on the construction of this data as follows:  


“Rm-Rf includes all NYSE, AMEX, and NASDAQ firms. SMB and HML for July of year t to June 
 of t+1 include all NYSE, AMEX, and NASDAQ stocks for which we have market equity data for 
 December of t-1 and June of t, and (positive) book equity data for t-1.” 


Of the latter mentioned data, we will only use risk-free returns in computing Sharpe ratios and in 
 general we refrain from using returns in our analysis as we seek to model and forecast risk.  


The data is obviously of the quantitative type of data, which is what we need, as our analysis is 
 completely quantitative, as all the derivations and estimations that we make throughout the thesis, 
 are based on this “raw” historical stock return data. The full period of the return data is July 1926 
 through December 2012. 


We consider the Kenneth French website a primary source of data. 


As the data contains 1,038 observations for each of the 10 assets, we have chosen not to put the 
full data sample into our thesis, not even as an appendix, as this would simply give us hundreds 



(20)of pages of appendices which would be too unorganized for the reader and not to mention a waste 
 of printing paper. We will however show a cutout of the data, so that it is easy to see what kind of 
 data we are dealing with. The cutout is shown below: 


………. 


Figure 1 – Cutout of Data 


From the figure above it is easy to see that our raw input data contains monthly percentage 
 returns for every single month in the period July 1926 through December 2012. The historical 
 mean and standard deviations are not part of the raw data, but we chose to just compute them in 
 Microsoft Excel, as this is very simply done by using Excel functions. These constant-means will 
 only be used in the simple case of modern portfolio theory optimization, but not in our 


forecasting model.  



(21)Data   on   States   of   the   Economy   


It is commonly known in macroeconomics, that most countries will classify the economic state as 
 a recession if the country or economy has experienced at least two consecutive quarters of non-
 positive GDP growth. In fact this is so commonly known, that the oxford dictionary even 
 mentions this in their definition of the word recession10. 


So since we needed data telling us when the US economy was in a recession, we could simply 
 look at the historical Gross Domestic Product growth in the US. This is publically available data 
 and can be found on many online databases under economic indicators.  We found that the easiest 
 way for us to do this was to cross-reference a list of US recessions on Wikipedia11 with the E-
 Library of the International Monetary Fund12. We have done this, as Wikipedia is not a very 
 reliable source of data (thus the data on economic states from Wikipedia is secondary data), 
 whereas the IMF’s E-library can be considered a reliable source (we would consider IMF’s 
 online library a primary source of data). Looking closer into performance of the US Stock 
 Markets, we have simply used a graph from Google Finance (see the section “Time Periods for 
 Analysis”) 


Part   2   -‐   Theory   


   


Time   Series   Econometrics   


In this section we will present the econometric theories used in our thesis, as well as the 
 underlying reasoning behind them and how to apply them to our data etc. 


Heteroskedasticity   


Financial time series often shows a structure with non-constant variance. For example the 
 variations in the time series can be very small in a period, and then very large for a different 
                                                                                                                                                                                        


10 http://oxforddictionaries.com/definition/english/recession  


11 http://en.wikipedia.org/wiki/List_of_recessions_in_the_United_States  


12 http://elibrary-data.imf.org/DataExplorer.aspx  



(22)number of periods. Ideally the ARCH or GARCH model will incorporate this heteroskedasticity 
 into the model, so it takes the changes of variation into account.13


If we depict our returns of the time series on a log scale, and then differentiate it, the 


differentiated time-series will look like white noise. In the following [Yt] will denote the log of 
 the price of the underlying assets at any period t, and the model will usually look like: 


ΔYt = Χt = εt,   where εt ~ N(0,1), i.i.d. 


This means that the returns of the industry portfolios Xt = Yt – T(t-1) behaves like a Gaussian 
 white noise sequence, which is consistent with a random walk hypothesis. 


Some other structures cannot be explained well enough by the equation, but these stylized facts 
 are usually known to be: 


[Xt] is heavily tailed, much more than the Gaussian white noise 


Although not much structure is revealed in the correlation function of Xt, the series 𝑋!! is highly 
 correlated. These correlations can be negative or positive depending on the direction of the 
 correlation. The changes in Xt tend to be clustered. This means that large changes in Xt tend to be 
 followed by large changes, and small changes in Xt tend to be followed by small changes14


Especially this last point is important. In financial markets, it is important to try to understand the 
 impact of volatility because investors are seemingly risk-averse and therefore require higher 
 expected returns for taking more risk. 


Consequently, time series models with heteroskedastic errors were developed. One of the most 
 popular models for dealing with this heteroskedasticity is the autoregressive conditional 


heteroskedasticity (ARCH) model, which we will use in this thesis to test for heteroskedasticity 
 in our time series. 


