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(9)This PhD project investigates fourth grade students’ understanding and development 
 of the concept of fractions in a Danish school system setting. There is international 
 consensus  about  the  importance  of  understanding  fractions  for  students’  further 
 mathematical  development,  but  fraction  proficiency  has  proven  to  be  particularly 
 difficult for some students. In Denmark, there has been limited focus on the topic of 
 fractions,  and  no  quantitative  studies  have  been  conducted  based  on  student 
 development  of  fractions  over  time.  The  present  PhD  project  seeks  to  remedy  this 
 knowledge gap in the Danish context.  


The  dissertation  is  based  on  five  articles  that  shed  light  on  various  aspects  of  the 
 development  of  the  concept  of  fractions,  methodologically,  empirically,  and 
 theoretically. It seeks to answer the overarching research question:  


How  can  we  investigate  and  explain  students’  difficulties  with  developing  the 
 multifaceted concept of fractions in the fourth grade? 


Methodically I have addressed the first part of the research question,  ‘How can  we 
 investigate students’ difficulties?’ through the development of a measuring instrument 
 analysed  in  Study  1,  reported  in  Paper  1.  The  empirical  foundations  for  this  study 
 consist of data collected in the form of student responses to different fraction tasks 
 and expert evaluations of the measuring instrument’s content. Afterwards, different 
 statistical analyses have been carried out to investigate the measuring tool’s accuracy, 
 for example, a Rasch analysis.  


The  enquiry  into  the  second  part  of  the  question,  ‘How  are  students’  difficulties 
explained?’,  is  therefore  primarily  based  on  quantitative  data  collected  through  the 
measuring  instrument  that  has  been  developed.  Where  the  student  responses  to 
selected  tasks  are  examined  in  further  detail,  that  is,  the  connection  between  the 
answers  in  fraction  comparison  tasks  and  previous  answers  to  natural  numbers 
arithmetic, the theoretical analysis was not based on quantitative data. However, the 
curiosity for the theoretical study 3 arose from the observed answers in Study 2, which 
is reported in Paper 2. Although this dissertation’s studies are primarily based on the 
collected quantitative data, it is important to emphasise that various qualitative data 
were  collected  throughout  the  PhD  project  from  teacher  training  courses  and 
interviews  with  students  through  a  fraction  intervention  instruction  phase  among 
others. 



(10)The five articles (studies) that are part of of this dissertation shed light on:  


I.  How to collect data through a quantitative measuring tool. 


II.  How the answers in four arithmetic operations are related to the answers in 
 fraction comparison tasks.  


III.  How two different conceptions of equivalence influence the understanding 
 of fractions. 


IV.  How natural number bias can distract in the fraction-learning process.  


V.  How  high-performing  and  low-performing  students  differ  in  their 
 development of fraction proficiency throughout the fourth grade. 


The main conclusions can be summarised as follows: the newly developed measuring 
 instrument  measures  within  acceptable  accuracy  (Paper  1).  The  pattern  between 
 answers to four arithmetic tasks and answers to fraction comparison tasks differ, and 
 there is a significant relationship between correct answers to division or division tasks 
 and  correct  answers  to  fractional  comparison  tasks.  However,  these  patterns  differ 
 depending on whether the fraction comparison task contains equal fractions or non-
 equal  fractions.  In  addition,  when  the  two  compared  fractions  were  equivalent,  the 
 pattern  differed,  and  the  comparison  of  equivalent  fractions  appeared  to  be  more 
 difficult (Paper 2). The theoretical Study 3 detects two understandings of equivalence: 


proportional  and  unity  equivalence.  Both  conceptions  of  equivalence  are  important 
 and  appear  differently  in  the  understanding  of  fractions  (Paper  3).  For  further 
 exploration into the different answers to fraction tasks, the students’ different answers 
 were coded based on whether the answers could be  explained as based in a natural 
 number bias or not.  The patterns between the different natural number bias aspects 
 were then analysed. I found that the different types did not seem to be related to each 
 other  in  the  beginning  of  the  fourth  grade  (Paper  4).  Instruction  on  multiplicative 
 principles  seems  to  support  the  high-performing  students’  development  of  fraction 
 proficiency;  however,  the  same  development  was  not  found  in  the  low-performing 
 student group (Paper 5). 


These results provide directions for different points of focus in the classroom. 


a)  It is of central importance that students be given the opportunity to develop 
 the two understandings of equivalence; especially because these are related 
 to  the  development  of  equivalence  within,  for  example,  algebra  and 
 percentages.  Equivalence  can  thus  support  a  conceptual  understanding  of 
 these more advanced mathematical concepts as it helps to create coherence 
 between concepts.  


b)  Students  must be given opportunities to recognise the differences between 
natural  numbers  and  rational  numbers  in  different  contexts  in  order  to 
understand  the  differences  between  natural  numbers  and  fractions  and 
overcome the tendency of distraction from natural numbers.  



(11)These  results  suggest  that  students’  development  of  their  concept  of  numbers  is 
 integrated  with  their  understanding  of  integers  and,  at  the  same  time,  that  students 
 must  develop  a  conceptual  change  in  their  understanding  of  numbers  in  order  to 
 accomplish  the  multifaceted  fraction  concepts.  This  means  that  students  need  to 
 recognise how fractions (rational numbers) differ from natural numbers through, for 
 example, density – that is, one can no longer count one’s way to the next number in 
 the  series.  One  can  therefore  see  fraction  concept  development  as  an  integrated 
 conceptual change of the concept of numbers. 


Keywords: fractions, learning, development of the concept of fraction, equivalence, 
fourth grade 
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Dansk resume 


Denne  afhandling  undersøger  elevers  forståelse  og  udvikling  af  brøkbegrebet  i  4. 


klasse  i  det  danske  skolesystem.  Internationalt  er  der  generelt  konsensus  om 
 vigtigheden  af  brøkforståelsen  for  elevernes  videre  matematiske  udvikling,  og  at 
 netop udviklingen af brøkbegrebet har vist sig at være særligt vanskelig for elever at 
 lære. Men inden for dansk kontekst har der været en begrænset opmærksomhed på 
 området og ingen kvalitative studier med afsæt i elevernes begrebsudvikling af brøker. 


Dette videnshul inden for den danske kontekst søger afhandlingen at råde bod på. 


Afhandlingen bygger på fem artikler, der belyser forskellige aspekter i udviklingen af 
 brøkbegrebet  både  metodisk,  empirisk  og  teoretisk.  Gennem  afhandlingen  søges  at 
 besvare følgende forskningsspørgsmål: 


Hvordan kan vi undersøge og forklare elevers vanskeligheder ved udviklingen af det 
 komplekse brøkbegreb i 4. klasse? 


