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CUNTZ-KRIEGER ALGEBRAS ASSOCIATED WITH HILBERT C
∗-QUAD MODULES OF



COMMUTING MATRICES


KENGO MATSUMOTO∗


Abstract


LetOHκA,Bbe theC∗-algebra associated with the HilbertC∗-quad module arising from commuting
 matricesA, Bwith entries in{0,1}. We will show that if the associated tiling spaceXA,Bκ is
 transitive, theC∗-algebraOHκA,B is simple and purely infinite. In particular, for two positive
 integersN, M, theK-groups of the simple purely infiniteC∗-algebraOHκ[N],[M]are computed by
 using the Euclidean algorithm.


1. Introduction


In [9], the author has introduced a notion ofC∗-symbolic dynamical system,
 which is a generalization of a finite labeled graph, aλ-graph system and an
 automorphism of a unitalC∗-algebra (cf. [10]). It is denoted by(A, ρ, )
 and consists of a finite family {ρα}α∈ of endomorphisms of a unital C∗-
 algebra A such that ρα(ZA) ⊂ ZA, α ∈  and 


α∈ρα(1) ≥ 1 where
 ZA denotes the center ofA, and endomorphisms are not necessarily unital.


It provides a subshift ρ over  and a Hilbert C∗-bimodule HAρ over A
 which gives rise to aC∗-algebraOρ as a Cuntz-Pimsner algebra ([9], cf. [5],
 [16]). In [11] and [12], the author has extended the notion ofC∗-symbolic
 dynamical system toC∗-textile dynamical system which is a higher dimen-
 sional analogue ofC∗-symbolic dynamical system. TheC∗-textile dynamical
 system(A, ρ, η, ρ, η, κ)consists of twoC∗-symbolic dynamical systems
 (A, ρ, ρ)and(A, η, η)with a common unitalC∗-algebraA and a com-
 mutation relation between the endomorphismsρandηthrough a mapκstated
 below. Set


ρη= {(α, b)∈ρ ×η|ηb◦ρα =0},
 ηρ = {(a, β)∈η×ρ |ρβ ◦ηa =0}.


We assume that there exists a bijectionκ :ρη→ηρ, which we fix and call


∗This work was supported by JSPS Grant-in-Aid for Scientific Reserch ((C), No 23540237).
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(2)a specification. Then the required commutation relations are
 (1.1) ηb◦ρα =ρβ ◦ηa if κ(α, b)=(a, β).


A C∗-textile dynamical system provides a two-dimensional subshift and a
 multi-structure of HilbertC∗-bimodules that has multi-right actions and multi-
 left actions and multi-inner products. Such a multi-structure of HilbertC∗-
 bimodules is called a Hilbert C∗-quad module, denoted by Hκρ,η. In [12],
 the author has introduced aC∗-algebra associated with the HilbertC∗-quad
 module defined by aC∗-textile dynamical system. TheC∗-algebraOHκρ,η has
 been constructed in a concrete way from the structure of the HilbertC∗-quad
 moduleHκρ,ηby a two-dimensional analogue of Pimsner’s construction ofC∗-
 algebras from HilbertC∗-bimodules. It is generated by the quotient images of
 the creation operators on two-dimensional analogue of Fock Hilbert module
 by module maps of compact operators. As a result, theC∗-algebra has been
 proved to have a universal property subject to certain operator relations of
 generators encoded by structure of the HilbertC∗-quad module ofC∗-textile
 dynamical system ([12], cf. [13]).