                                                                                                                                                                                       


13 Ngai Hang Chan, Time Series Applications to Finance, page 101   


14 Ngai Hang Chan, Time Series Applications to Finance, page 102 



(23)ARCH   
    


In its simplest form, ARCH can be expressed as:  Xt = σt εt 


Usually 15 it is assumed that εt ~ N(0,1), i.i.d (independent and identically distributed), and σt 
 satisfies: 


σ^2(t) = α0 + Σ(p,t=1) αi X^2(t-i)     16


In this theory section we will start by explaining the ARCH and then proceed with the 
 generalized autoregressive conditional heteroskedasticity model, which needless to say is 


abbreviated GARCH. However, in the next step we will describe how we test for the presence of 
 ARCH. After that we will go more into detail with the models. 


Testing for ARCH 


This subject is important because of the forecasting issues. It is necessary to know the volatility 
 because we need to know what to do with the financial planning, and here variability is bad, 
 because it makes financial planning difficult. But the volatility also presents the opportunity for 
 large profits, as well as huge losses. But with volatility comes uncertainty. 


A characteristic of these financial time series is that they can appear to be random walks in their 
 level form; meaning they are non-stationary.  


On the other hand, in the first-levet differentiated form they are generally stationary. 


Therefore, instead of modeling the levels of the financial time series, it can be a good idea to 
 model their first differences. Although these often come with wide volatility, suggesting that the 
 variance of the financial time-series varies over time, the ARCH modeling developed by Robert 
 Engle takes this into account, which is why we have chosen to use that method to test our time 
 series.17


                                                                                                                                                                                       


15 Ngai Hang Chan, Time Series Applications to Finance, page 102 


16 Ngai Hang Chan, Time Series Applications to Finance, page 103 


17 Engle, Robert – Autoregressive Conditional Heteroskedasticity with Estimates of the Variance of United Kingdom 
Inflation   



(24)Heteroskedasticity may have an auto-regressive structure, meaning that heteroskedasticity 
 observed throughout various periods may be correlated. This method developed by Engle allows 
 us to statistically measure the volatility. 


Yt = time series returns 
 Yt* = log of Yt


dYt* = Yt* - Y*t-1 = relative change in returns 
 dYt* = mean of dYt* 


Xt = dYt* - dYt* 


Thus Xt is the relative change in returns and it is adjusted for the mean. Then we can use Xt2 as a 
 measure of volatility. Since it is a squared quantity, its value will be relatively high in periods 
 when there are big changes in the return, and its value will be comparatively small when there are 
 humble changes.18


Now that we use 𝑋!! as a measure of volatility, we need to know if and how it changes over time. 


First we will consider an ARCH(1) model: 


𝑋!!  = ß0 + ß1X2t-1 + ut 


This formula assumes that volatility in a given period is related to its value in the previous period 
 plus a term for the white noise error. If ß1 is positive, it suggests that if volatility was high in the 
 previous period, it will continue to be so in the current period, which indicates volatility 


clustering. If ß1= 0 there is no volatility clustering. The statistical significance of the estimated ß2


can be analyzed using a simple t-test. 


Second an ARCH(p) model of volatility like this can be considered: 


Xt2 = ß0 + ß1X2t-1 + ß2X2t-2 + … + ßpX2t-p + ut 


                                                                                                                                                                                       


18 Gujarati and Porter, Basic Econometrics, Example 22.1 page 793 



(25)This model suggests that volatility in the current period is related to the volatility in the past p 
 periods, where we consider p from an empirical point of view from the data. Hence p represents 
 the number of autoregressive terms in the model. The empirical problem can be solved by using 
 model selection criteria (e.g. the Akaike- and Schwarz Information measure). The model 


selection criteria will be explained further in the section “Model Selection Criterions” Again, the 
 significance of any given ß coefficient can be tested with the t-test, and the combined 


significance of 2 or more coefficients by the F-test. 


To test for ARCH effects in our regression model that is based on time series data, we need to 
 consider a k-variable linear regression model: 


Yt = ß1 + ß2X2t + … + ßkXkt + ut


The disturbance term is distributed as19


ut ~ N [ 0 , (α0 + α1u2t-1) ] 


This indicates that u is normally distributed with a mean of 0 and var (ut) = α0 + α1u2t-1, so that 
 the variance follows an ARCH(1) process. It is important to notice that the variance of u at time t 
 is dependent on the squared disturbance at the previous period in time (t-1), thus giving an 
 appearance of a serial correlation. With this said, it does not necessarily only depend on one 
 lagged period of the squared error-term, but can also be a function of several lagged squared 
 terms, is in the following equation: 


var (ut) = σt2 = α0 + α1u2t-1 + α2u2t-2 + … + αpu2t-p


If there is no autocorrelation in the error variance, then: 


                                                                                                                                                                                       


19 Gujarati and Porter, Basic Econometrics, Equation 22.10.5, page 793 



(26)H0: α1 = α2 = … = αp = 0 


If this is the case, then var (ut) = α0, and then there is no ARCH effect. According to Engle20, it 
 can be shown that the following regression easily can test the preceding null hypothesis, since we 
 do not directly observe σt2:       


       


ût2 = â0 + â1û2t-1 + â2û2t-2 + … + âpû2t-p 


In this equation α is denoted as a. 