Metodisk har jeg adresseret den første del af forskningsspørgsmålet, “hvordan kan vi 
 undersøge  elevers  vanskeligheder?”,  gennem  udviklingen  af  måleinstrumentet 
 beskrevet i Studie 2, som afrapporteres i Artikel 2. Det empiriske fundament for denne 
 undersøgelse  består  af  indsamlet  data  fra  elevbesvarelser  på  opgaver  i 
 måleinstrumentet og evaluering fra eksperter af måleinstrumentets opgavers indhold. 


Efterfølgende  er  der  lavet  statistiske  analyser  for  yderligere  at  undersøge 
 måleinstrumentets nøjagtighed fx via en Rasch analyse. 


Undersøgelsen  af  anden  del  af  spørgsmålet,  “hvordan  forklares  elevers 
vanskeligheder?”, bygger derfor primært metodisk på kvantitative dataindsamlinger 
gennem  det  udviklede  måleinstrument.  Her  bruges  data  til  at  undersøge 
elevbesvarelserne;  fx  sammenhængen  mellem  svarene  på  brøkopgaver  og  tidligere 
løste regneopgaver med naturlige tal. Det tredje studie bygger på en teoretisk analyse 
af  ækvivalensbegrebet,  men  nysgerrigheden  for  netop  en  teoretisk  undersøgelse 
udsprang af forundringen over de observerede svar i Studie 2, som er afrapporteret i 
Artikel  2.  Selv  om  afhandlingens  studier  primært  bygger  på  de  indsamlede 
kvantitative  data,  blev  der  gennem  projektet  foretaget  forskellige  kvalitative 
dataindsamlinger;  fx  gennem  observationer  af  lærerkurser  og  interview  af  elever 
gennem interventionsfasen.  



(13)I.  Hvordan man kan indsamle data gennem et kvantitativt måleredskab. 


II.  Hvordan svar inden for hver af de fire regneoperationer hænger sammen med 
 svarene på opgaver omhandlende sammenligning af brøker.  


III.  Hvordan  to  forskellige  ækvivalensforståelser:  proportional-  og 
 enhedsækvivalens influerer på brøkforståelsen.  


IV.  Hvordan naturlige tal kan distrahere i udviklingen af brøkbegrebet.  


V.  Hvordan  højt  præsterende  og  lavt  præsterende  elever  adskiller  sig  i  deres 
 udvikling af brøkbegrebet gennem 4. klasse.  


Hovedkonklusionerne kan opsummeres som følger: Det udviklede målingsinstrument 
 måler inden for en acceptabel nøjagtighed (Artikel 1). Sammenhængene mellem de 
 fire svar i de fire regnearter og brøksammenligningsopgaver afviger fra hinanden. Der 
 er en signifikant sammenhæng mellem svar på multiplikations- og divisionsopgaver 
 og  svar  på  brøksammenligningsopgaver  afhængig  af,  om  brøkopgaven  indeholder 
 ækvivalente brøker eller ikke (Artikel 2). Ud fra en teoretisk undersøgelse i Studie 3 
 kan  man  finde,  at  der  er  to  forståelser  af  ækvivalens:  proportional-  og 
 enhedsækvivalens. Begge forståelser er vigtige og optræder forskelligt i forståelsen af 
 brøker (Artikel 3). For at undersøge og forklare de forskellige svar og mønstre fundet 
 i  brøkopgaverne  er  en  analyse  af  de  forskellig  naturlige  tal  distraktorer  (natural 
 number bias) blevet udført. Jeg fandt, at de forskellige naturlige tal distraktorer ikke 
 ser ud til at hænge sammen i starten af 4. klasse (Artikel 4). Højt præsterende elever 
 udvikler deres brøkbegreb, når de modtager undervisning i multiplikative principper, 
 men den samme udvikling er ikke fundet hos de lavt præsterende elever (Artikel 5). 


Disse  resultater  influerer  og  giver  anvisninger  til  forskellige  fokusområder  i 
 klasserummet.  


a)  Det er centralt, at eleverne  får  mulighed  for at udvikle de to forståelser af 
 ækvivalens  –  særligt  fordi  det  hænger  sammen  med  udviklingen  af 
 ækvivalens inden for fx algebra og procent. Ækvivalens kan dermed støtte 
 en  konceptuel  forståelse  af  disse  begreber,  da  det  er  med  til  at  skabe 
 sammenhæng mellem begreber.  


b)  Eleverne  skal  gives  mulighed  for  at  udvikle  en  forståelse  af  forskellene 
 mellem naturlige tal og rationale tal i forskellige kontekster og dermed forstå 
 forskellen mellem naturlige tal og brøker. Med andre ord skal de overkomme 
 tendensen til distraktorerne fra de naturlige tal.  


c)  Elever med matematikvanskeligheder skal støttes i at udvikle sammenhænge 
 mellem forskellige matematiske emner.  


Resultaterne tyder på, at elevernes udvikling af deres talbegreber på den ene side er 
integreret med deres heltalsforståelser, og på den anden side skal de samtidigt skabe 
en  konceptuel  forandring  af  deres  talforståelse  for  at  udvikle  det  komplekse 



(14)brøkbegreb. Det betyder, at eleverne skal lære, hvordan brøker (rationale tal) adskiller 
 sig fra de naturlige tal gennem for eksempel densitet. Dvs. at man ikke længere kan 
 tælle  sig  frem  til  det  næste  tal  i  rækken.  Man  kan  derfor  se  det  som  en integreret 
 konceptuel forandring af talbegrebet, når brøkbegrebet udvikles.  


Emneord: brøker, læring, udvikling af brøkbegrebet, ækvivalens, fjerde klasse 



(15)When I started on this journey three years ago, little did I know what the future would 
 bring. It has been a journey of new people, new insights, and new experiences.  


My interest in fractions started when I began my work as a math teacher for an eighth-
 grade class at Randers Realskole. I observed how some students were struggling with 
 their understanding of the multifaceted concept of fractions. My interest in this topic 
 was further stimulated when I started as a mathematics teacher  at a smaller country 
 school  where I  spent  many afternoons helping students  with their  math homework, 
 and later when I was a special teacher in mathematics in Time to Learn, where I had 
 private students from all over the country. Every student tells their own story about 
 their  difficulties  with  mathematics;  especially  fractions.  I  am  grateful  for  all  their 
 stories  and  all  that  I  have  learned  from  these  shared  students’  experiences  with 
 fractions.  I  also  want  to  thank  all  the  students  and  teachers  for  your  time  and  help 
 during  this  PhD  project  –  you  made  this  project  possible.  I  am  grateful  to  the 
 Independent  Research  Fund  Denmark  for  supporting  this  research  and  making  this 
 journey possible. 


Over  the  last  three  years,  I  have  been  affiliated  with  two  organisations;  Aalborg 
 University  and  VIA  University  College.  This  has  given  me  two  sets  of  colleagues. 