LetA, B be twoN×N matrices with entries in nonnegative integers. We
 assume that bothAandBare essential, which means that they have no rows or
 columns identically to zero vector. They yield directed graphsGA=(V , EA)
 andGB =(V , EB)with a common vertex setV = {v1, . . . , vN}and edge sets
 EAandEBrespectively, where the edge setEAconsists ofA(i, j )-edges from
 the vertexvi to the vertexvjandEBconsists ofB(i, j )-edges from the vertex
 vito the vertexvj. Denote bys(e), r(e)the source vertex and the range vertex
 of an edgee. We setAN = CN. Denote byE1, . . . , EN the set of minimal
 projections ofAN defined by the standard basis ofCN which correspond to
 the vertex set v1, . . . , vN respectively, so that N


i=1Ei = 1. Forα ∈ EA,
 defineραAan endomorphism ofAN byραA(Ei)=Ej ifs(α)=vi, r(α)=vj,
 otherwiseραA(Ei) = 0. Similarly we have an endomorphismρaB of AN for
 a ∈ EB. We then have two C∗-symbolic dynamical systems (AN, ρA, EA)
 and(AN, ρB, EB)withAN =CN. Put


AB = {(α, b)∈EA×EB|r(α)=s(b)},
 BA= {(a, β)∈EB×EA |r(a)=s(β)}.
 Assume that the commutation relation


(1.2) AB=BA


holds. We may take a bijectionκ:AB →BAsuch thats(α)=s(a), r(b)=
r(β)forκ(α, b)=(a, β), which we fix and call a specification by following



(3)Nasu’s terminology in [14]. This situation is called an LR-textile system in-
 troduced by Nasu ([14]). We then have a C∗-textile dynamical system (see
 [12])


(AN, ρA, ρB, EA, EB, κ).


Let us denote byHκA,Bthe associated HilbertC∗-quad module defined in [12].


We set


(1.3) Eκ= {(α, b, a, β)∈EA×EB×EB×EA|κ(α, b)=(a, β)}.
 Each element ofEκis called a tile. LetXA,Bκ ⊂(Eκ)Z2be the two-dimensional
 subshift of the Wang tilings ofEκ(cf. [19]). It consists of the two-dimensional
 configurationsx: Z2→Eκ compatible to their boundary edges on each tile,
 and is called the subshift of the tiling space for the specificationκ : AB →
 BA. We say thatXκA,B is transitive if for two tilesω, ω ∈ Eκ, there exists
 (ωi,j)(i,j )∈Z2 ∈XκA,Bsuch thatω0,0 =ω, ωi,j = ω for some(i, j )∈Z2with
 j <0< i. We set


(1.4) κ= {(α, a)∈EA×EB |s(α)=s(a),


κ(α, b)=(a, β)for someβ∈EA, b∈EB}
 and define two|κ| × |κ|-matricesAκandBκ with entries in{0,1}by
 (1.5) Aκ((α, a), (δ, b))=


1 κ(α, b)=(a, β)for someβ ∈EA,
 0 otherwise


for(α, a), (δ, b)∈κ,
 (1.6) Bκ((α, a), (β, d))=


1 κ(α, b)=(a, β)for someb∈EB,
 0 otherwise


for(α, a), (β, d)∈κ respectively. Put the block matrix


(1.7) Hκ=


Aκ Aκ
 Bκ Bκ



 .


It has been proved in [12] that theC∗-algebraOHκA,Bassociated with the Hilbert
 C∗-quad moduleHκA,Bis isomorphic to the Cuntz-Krieger algebraOHκ for the
 matrixHκ(cf. [2]). In this paper, we first show the following theorem.


Theorem 1.1 (Theorem 2.10). The subshiftXA,Bκ of the tiling space is
transitive if and only if the matrixHκ is irreducible. In this case,Hκsatisfies
condition(I)in the sense of [2]. Hence if the subshiftXA,Bκ of the tiling space
is transitive, theC∗-algebraOHκA,B is simple and purely infinite.



(4)We then see the following theorem.


Theorem 1.2 (Theorem 2.11). If the matrix Aor B is irreducible, the
 matrixHκ is irreducible and satisfies condition (I), so that the C∗-algebra
 OHκA,B is simple and purely infinite.