ût2 denotes the OLS residuals that are obtained from the original k-variable linear regression 
 model. 


The null hypothesis can be tested using an F-test, or alternatively by calculating nR2, where R2 is 
 the coefficient of determination from the auxiliary regression. 


It can be shown that  


nR2asy ~ χ2p 


so that nR2 follows the chi-square distribution for large samples, with degrees of freedom equal 
 to the number of autoregressive terms in the auxiliary regression.21


What to do if ARCH is present? 


The scope of “Gujarati & Porter” does not include the further process, but we know from the 
 ARCH/GARCH theory section how to construct a usable model. Fortunately, our EViews 7.0 
 software package can also estimate a multivariate GARCH model, which we will need to do.  


GARCH   


The ARCH & GARCH models 


GARCH is an abbreviation of the actual name of the model, which is Generalized Auto-


Regressive Conditional Heteroskedasticity model. It was proposed by Bollerslev in 1988 and is 
                                                                                                                                                                                        


20 Gujarati and Porter, Basic Econometrics, Equation 22.10.9, page 794 


21 Gujarati and Porter, Basic Econometrics, Example 22.1, page 794   



(27)an extension to the Auto-Regressive Conditional Heteroskedasticity- or ARCH-model developed 
 by Robert Engle in 1982.  


The ARCH and GARCH models are widely used to measure and forecast volatility in financial 
 time-series, because these time-series such as asset returns are subject to the phenomenon called 


“volatility clustering”, meaning that returns are more volatile in certain periods of time. This 
 makes sense because returns reflect trading patterns, reaction to news, macroeconomic impacts 
 etc.  


This indicates that the volatility or risk is varying over time, thus creating a model with time 
 varying variance. This is in other words heteroskedasticity, as heteroskedasticity means unequal 
 variance. The ARCH-model then suggests the autoregressive structure by assuming 


autocorrelation in heteroskedasticity observed over different periods of the time-series22.  
 Observing this varying variance, Engle proposes the ARCH-model based on the idea that the 
 recent past gives information on the conditional variance, and creating the model as such: 
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Meaning that the variance at time t is depending on the lagged squared value. With p denoting 
 number of lags, thus the model is called an ARCH(p) model. The denotation ut simply represents 
 the disturbance- or error-term from a regression model 


For example looking at the ARCH(1) model, the process becomes23: 


                                                                                                                                                                                       


22   Gujarati   &   Porter,   Basic   Econometrics,   page   791   


23   Slides   from   lectures   in   the   course   ”AE58   -‐   Applied   Econometrics”      



(28)
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In 1988 Bollerslev then proposes the GARCH-model which shows that the conditional variance 
 at time t depends not only on the lagged squared error-term, but also on the lagged conditional 
 covariance; 
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The GARCH(1,1) is the simplest form of the GARCH-model and is the most used for modeling 
 financial time-series. As shown later in this thesis, we shall also use a GARCH(1,1) model for 
 our analysis, we will argue for this choice with the use of model-selection criteria  


Multivariate GARCH 


When we need to apply the GARCH-model to multiple financial time-series, as in our case with 
 10 series of portfolio-returns, we need to expand the simpler univariate-model to include several 
 time-series. We need to include possible interactions (correlations) between returns on the 


different portfolios, thus needing to model the covariance of the assets. The multivariate GARCH 
model does exactly this and will in fact make us capable of forecasting a covariance-matrix for 



(29)our portfolios, based on the lagged squared residuals of the returns and the previous conditional 
 covariances. There are several existing multivariate GARCH- or M-GARCH models and our 
 literature mainly focuses on two of them, that is the VECH model developed by Bollerslev, Engle 


& Wooldridge in 1988 (it is also extended to the Diagonal VECH-model) and the BEKK-


model24. We shall now describe them in simple forms of 2 assets in order to describe the theory. 


As this is quite simple, the model will be extended to fit our data with 10 assets.  