Unfortunately, the last year was influenced by the Corona pandemic, and therefore I 
 was not able to be physically present in the research group at Aalborg University in 
 Copenhagen. For this, I am very sorry because you always made my days  in the lab 
 more  interesting  and  rewarding  –  not  to  mention  the  laughs  during  lunch  break. 


Thanks to Camilla Finsterbach for all our PhD talks over the phone; these made my 
 long days containing breaks with laughter. I want to express my special gratitude to 
 my supervisor Lars Birch Andreasen for all your support, your feedback, your advice, 
 and  the  patience  you  have  given  me.  You  took  over  when  Morten  Misfeldt  left 
 Aalborg University, and you made my PhD project stable through this transition and 
 during the uncertain times of the pandemic. 


To  my  co-supervisor  Professor  Rasmus  Waagepetersen,  thank  you  for  being  my 
 statistical lifeline. You are a gifted teacher, and I truly appreciate your assistance.  


I want to give special thanks to Professor Pirjo Aunio for teaching me the importance 
 of systematic focus, getting to the point, and your encouragement. My first supervisor 
 and later co-supervisor Morten Misfeldt, I thank  you for providing valuable advice 
 during the process.  


To my colleagues at VIA University College, I thank you for your support. Special 
thanks to my office mates: Adrian and Henning. Adrian, I promise to take care of the 



(16)interrupt your work with ‘Henning, have you ever wondered…?’ and ‘Henning, do I 
 understand Dewey correctly, when...?’ I will take care of our liquorice stock for the 
 next year. You are the best office backing group anyone could hope for.  


Another  special  thanks  goes  to  Pernille  Sunde  and  Joélsdottír.  You  took  over  my 
 obligations on TRACK, and you did it better than I would ever have done. Thanks for 
 all the ‘coffee, tea and cola breaks,’ and Sunde –thank you for always telling me ‘It 
 will all be solved in the end, and if it isn’t solved, it’s not the end’. Thank you to Sara 
 Holm for your talented drawings and graphical design in the instruction material. 


Mette Bjerre, I need to direct a special thanks to you as well. We co-wrote two papers 
 together, and I have never met a person remotely as crazy as me – but you came close. 


I really enjoyed  working  with you. You always believed  in our crazy thoughts and 
 told me, ‘We have to put them out into the world’.  


Finally, I would like to thank my family and extended family for their love, support, 
 and understanding. Especially, I want to thank Ditlev and Linus for always keeping 
 me grounded and focused on the important things in life: treasure hunts and dinosaur 
 updates. Thank you Thomas and Helle for all the talks over a G&T about life and its 
 surrounding, and for helping with my bad English grammar. And thank you Helle for 
 the many times you proof read my manuscripts. Thank you Lise and Lars for all your 
 meals and help and for having a red sofa to fall asleep on, and especially to Lise for 
 being  the  best  volley  captain  during  every  part  of  my  life.  Thank  you  Kristina  for 
 always  telling  me  never  to  give  up  and  face  the  world.  Susanne,  my  oldest  friend, 
 thanks for listening to all the PhD frustrations during the Covid lockdown. We fought 
 through the pandemic with our many important projects, including Handball World 
 Cup and prosecco evaluation. Finally, Mutze, CO, Nøt, Jazz, and Signe back home at 
 Fyn – it has been three tough years, but you always supported my crazy projects, from 
 the pink rabbit cage to this PhD I hope this summer we will all be above the water and 
 enjoying the sun. 


Thank you all. 
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Chapter 1: Introduction 


The subject of this PhD project is fractions: how students understand fractions, and 
 how fractions are taught to students in elementary school in Denmark.  


The  concept  of  rational  numbers  has  proven  to  be  a  critical  point  in  students’ 


development of more advanced mathematical thinking (Bailey et al., 2012; Siegler et 
 al.,  2011,  2012;  Siegler  &  Pyke,  2013).  In  particular,  the  rational  number  notation 
 known as fractions is associated with algebra readiness and algebra ability (Booth et 
 al.,  2014;  DeWolf  et  al.,  2015b,  2016;  Siegler  et  al.,  2013).  Unfortunately,  many 
 students have difficulty in developing an understanding of fractions (Tian & Siegler, 
 2017; Torbeyns et al., 2015), and these difficulties often persist as students advance 
 through their education (Fazio et al., 2016; Schneider & Siegler, 2010). 


In a Danish context, data obtained from a test question on a 2019 final examination in 
 mathematics presented to students after 10 years of compulsory education  revealed 
 that only 42% of the students could successfully identify the fraction that would result 
 from 5


6 added to 1


3 (Winsløw, 2019b). An ongoing study of the 13% of Danish youth 
 who are not in employment, education, or training indicated that 70–88% of them had 
 not  completed  the  mathematics  section  of  the  compulsory  school  leaving  exam, 
 whereas only 40–50% had not yet completed the Danish language part of the exam 
 (Görlich et al., 2015). This gap in the mathematics performance between students who 
 continue  in  the  educational  system  and  the  group  who  leave  compulsory  school 
 without further education arises early in primary school and increases throughout the 
 course of schooling (Gustafsson et al., 2015). Moreover, there is a clear connection 
 between Danish students’ mathematics grades in school and their ability to enter and 
 complete  secondary  education;  especially  among  young  men  in  vocational  schools 
 (Hvidtfeldt  &  Tranæs,  2013).  Mathematics  can  be  considered  one  gatekeeper  to 
 further success in the Danish school system, and thus, success in later life.  


International studies have found that rational numbers have especially proven to be 
the gatekeeper to more advanced mathematics (Booth & Newton, 2012; Siegler et al., 
2013)  and  developing  an  understanding  of  fractions  is  particularly  challenging  for 
many students (Fuchs, Schumacher, et al., 2016; Hwang et al., 2019; Lortie-Forgues 
et al., 2015; Tian & Siegler, 2017). In particular, this subject is difficult for students 
with mathematical disabilities or difficulties (Hecht & Vagi, 2010; Mazzocco et al., 
2013). Based on these findings, it should be essential for mathematical education and 
research to continue to explore how mathematics, and especially rational numbers, are 
taught  in  order  to  ensure  that  every  student  is  given  the  best  opportunity  to  learn 
mathematics. 



(22)Many international studies have been conducted on this topic over the last 40 years 
 (Lortie-Forgues et al., 2015), but few studies exist in this area in the Danish context 
 (e.g., Putra & Winsløw, 2018; Winsløw, 2019a), and the studies that do exist  have 
 focussed on the teachers’ content knowledge (Putra & Winsløw, 2018, 2019) and the 
 learning environment in the classroom (Larsen et al., 2006). Despite this research on 
 the topic of fractions, students continue to show considerable difficulties.  


Given the extensive international research on the subject and the importance of the 
 topic, it is reasonable to investigate students’ fraction-related difficulties further for at 
 least three reasons: 


  Students are still struggling with fractions. 