LetN, Mbe positive integers withN, M >1. They give 1×1 commuting
 matricesA=[N], B =[M]. The directed graphGAassociated to the matrix
 A = [N] is a graph consists ofN-self directed loops denoted byEA with
 a vertex denoted byv. Similarly the directed graph GB consists of M-self
 directed loops denoted byEBwith the vertexv. We fix a specificationκ :EA×
 EB →EB×EAdefined by exchangingκ(α, a)=(a, α)for(α, a)∈EA×EB.
 The specification is called the exchanging specification betweenEAandEB.
 We present the following K-theory formulae for theC∗-algebraOHκ[N],[M]. In its
 computation, the Euclidean algorithm is used. For integers 1< N ≤M ∈N,
 letd=(N−1, M−1)be the greatest common divisor ofN−1 andM−1.


Letk0, k1, . . . , kj+1be the successive integral quotients ofM −1 byN −1
 by the Euclidean algorithm such as


M−1=(N−1)k0+r0 for some k0∈Z+, 0< r0< N−1,
 N−1=r0k1+r1 for some k1∈Z+, 0< r1< r0,


...


rj−2=rj−1kj+rj for some kj ∈Z+, 0< rj < rj−1,
 rj−1=dkj+1.


Theorem 1.3 (Theorem 3.5). For integers 1 < N ≤ M ∈ N and the
 exchanging specificationκ between directedN-loops andM-loops, theC∗-
 algebraOHκ[N],[M] is a simple purely infinite Cuntz-Krieger algebra whose K-
 groups are


K1(OHκ[N],[M])∼=0,
 K0(OHκ[N],[M])∼=


M−2


 


Z/(N −1)Z⊕ · · · ⊕Z/(N−1)Z


⊕


N−2


 


Z/(M−1)Z⊕ · · · ⊕Z/(M−1)Z


⊕ Z/dZ⊕Z/[k1, k2, . . . , kj+1](M −1)(M+N−1)Z
whered =(N−1, M−1)the greatest common divisor ofN−1andM−1,
and the sequencek0, k1, . . . , kj+1is the successive integral quotients ofM−1
byN−1by the Euclidean algorithm above, and the integer[k1, k2, . . . , kj+1]



(5)is defined by inductively


[k0]=1, [k1]=k1, [k1, k2]=1+k1k2,


. . . , [k1, k2, . . . , kj+1]=[k1, k2, . . . , kj]kj+1+[k1, . . . , kj−1].


We remark that theC∗-algebras studied in this paper are different from the
 higher rank graph algebras studied by G. Robertson-T. Steger [18], A. Kumjian-
 D. Pask [6], V. Deaconu [3], etc., (cf. [4], [17], [15], etc.). Throughout the paper,
 we denote byNand byZ+the set of positive integers and the set of nonnegative
 integers respectively.


2. Transitivity of tilingsXκA,B and simplicity of OHκA,B


Letbe a finite set. The two-dimensional full shift overis defined to be
 Z2 = {(xi,j)(i,j )∈Z2 |xi,j ∈}.


An elementx ∈Z2 is regarded as a functionx : Z2 →which is called a
 configuration onZ2. For a vectorm=(m1, m2)∈Z2, letσm:Z2 →Z2 be
 the translation along vectormdefined by


σm((xi,j)(i,j )∈Z2)=(xi+m1,j+m2)(i,j )∈Z2.


A subsetX ⊂ Z2 is said to be translation invariant ifσm(X) = X for all
 m ∈ Z2. It is obvious to see that a subsetX ⊂ Z2 is translation invariant
 if and only if X is invariant only both horizontally and vertically, that is,
 σ(1,0)(X)=Xandσ(0,1)(X)=X. Fork ∈Z+, put


[−k, k]2= {(i, j )∈Z2| −k≤i, j ≤k} =[−k, k]×[−k, k].


A metricd onZ2 is defined by forx, y∈Z2 withx =y
 d(x, y)= 1


2k if x(0,0) =y(0,0),


wherek=max{k ∈Z+|x[−k,k]2 =y[−k,k]2}. Ifx(0,0) =y(0,0), putk = −1 on
 the above definition. Ifx=y, we setd(x, y)=0. A two-dimensional subshift
 Xis defined to be a closed, translation invariant subset ofZ2(cf. [8, p. 467]).