The VECH-Model 


VECH(Ht) = C + A*VECH(Θt-1 Θ’t-1) + B*VECH(Ht-1)       where    Θ|ψt-1 ~N(0,Ht) 


Where Ht is a 2x2 conditional variance-covariance matrix, Θ is a 2x1 vector that represents the 
 residuals (also called an innovation vector), ψt-1 represents the information set at t-1, C is a 3x1 
 parameter vector (it is similar to the intersection parameter in a simple regression model) and A 
 and B are 3x3 matrices of the parameters for the model. 


VECH(.) denotes the column stacking operator applied to the upper portion of the symmetric 
 matrix25.  


In order to fully illustrate we can denote the previous explanations like this:  


Ht =  ℎ!,!,! ℎ!,!,!


ℎ!,!,! ℎ!,!,! Θt =  𝑢!,!


𝑢!,! C = 
 𝑐!,!


𝑐!,!


𝑐!,! A = 


𝑎!,! 𝑎!,! 𝑎!,!


𝑎!,! 𝑎!,! 𝑎!,!


𝑎!,! 𝑎!,! 𝑎!,!     B = 
 𝑏!,! 𝑏!,! 𝑏!,!


𝑏!,! 𝑏!,! 𝑏!,!


𝑏!,! 𝑏!,! 𝑏!,!


Note that this model alone yields 21 parameters in the simplest form of just 2 assets. The 
 meaning of VECH as an operator that stacks the upper triangular (incl. the diagonal) part of the 
 matrix and stacks it into a vector can be illustrated by considering: 


                                                                                                                                                                                       


24 Chris Brooks, Introductory Econometrics for Finance, pages 432-436 


25 Chris Brooks, Introductory Econometrics for Finance, page 432   



(30)VECH(Ht) = 


ℎ!,!,!


ℎ!,!,!


ℎ!,!,!


  


Where the values in the vector represent the conditional covariance between assets 1 and 2 at 
 time t. Thus the VECH(Θt-1 Θ’t-1) part of the equation can be denoted as: 


VECH(Θt-1 Θ’t-1) = VECH 𝑢!,!


𝑢!,! 𝑢!,! 𝑢!,!  = VECH 𝑢!,!! 𝑢!,!𝑢!,!


𝑢!,!𝑢!,! 𝑢!,!!  = 
 𝑢!,!!
 𝑢!,!𝑢!,!


𝑢!,!!
 Thus the VECH model in the case of just 2 assets can be expressed as follows26;  


This expression explains the relations between the conditional variances, covariances and their 
 lagged values as well as the lagged squared residuals. 


The Diagonal VECH-Model 


Bollerslev, Engle & Wooldridge (1988) chose to simplify the VECH-model by imposing 
 restrictions, to make the A and B matrices diagonal. This way, they are reducing the number of 
 parameters to be estimated in the model. Imagine the model illustrated above, where A and B 
 matrices now only have 3 elements. The model in this case will then become:  


hi,j,t = wi,j + αi,jui,t-1uj,t-1 + βi,jhi,j,t-1  ,  for i,j = 1,2 


                                                                                                                                                                                       


26 Chris Brooks, Introductory Econometrics for Finance, page 433 



(31)Where wi,j and αi,j and βi,j are the parameters of the model, that are to be estimated. The 


Multivariate Diagonal VECH model is actually an infinite order ARCH model, as the covariance 
 is expressed as a “geometrically declining weighted average of past cross products of unexpected 
 returns, with recent observations carrying higher weights”27


The BEKK-Model 


Developed by Engle & Kroner in 1995, the BEKK model ensures a forecasted variance-


covariance matrix that is certain to be positive and definite. The BEKK model can be expressed 
 as: 


Ht = W´W + A´Ht-1A + B´Θt-1 Θ´t-1B 


Comparing to the way we illustrated the VECH model, we can consider A and B to be 2x2 
 matrices of parameters, whereas W is the upper triangular matrix of these. The model ensures the 
 covariance-matrix to be positive and definite by the “quadratic nature of the terms on the 


equation’s RHS”28


Estimating a Multivariate GARCH-Model 


Assuming that the parameters of the model are conditionally normally distributed, we can use 
 optimization of the log-likelihood function to estimate the model. We will not go into further 
 details with optimizing the log-likelihood function, as we will not use this particular calculation 
 in our thesis. We only need a thorough understanding of how to construct and estimate 


multivariate GARCH-models. Once we know how the models work and how they are estimated 
 and used for forecasts, our software will provide the technicalities needed to make the necessary 
 calculations for our model.  


As our approach to modeling financial returns mimics the methods of Bollerslev, Engle & 


Wooldridge (1988) where they use an M-GARCH model for CAPM with time-varying 


covariances, we have decided to proceed with the Diagonal VECH model. A disadvantage of this 
                                                                                                                                                                                        


27 Chris Brooks, Introductory Econometrics for Finance, page 434


28 Chris Brooks, Introductory Econometrics for Finance, page 435   
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