  In the Danish context, little research has been done on the topic.  


  Fractions  are  an  important  gatekeeper  in  students’  mathematical 
 development. 


The purpose of this PhD project is to investigate and understand more about students’ 


difficulties when developing their understanding of fractions. The next sections of the 
 introduction will offer a definition of students with mathematical difficulties. It will 
 then define  fractions, and the overarching problem  of this project  will be explored. 


This will be followed by a short presentation of the current PhD project and end with 
 an overview of the whole dissertation.  


1.1 Students with mathematical learning difficulties 


In  this  dissertation,  the  terms  ‘students  with  mathematical  difficulties’,  ‘struggling 
 learners in mathematics’ and ‘low-performing students in mathematics’ are used in 
 different  contexts.  Therefore,  it  is  important  to  define  these  terms.  In  the  Danish 
 research  field  and  school  culture,  the  term  elever  i  matematikvanskeligheder 
 (‘students in  mathematical  difficulties’)  is  emphasised  rather  than  elever  med 
 matematikvanskeligheder (‘students with mathematical difficulties’). The preposition 
 with indicates something that one is stuck with or has to live with, whereas in indicates 
 that  the  situation  may  change  (Lindenskov,  2010).  However,  this  distinction  is  not 
 made internationally. Instead, the term ‘disability’ or ‘difficulty’ is a way to illustrate 
 this  difference.  According  to  Mazzocco  (2007),  mathematical  learning  disabilities 
 suggests a biologically based disorder, whereas mathematical learning difficulties is 
 a broader term referring to children who show poor mathematical achievement that 
 may be explained by several causes and circumstances (e.g., psychological reasons 
 such as anxiety or sociological reasons such as family background). Therefore, it does 
 not only refer to a presumed biological explanation. 


Previously,  the  terms mathematical  learning  difficulty  and mathematical learning 
disability have not been clearly defined, which has led to the use of different criteria 
for defining students who struggle with learning mathematics (Jitendra et al., 2018). 



(23)The  traditional  definition  of  learning  difficulties  has  often  been  based  on  the 
 discrepancy  hypothesis,  meaning  that  a  student  with  learning  difficulties  in 
 mathematics is achieving far below expectations (Lunde, 2012).  


However, there are multiple examples of other definitions; for example, students with 
 mathematical difficulties could be identified as those scoring < 25th percentile on a 
 mathematics test (Dennis et al., 2016; Lunde, 2012; Shin & Bryant, 2015). Another 
 definition could be students considered by their classroom teachers to have difficulties 
 in mathematics (e.g., Gresham & MacMillan, 1997). Mazzocco and Räsänen (2013) 
 found  that  mathematical  learning  difficulties  were  used  synonymously  with 
 developmental  dyscalculia,  but  at  the  same  time,  learning  difficulties  were  distinct 
 from developmental dyscalculia  when it referred to a larger group of students  with 
 mathematical difficulties.  


Overall,  there  are  no  consistent  criteria  to  determine  or  judge  whether  learning 
 difficulties are present in mathematics; therefore, the way the term is used varies. The 
 term  ‘difficulty’  implies  a  lower-than-average  performance.  Consequently,  cut-off 
 scores  were  used.  The  cut-off  score  is  a  way  to  operationalise  mathematical 
 difficulties  in  quantitative  studies.  However,  the  term  mathematical  learning 
 difficulties has been defined by some researchers as students with poor achievement 
 in mathematics from any number of causes (Mazzocco, 2007). In this project, the sub-
 score in the national test score for third grade is used in Study 5, and the cut-off score 
 is scoring < 25th percentile. This is discussed further in Chapter 9.2.2. 


The National Council of Teachers of Mathematics (2020) has developed the following 
 definition  of  students  with  learning  difficulties  in  mathematics:  ‘Students  who 
 struggle  with  learning  mathematics  regardless  of  their  motivation,  past  instruction, 
 and  mathematical  knowledge  prior  to  starting  school’  (p.  1).  When  I  use  the  term 
 mathematical  learning  difficulties  in  this  dissertation,  it  refers  to  this  definition. 


However, in the last study (Study 5), in which I use the cut-off score of < 25th from 
 the national test, I use the term low-performing students for this sub group. I need to 
 emphasise  that  this  term  is  not  equal  to  ‘students  with  learning  difficulties  in 
 mathematics’,  but  the  group  will  most  likely  contain  students  with  mathematical 
 difficulties. Therefore, the classes can be seen as regular representations of an ordinary 
 school class with an average population of  fourth  grade students  which most likely 
 include both low- and high performing students (see Chapter 6.2.1). The  25 percent 
 cut-off  was  detected  across  schools  and  classes  from  the  total  of  participants  (N  = 
 398).  


1.2 Fractions 


The mathematical topic of fractions has been shown to be a stumbling block for many 
 students in general (e.g., Booth & Newton, 2012; Braithwaite et al., 2019; Hecht & 


Vagi, 2012) and for students with mathematical learning difficulties in particular (e.g., 



(24)Mazzocco et al., 2013; Roesslein & Codding, 2019). The concept of fractions has a 
 multifaceted structure that involves  not only the ability to  look at the  notation as a 
 rational number but also to see it as a proportional relation or operation division (e.g., 
 Lamon, 2012). In this introduction, it is important to emphasise that a fraction cannot 
 be explained by a unique mathematical definition, unlike the term rational number. 


Although the two terms are connected, they are not synonymous. All rational numbers 
 can be expressed in the symbolic fraction form, for example, .25 = 1


4. However, not 
 all  written  numbers  using  the  symbolic  fraction  notation  are  rational  numbers,  for 
 example,  1


√2∉  Q.  Mathematically,  the  notation  of  a  fraction  is  defined  as 𝑎


 𝑏.  In  the 
 context of this dissertation, the term ‘fraction’ refers to a rational number. This means 
 that in 𝑎


 𝑏 both a and b are integers and b ≠ 0.  


Various  researchers  have  made  distinctions  regarding  the  term  fraction. Thompson 
 and Saldanha (2003) distinguish between a fraction as a ‘personally knowable system 
 of ideas’ and a rational number as a ‘formal system developed by mathematicians’. 


They  made  this  distinction  because  the  mathematical  formal  system  of  rational 
 numbers is abstract, which means that elementary school students are often unable to 
 fully  understand  and  comprehend  the  system.  The  term fraction  and  its  notation 
 system are further described and defined in Chapter 3. 


1.3 Presentation of the PhD project 


This  project  uses  an  enquiry-based  approach  grounded  in  the  methodology  of 
 pragmatism (Brinkmann, 2011; Buch & Elkjaer, 2020; Elkjaer, 2000; Pedanik, 2019). 