A two-dimensional subshift X is said to have the diagonal property if for
(xi,j)(i,j )∈Z2, (yi,j)(i,j )∈Z2 ∈X, the conditionsxi,j =yi,j, xi+1,j−1 = yi+1,j−1
implyxi,j−1 = yi,j−1, xi+1,j = yi+1,j (see [11]). The diagonal property has
the following property: for x ∈ X and (i, j ) ∈ Z2, the configuration x is
determined by the diagonal line(xi+n,j−n)n∈Zthrough(i, j ).



(6)We henceforth go back to our previous situation ofC∗-textile dynamical
 system(AN, ρA, ρB, EA, EB, κ)coming fromN ×N commuting matrices
 Aand B with specification κ as in Section 1. We always assume that both
 matricesAandBare essential. Recall that the matricesAandB give rise to
 directed graphsGA=(V , EA)andGB =(V , EB)with a common vertex set
 V = {v1, . . . , vN}and edge setsEAandEB respectively, where the edge set
 EAconsists ofA(i, j )-edges from the vertexvito the vertexvjandEBconsists
 ofB(i, j )-edges from the vertexvito the vertexvj. A two-dimensional subshift
 XκA,Bis defined as in the following way. Letbe the setEκof tiles defined in
 (1.3). Forω=(α, b, a, β)∈Eκ, define mapst (=top), b(=bottom):Eκ→
 EAandl(=left), r(=right):Eκ →EBby setting


t (ω)=α, b(ω)=β, l(ω)=a, r(ω)=b
 as in the following figure:


◦ −−−−−→ ◦α=t (ω)


a=l(ω) b=r(ω)


◦ −−−−−→β=b(ω) ◦


A configuration(ωi,j)(i,j )∈Z2 ∈EκZ2is said to bepavedif the conditions
 t (ωi,j)=b(ωi,j+1),


l(ωi,j)=r(ωi−1,j),


r(ωi,j)=l(ωi+1,j),
 b(ωi,j)=t (ωi,j−1)


hold for all (i, j ) ∈ Z2. Let XA,Bκ be the set of all paved configurations
 (ωi,j)(i,j )∈Z2 ∈ EκZ2. It consists of the Wang tilings of the tiles of Eκ (see
 [19]). The following proposition is easy.


Proposition2.1.XA,Bκ is a two-dimensional subshift having the diagonal
 property.


We writeAN = CE1⊕ · · · ⊕CEN for the minimal projectionsEi, i =
 1, . . . , N ofAN such thatN


i=1Ei = 1. Let us define the matricesA,Bby
 setting forα∈EA, a∈EB,i, j =1, . . . , N,


A(i, α, j ) =


1 ifs(α)=i, r(α)=j,
 0 otherwise,


B(i, a, j ) =1 ifs(a)=i, r(a)=j,
 0 otherwise.


Recall that the endomorphismsραA, ρaBofANforα ∈EA, a∈EBare defined



(7)by


ραA(Ei)=
 N
 j=1


A(i, α, j )E j, ρaB(Ei)=
 N
 j=1


B(i, a, j )E j


fori =1, . . . , N. They yield theC∗-textile dynamical system
 (AN, ρA, ρB, EA, EB, κ)


with specificationκ([12]). Leteω, ω∈Eκbe the standard basis ofC|Eκ|. Put the
 projectionEω=ρbB◦ραA(1)(=ρβA◦ρaB(1))∈AN forω=(α, b, a, β)∈Eκ.
 We set


HκA,B = 


ω∈Eκ


eω⊗EωAN.