The  theoretical  framework  primarily  stems  from  Dewey’s  later  studies  (Dewey, 
 [1933]1986, [1938]1986), and this methodology is further elaborated on in Chapter 2. 


Therefore,  each  of  my  five  studies  included  in  the  project  must  be  viewed  as  an 
 enquiry  process  in  which  I  investigate  why  students  have  difficulties  with  learning 
 fractions. In the enquiry process described by Dewey, it is important that the enquiry 
 starts from an experienced problem. Therefore, I briefly describe my first encounter 
 with the complex field of teaching fractions. 


My  curiosity  and  interest  in  studying  students’  difficulties  with  developing  an 
 understanding  of  fractions  were  sparked  when  I  started  working  as  an  elementary 
 school teacher in 2004. My first experience with students’ problems with fractions 
 occurred in a grade 8 classroom, where several students thought that when adding two 
 fractions  with  no  common  denominator,  they  should  simply  multiply  the 
 denominators and then add the numerators (e.g., 1


3 + 1


4 = 2


12). They expressed strong 
faith in this incorrect method and argued that it was how their previous teacher had 
taught  them  to  add  two  fractions.  Because  of  my  position  as  a  new  mathematics 
teacher, it took a long time before they listened to my arguments. I was younger and 
had not been teaching for long, and I had to earn their respect. I was certain that their 
prior  teacher  had  not  instructed  them  to  add  two  fractions  this  way.  However,  it 



(25)astonished  me  how  they  could  not  see  that  2


12  was  equal  to 1


6  and  that  the  result  of 
 adding the two fractions was smaller than the sum of both fractions. This argument, 
 which was logical from my perspective, had no effect. I ended up showing them the 
 right  procedure  with  the  knowledge  that  they  had  not  gained  any  conceptual 
 understanding of adding fractions while doing so. 


The  above  experience  as  a  teacher  was  my  starting  point  in  the  complex  field  of 
 teaching  and  learning  fractions.  It  can  be  recognised  as  the  starting  point  of  my 
 enquiry  process,  which  later  led  to  my  journey  as  a  PhD  student.  However,  this 
 enquiry does not follow a linear process but rather resembles organic circles (Buch & 


Elkjaer, 2020; Elkjaer, 2000). Nevertheless, time is linear, and therefore the project 
 exists simultaneously as a linear time-managing process (see Fig. 1) (i.e., collecting 
 different  datasets,  conducting  the  intervention,  etc.)  as  well  as  a  circular  enquiry 
 process  of  exploring  and  questioning,  which  has  led  me  to  novel  insights  and 
 questions. Furthermore, studies overlap, take longer than expected, or branch into new 
 directions. 


Looking  at  the  linear  structuring  of  this  project,  it  is  based  on  the  four  following 
 phases:  1)  My  observation  of  the  problem  as  an  elementary  school  teacher  of 
 mathematics (the first experience phase). 2) My initiation as a researcher investigating 
 the  field,  starting  with  the  first  literature  review  (the  initial  phase)  and  developing 
 materials for the project (intervention and measuring tool). 3) The first data collection 
 and  investigation  in  the  field  (first  data  collection  phase).  4)  Implementation  of  an 
 intervention  in  the  field  and  different  data  collection  methods  during  this  period 
 (intervention  phase).  5)  Writing  and  finishing  the  dissertation  (completion  phase). 


This gave two independent data collections in the third phase (the first data collection) 
 and the fourth phase (intervention phase). 


Fig. 1 Timeline over the different phases of the project 


The  current  PhD  project  is  an  independent  project  funded  by  the  Independent 
Research  Fund  Denmark.  I  therefore  took  part  in  two  research  groups,  ‘IT  and 
Learning  and  Design’  at  Aalborg  University  and  ‘Program  for  Science  and 
Matehmatics’  at  VIA  University  College.  The  research  group  at  VIA  University 
College  also  assisted  me  with  organisations  and  discussions  during  my  PhD.  In 
particular,  the  research  project  group  connected  to  the  ‘Teaching  Routines  and 



(26)Content  Knowledge  Project’  (TRACK)  was  established  by  the  researchers  at  VIA 
 University  College.  Through  TRACK,  I  received  support  in  terms  of  my 
 communication with the schools, a graphic designer as well as teachers and students 
 connected to the project. In addition, the research group made it possible for national 
 and  international  experts  to  help  with  developing  the  study  instruments  as  well  as 
 facilitating aid from a contact expert teacher who evaluated the intervention material. 


However, this PhD project was an independent research project and was centred on a 
 separate enquiry process related to fractions. Originally, the PhD project was designed 
 as a quasi-experimental design with a control group. However, it changed for several 
 reasons during the three-year period, which will be further discussed in the last chapter 
 of the dissertation.  


1.4 Aim and research questions 


The aim of this PhD project was to explore the concept of fractions and how student’s 
 learning was supported and developed. This led to the overall research question in this 
 dissertation and the starting point for the multifaceted enquiry process: 


How  can  we  investigate  and  explain  students’  difficulties  with  developing  the 
 multifaceted concept of fractions in the fourth grade? 


As  previously  mentioned,  this  project  uses  enquiry-based  research  defined  by 
 pragmatism (outlined in CHAPTER 2: METHODOLOGY). The research question is 
 connected to an enquiry process into the observed problem of why many students have 
 difficulty  in  understanding  fractions.  In  addition,  it  is  a  process  of  questioning, 
 exploring, and  understanding  the problem in a continuous  manner (see Fig 2). The 
 knowledge  developed  during  this  project  is  organised  into  five  papers  that  each 
 contain  a  separate  study  which  is  related  to  and  informs  the  overarching  research 
 question. This means that each of the five studies is reported in a separate paper.  


It is important to emphasise that the five studies overlap and, at the same time, explore 
new corners of the problem (outlined in  Chapter 8). The descriptions below  give a 
brief  introduction  and  overview  of  how  the  studies  were  connected  and  generated 
during the process. 



(27)Fig. 2 The five studies informing the project. Each study is reported in a separate paper 
 Study 1: How can we measure fraction proficiency? (Paper 1) 


Originally,  it  was  planned  that  Study  1  would  be  finished  during  the  first  data 
 collection phase (phase 3), but the development of the measurement instrument was 
 more complex than anticipated, and I needed more time. The development included 
 finding  and  analysing  existing  fraction  measurement  tools  and  designing  and 
 validating the accuracy of the measurement. Consequently, this study continued into 
 the intervention phase, which was not ideal but forced by reality. As a result, Study 1 
 includes data from both phases 3 and 4. Retrospectively, this might be a lifelong study 
 of how we can gather information/data about the observed problem of some students’ 


difficulties  with  fractions  and  create  new  meaning  from  these  data.  The  developed 
 measurement tool must continue to be developed in the process of creating meaning 
 from new data, representing a never-ending process. 


Study 2: How does students’ whole number arithmetic relate to their ability to 
 compare fractions? (Paper 2) 


Study 2 was conducted using the data collected during the first data collection phase. 


I made observations and identified patterns in the students’ answers when comparing 
fractions,  which  piqued  my  curiosity.  The  students’  answers  in  the  developing  and 
pilot testing of the measurement tool in Study 1 showed that I needed to investigate 



(28)equivalence and further answers that produced patterns in the dataset. How could I 
 explain that the students showed greater difficulties in comparing 1


4 with 2


4 than 5


11 with 


3


5? Could it be connected to their knowledge of the four arithmetic operations? 


Study 3: How can we understand the concept of fraction equivalence? (Paper 3) 
 My curiosity about the difficulties of comparing equal fractions led to my search for 
 knowledge about equivalence. I soon began Study 3, which was a theoretical study. 


In it, I asked the following question: Why is equivalence important in more advanced 
 mathematics,  and  how  can  equivalence  be  seen  in  two  different  conceptions?  The 
 quest  to  explain  and  make  sense  of  why 1


4  compared  with 2


8  had  shown  to  be  more 
 difficult than 5


11 compared with 3


5 continued into Study 4. 


Study 4: How are students’ different natural number bias aspects related to each 
 other, and is there a pattern that indicates an overall tendency towards natural 
 number bias?  


In  this  study,  I  looked  deeper  into  natural  number  bias  to  explain  comparison 
 difficulties.  Natural  number  bias  can  be  explained  as  the  tendency  to  use  natural 
 numbers  reasoning  and  understanding  when  working  with  fractions.  An  example 
 could be that 1


3 is interpreted as bigger than 1


2 because 3 is bigger than 2. This study 
 explores  how  natural  numbers  can  detract  from  the  understanding  of  fractions  in 
 contrast to Study 2, which investigated how whole number arithmetic operations were 
 positively related to fraction comparisons. 


Study  5:  How  does  students’  fraction  proficiency  develop  and  how  do  other 
 mathematical topics support this development? 


Study  5  explored  how  high-  and  low-performing  students  developed  their  fraction 
 proficiency during fourth grade. The students followed the same  curriculum during 
 the school year, and I had developed instructional material in fractions that was used 
 in an intervention period around Christmas in the school year 2018/19. The developed 
 instructional  material  considered  the  fraction  instructional  material  in  particular, 
 which exhibited a greater focus on fraction equivalence compared with the content in 
 the most common mathematics books used in Denmark (see Chapters 5.2 and 6.3). 


1.5 Overview of the dissertation 


After  this  brief  introduction  to  the  project  (see  Fig.  3),  I  present  its  overall 
methodological and philosophical foundations in Chapter 2. In Chapter 3, I introduce 
the  terminology  related  to  fractions  and  give  a  short  historical  overview  of  the 
development of fractional notation. In Chapter 4, the relevant literature is reviewed to 
clarify  what  is  known  about  how  students  learn  to  understand  fractions.  Thus,  this 
chapter includes four reviews: 4.2 Review (1): Mathematical knowledge and fraction 
proficiency  aims  at  elaborating  on  what  it  means  to  understand  mathematics  and 



(29)fraction proficiency. 4.3 Review (2): Natural number bias and 4.4 Review (3): Number 
 knowledge  development sum  up  how  fractions  can  be  viewed  as  a  component  of  a 
 student’s  overall  development  in  number  knowledge,  and  I  develop  and  unite  the 
 theoretical  framework.  Lastly, 4.5  Review  (4):  Fraction  interventions  provides  an 
 overview over an analysis of how previous intervention studies have been carried out 
 on fraction interventions targeting students with mathematical difficulties/struggling 
 learners. 


Fig. 3 Overview of the chapters 


Chapter 5 introduces and analyses how fractions are presented in the official Danish 
 curriculum,  and  a  simple  content  analysis  of  three  commonly  used  books  of 
 mathematics is conducted. Chapter 6 outlines and  discusses the projects and how I 
 studied  fourth  grade  students’  fraction  proficiency.  In  Chapter  7,  I  present  the 
 methodological  considerations  connected  to  data  collection  through  measurements. 


Chapter 8 is a summary of the five  studies described in the five papers.  Finally, in 
Chapter  9,  I  discuss  the  results,  methodological  choices  for  the  PhD  project,  the 
implications for instruction, and the contribution to the field, including suggestions 
for further research. The five papers are placed at the end of the dissertation; however, 
they will be removed from the final publication. One paper is still under revision for 
a journal (Study 5), and one paper is still a manuscript (Study 1), so they cannot be 
published elsewhere beforehand. (All five papers will be published with open access.) 



(30)The  structure  of  the  dissertation  can  be  seen  as  follows:  The  overall  aim  for  the 
introduction to the five studies can be seen as containing four main elements: First, a 
methodology element. Second, a previous knowledge element. Third, an element that 
describes  and  analyses  the  Danish  context  of  the  dissertation.  Fourth,  the  actual 
studies  and  their  results.  The  methodology  element  is  divided  into  two  parts  that  I 
placed before the descriptions of the five studies. The aim of the introduction to the 
five studies is to elaborate the methodology behind the studies, elaborate the context 
in  which the  studies  were conducted, and create coherence and transparency of the 
current research project’s development.  
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Chapter 2: Methodology 


As mentioned in the introduction, this PhD project draws on pragmatism as a research 
 methodology. The theoretical framework of this approach primarily originates from 
 Dewey’s theoretical  work, and it provides the  basis for the  enquiry-based research 
 methodology  of  this  PhD  project.  The  consequences  of  this  research  strategy  are 
 explained  and  discussed  in  order  to  improve  the  transparency  of  the  project.  The 
 purpose of this chapter is to explain the methodological approach to the choices made 
 in the process and how to interpret knowledge generated from this PhD project. First, 
 the nature of pragmatism is introduced. Next, central concepts in Dewey’s theories 
 are explained and reflected (experience and enquiry), and finally, the enquiry phases 
 are explained in the context of the current PhD project. 


2.1 The nature of pragmatism 


A common oversimplification of pragmatism has been merely asking, ‘What works?’ 


and this oversimplification has been a persistent problem throughout the last century. 


Fortunately,  there  have  been  ongoing  discussions  about  the  nature  of  pragmatism, 
 which have also created a more varied understanding of its nature (Goldkuhl, 2012; 


Morgan 2014; Silva et al., 2018)  


The  common  simplified  question  ‘What  works?’  is  not  in  itself  an  accurate 
 conceptualisation  of  pragmatism;  other  questions  are  needed  to  capture  its 
 multifaceted  framework.  We  must  instead  raise  questions  in  our  research  such  as 


‘why’ or ‘how’ questions, for example: Why do we define this as a problem in itself? 


Why do we do our research this way and not another? (Dewey, [1938]1986; Morgan, 
 2014). In this context, the questions become: ‘Why do we define fraction difficulties 
 as a problem?’ ‘How and why do we investigate fraction proficiency in school?’ When 
 we  ask  these  types  of  questions,  we  focus  on  our  different  choices  in  the  research 
 process.  For  example,  why  do  we  choose  to  say  having  difficulties  in  learning 
 fractions is a problem, or why do we choose to use a Pearson correlation coefficient 
 analysis in looking for answers? It is a simplification of pragmatism only to ask, ‘What 
 works?’ because in reducing the method to that question, we ignore our choices about 
 both the problems we will investigate and the essence of those problems.  


Pragmatism has been seen as a paradigm (e.g., Goldkuhl, 2012) or as a methodological 
 approach (e.g., Parvaiz et al., 2016) in which it is essential for the researchers to ask 
 the ‘right questions’. Determining the ‘right questions’ must involve the values of the 
 researcher, and the researchers must therefore also  question these values or beliefs. 


Therefore,  pragmatism  is  not  based  purely  on  either  a  quantitative  or  a  qualitative 
approach.  What  method  the  researcher  chooses  is  determined  by  the  question  or 
enquiry (Fendt et al., 2008; Morgan, 2014; Onwuegbuzie & Leech, 2005). My choice 
of method in this research has been driven by the problem observed and by exploring 



(32)this  problem  by  questioning  and  enquiring  further  into  the  topic.  Therefore, 
 pragmatism  has  been  my  methodological  foundation  because  it  asserts  that  the 
 problem determines how we investigate and thereby capture the multifaceted field of 
 mathematical educational research. There is no theory or method that determines how 
 to  explore  and  investigate  the  field;  it  all  depends  on  the  research  process  and  its 
 transparency.  In  the  current  PhD  project,  four  of  the  five  studies  are  based  on 
 quantitative research. Primarily, I chose to collect my data through the measurement 
 tool developed in Study 1. Different methods and statistical analyses are used in each 
 study. The choice of data, statistical models, and analysis is driven by the overarching 
 research question in the PhD project: How can we investigate and explain students’ 


difficulties with developing the multifaceted concept of fractions in fourth grade? 


To summarise, the essence of pragmatism is not connected to a particular method, but 
 the choice of method is based on the investigation of the problem.  


2.2 Experience as the bridge  


As previously mentioned, this PhD project is primarily based on Dewey’s theories of 
 pragmatism; a framework in which experience is a central concept.  For most of his 
 life,  Dewey  developed  and  conceptualised  pragmatism  by  orientating  it  towards 
 human experience. The central theme of Dewey’s theory is the attempt to overcome 
 the  epistemological  barriers  between  the  observer  and  the  observed  (Dewey, 
 [1920]1986, [1933]1986). As he states:  


Experience  includes  what  men  do  and  suffer,  what  they  strive  for,  love, 
 believe, and endure, and how men act and are acted upon, the ways in which 
 they do and suffer, desire, and enjoy, see, believe, imagine—in short, processes 
 in experiencing.  Experience  denotes  the  planted  field,  the  sowed  seeds,  the 
 reaped harvests, the changes of night and day, spring and autumn, wet and dry, 
 heat and cold, that are observed, feared, longed for; it also denotes the one who 
 plants and reaps, who works and rejoices, hopes, fears, plans, invokes magic 
 or chemistry to aid him, who is downcast or triumphant. It is ‘double-barrelled’ 


in  that  it  recognizes  in  its  primary  integrity  no  division  between  act  and 
 material, subject and object, but contains them both in an unanalysed totality. 


‘Thing’ and ‘thought’…are singlebarreled; they refer to products discriminated 
 by reflection out of primary experience (Dewey, 1925, p. 8). 


According to Dewey, experience must be seen as both the subject’s being and acting 
 in the world, not as the subject’s being outside and looking into the world (Elkjaer, 
 2000).  Moreover,  ‘experience’  often  implies  that  a  subject  passively  senses  and 
 observes an object external to the  subject itself, but this is  not how Dewey defines 
 experience – there are no divisions of act and object, or of subject and object. Overall, 
 Dewey’s theories and ideas can be seen as founded on the idea of an organic unity. 


There has been a critique of the idea of organic unity where the principle of continuity 
of experience defines the concept of experience that transcends the boundaries, which 



(33)can be seen as a simplification. For example, Rorty (1998) states that this can be seen 
 as an attempt to ‘marry Hegel with Darwin’ (p. 291). The broader discussion of the 
 implications exceeds the scope of this dissertation. However, it is important to raise 
 the  critique  because  unification  can  be  seen  as  a  simplification;  yet,  I  argue  that 
 Dewey’s theoretical  framework of organism unity makes it possible to capture  not 
 only both sides of subject and object, but the overall complexity of acting and being 
 in the world. 


Dewey’s  concept  of  experience  was  defined  in  his  later  work  as  transactional. 


Transaction refers to an interpretation of reality that is not static or isolated but  that 
 exists in the relationships or exchanges with other events. Transactions means that the 
 elements, humans, and surroundings in reality influence one another and are therefore 
 changed by this influence. In contrast to the term ‘interaction’, according to which the 
 elements are not changed, the focus of the term ‘transaction’ is on the relation between 
 the  elements  (Brinkmann,  2011;  Dewey  &  Bentley,  [1949]1973).  Dewey’s  theory 
 tries  to  overcome  the  gap  between  the  observer  and  the  observed  through  human 
 experience,  meaning  experience  is  not  to  be  seen  merely  as  subjective,  but  is  both 
 subjective and objective because it is transactional in nature (Brinkmann, 2011). In 
 this way, Dewey argues that there are several ways to interpret the world; there is no 
 single point of view that can reveal the entire picture because the nature of the world 
 is based on experience. Therefore, knowledge is not seen as final or true but instead 
 continues  to  develop  and  change,  as  Dewey  ([1938]1986)  argued:  ‘The  history  of 
 science  also  shows  that  when  hypotheses  have  been  taken  to  be  finally  true  and 
 unquestionable, they have obstructed enquiry and kept science committed to doctrines 
 that  later  turned  out  to  be  invalid’  (p.  145).  Hence,  Dewey  rejects  the  existence  of 
 direct,  exact  knowledge  and  emphasises  that  all  knowledge  has  mediational  and 
 inferential aspects (Dewey, [1938]1986).  


This  does  not  mean  that  there  is  no  true  reality;  however,  it  means  that  reality  is 
 constantly changing because of our actions. Any attempt to find a stable, enduring, 
 external reality outside ourselves is not possible because of our constant action in the 
 same  reality  (Dewey,  [1920]1986,  1925,  [1933]1986,  [1938]1986).  As  a  result,  the 
 findings of this project cannot be considered enduring reality but must  be seen as a 
 matrix of enquiry into why fractions can be difficult to learn – I only experience the 
 mediated  reality,  and  I  mediate  my  reality  by  the  methods  chosen  for  this  current 
 project. I chose to primarily collect data about students’  fraction  knowledge by  my 
 developed fraction measurement tool (described in Study 1), and data generated from 
 this  measurement tool  mediates the reality as  well as  me as a researcher  mediating 
 what I observe as a problem. That students showing more difficulty comparing equal 
 fractions might not have occurred if the measurement had a different design or if I, as 
 a researcher, did not observe the problem.  


In connection with this interpretation/understanding of reality, it must be emphasised 
that  Dewey  underlines  the  importance  of  actions.  Actions  create  the  essential  gap 



(34)between pragmatism and  most versions of  interpretivism (e.g., relativism) because, 
 according to interpretivism, we are free to interpret our experiences in whatever way 
 we  want  to.  Hence,  actions  have  outcomes  that  are  often  quite  predictable,  and  we 
 build our lives around experiences that link actions and their outcomes.  We are not 
 free to interpret our experience in any direction we choose, because we must consider 
 the outcomes of the actions. That students show difficulties in understanding fractions 
 is an experience shared by both the teachers and the students themselves; however, 
 saying that this difficulty is a result of a poor number sense can be seen as a hypothesis 
 that  needs  to  be  explored  by,  for  example,  making  an  intervention  working  with 
 number knowledge that leads to students being better at fractions. Even though Dewey 
 denies that there is an unchangeable, real knowledge, experiences create predictable 
 knowledge or, as Dewey calls it, ‘warranted assertibility’ (Dewey, [1938]1986).  


For this reason, I do not consider the knowledge generated by the different studies in 
 the PhD project as ‘true knowledge’; instead, knowledge developed during the project 
 must be interpreted as warranted assertibility.  


2.3 Enquiry: the basis for the project 


Enquiry is always embedded in the framework of biological and cultural operations. 


Dewey’s emphasis on cultural factors specifies that every act of enquiry is based on a 
 background of culture and therefore takes effect in the modification of the conditions 
 out of which it grows (Dewey, [1938]1986). Experience and enquiry are not limited 
 to the private subject; they are centred on a context or culture. My cultural background 
 as a teacher and the Danish school system will influence the conditions out of which 
 the enquiry grows, and so will the research culture of which I am a part in my study 
 of fourth-grade classes in a municipality and in the research group in Aarhus Teacher 
 Education and Aalborg University. Enquiry must be seen as organic; that is, it will be 
 shaped by the conditions of the surroundings.  


Dewey argues that enquiry and questioning must be closely connected and related in 
the term ‘meaning’. He explains the relationship between enquiry and questioning by 
arguing that when we enquire into a phenomenon or a problem, we must also be in 
the process of questioning it. Problems grow out of actual situations, and the nature 
of a problem must be defined according to the elements in a given situation that are 
experienced  and  settled  in  observations  (Dewey,  [1938]1986).  In  this  project,  my 
problem  is  founded  on  the  observations  that  students  have  difficulties  solving 
mathematical  problems  that  involve  fractions  and  that  I  must  continue  to  be  in  a 
process of questioning this problem. During the research process, I tried to question 
how the students’ problems in learning the concept of fractions developed through the 
different studies in each paper (see Chapter 8 for a summary of the studies). The given 
situation is described and analysed based on the different curricula in Chapter 5.  



(35)Dewey further defines the situations that motivate enquiry as indeterminate situations, 
 meaning that the situation of an organism must be interpreted in the environmental 
 context of objects and events as well as placed in the timeframe of past, present, and 
 future  (Dewey,  [1938]1986).  Here  it  is  clear  that  Dewey’s  framework  also  had  a 
 biological,  organic  approach.  An  indeterminate  situation  is  further  described  as  an 
 ongoing automatically habitual activity that does not satisfy a need in a situation. The 
 term ‘indeterminate’ is central to Dewey’s theory and emphasises the significance of 
 environmental  objects  and  events  in  a  given  situation.  The  unique  experience  is 
 connected to indeterminateness in any given circumstance, and it controls the enquiry 
 until the enquiry has transformed the situation into a determined one (if the enquiry is 
 successful).  Therefore,  even  though  knowledge  is  warranted  assertibility,  it  is  still 
 possible to predict or determine what a result will be. 


The  current  research  project’s  starting  point  –  students’  difficulties  in  learning 
 fractions – can be seen as an indeterminate situation in which I continue enquiring and 
 questioning: How can we investigate and explain students’ difficulties with developing 
 the multifaceted concept of fractions in fourth grade? In the enquiry process, I try to 
 find new knowledge about the answer to the question; however, the knowledge is still 
 seen  as  warranted  assertibility.  The  enquiry  must  be  based  on  and  determined  by 
 judgement  connected  to  the  question  of  ‘why’.  This  means  that  each  study  choice, 
 such  as  data  collection  methods  and  statistical  analysis,  is  connected  to  recognised 
 problems  in  the  study.  For  example,  in  Study  1,  how  can  we  measure  and  study 
 fraction proficiency? Can it be done by a curriculum-based measurement, or is it better 
 to  interview  students?  Do  my  test  items  measure  fraction  proficiency?  Can  using 
 confirmatory factor analysis (CFA) explore whether the items are related by a latent 
 factor? If not, I should use an exploratory factor analysis (EFA) instead.  


Four of the five studies are based on quantitative data collection and must be seen as 
having  some  advantages  in  moving  from  the  indeterminate  to  the  determinate;  the 
many  observations  make  it  possible  to  find  determinate  patterns.  However,  the 
quantitative  data  collection  will  contain  the  issue  of  whether  the  complexity  of  the 
intermediate situation is  reduced too much, or whether an important variable is  not 
captured. In the cultural complexity context, the students are unique individuals, and 
the  teachers  have  various  backgrounds,  and  the  situation  is  connected  to  the 
measurement situation (the student might be given the right opportunity to show their 
fraction  proficiency  in  a  test  situation  that  differs  from  the  regular  classroom 
instructions).  This  complexity  cannot  be  fully  captured  in  my  quantitative  data 
collection,  and  it  will  not  ever  be  possible  to  capture  the  complexity  in  any  given 
situation.  Qualitative  data  will  have  the  same  problem.  The  complexity  will  also 
change constantly, so we constantly act in the  situation and thereby change it. I am 
changing  the  situation  by  conducting  a  measurement  and  trying  to  capture  and 
investigate students’ difficulties  with fractions, and in doing this, I also change the 
reality by my action. As Dewey would say, reality is constantly changing because of 
our actions. (Dewey, [1920]1986, 1925, [1933]1986, [1938]1986). To compensate for 
the  reduced  complexity  of  the  intermediate  situation  in  the  measurement  data 
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