ThenHκA,B has a natural structure of not only Hilbert C∗-right module over
 AN but also two other HilbertC∗-bimodule structure, called HilbertC∗-quad
 module. By two-dimensional analogue of Pimsner’s construction of Hilbert
 C∗-bimodule algebra ([16]), we have introduced aC∗-algebraOHκA,B (see [12]


and [13] for detail construction). Letκ be the subset ofEA×EB defined
 in (1.4). We define two|κ| × |κ|-matrciesAκandBκwith entries in{0,1}
 as in (1.5) and (1.6). The matricesAκ andBκrepresent the concatenations of
 edges as in the following figures respectively:


◦ α ◦ δ ◦


a b


◦ ◦


ifAκ((α, a), (δ, b))=1,


and ◦ α ◦


a


◦ β ◦


d


ifBκ((α, a), (β, d))=1.


Let Hκ be the 2|κ| ×2|κ| matrix defined in (1.7). We have proved the
 following result in [12].


Theorem 2.2. The C∗-algebraOHκA,B associated with Hilbert C∗-quad
 moduleHκA,B defined by commuting matricesA, B and a specificationκ is
 isomorphic to the Cuntz-Krieger algebraOHκ for the matrixHκ. Its K-groups
 K∗(OHκ)are computed as


K0(OHκ)=Zn/(Aκ+Bκ−In)Zn, K1(OHκ)=Ker(Aκ+Bκ−In) in Zn,
wheren= |κ|.



(8)We will study a relationship between transitivity of the tiling spaceXA,Bκ and
 simplicity of theC∗-algebraOHκA,B. An essential matrix with entries in{0,1}
 is said to satisfy condition (I) (in the sense of [2]) if the shift space defined
 by the topological Markov chain for the matrix is homeomorphic to a Cantor
 discontinuum. The condition is equivalent to the condition that every loop in
 the associated directed graph has an exit ([7]). It is a fundamental result that
 a Cuntz-Krieger algebra is simple and purely infinite if the underlying matrix
 is irreducible and satisfies condition (I) ([2]). We will find a condition of the
 two-dimensional subshiftXκA,Bof the tiling space under which the matrixHκ


is irreducible and satisfies condition (I). Hence the condition onXκA,B yields
 the simplicity and purely infiniteness of the algebraOHκA,B.


We are assuming that both of the matricesAandBare essential. Then we
 have


Lemma2.3.Both of the matricesAκandBκare essential.


Proof. For (α, a) ∈ κ, by definition of κ, there exist β ∈ EA and
 b ∈EB such thatκ(α, b) = (a, β). SinceAis essential, one may takeβ1 ∈
 EA such that s(β1) = r(b)(= r(β)). Hence(b, β1) ∈ BA. Put(α1, b1) =
 κ−1(b, β1)∈ABso that(α1, b)∈κ andAκ((α, a), (α1, b))= 1 as in the
 following figure:


◦ α ◦ α1 ◦


a b b1


◦ β ◦ β1


For(δ, b)∈ κ there existsα ∈ EA such thatr(α)= s(δ)(= s(b))because
 Ais essential. Hence(α, b)∈AB. Put(a, β)=κ(α, b)so that(α, a)∈κ
 andAκ((α, a), (δ, b))=1 as in the following figure:


◦ α ◦ δ ◦


a b


◦ β ◦


Therefore one sees thatAκis essential, and similarly thatBκis essential.


Hence we have


Proposition2.4.The matrixHκ is essential and satisfies condition(I).


Proof. By the previous lemma, both of the matricesAκandBκare essen-
 tial. Hence every row ofAκ and ofBκhas at least one 1. Since


Hκ =


Aκ Aκ
 Bκ Bκ



,



(9)every row ofHκ has at least two 1s. This implies that a loop in the directed
 graph associated toHκmust has an exit so thatHκsatisfies condition (I).


For(α, a), (α, a)∈κ, andC, D =AorB, we have
 [CκDκ]((α, a), (α, a))= 


(α1,a1)∈κ


Cκ((α, a), (α1, a1))Dκ((α1, a1), (α, a)).


Hence [AκAκ]((α, a), (α, a)) = 0 if and only if there exists(α1, a1) ∈κ
 such thatκ(α, a1) = (a, β)for someβ ∈ EA and κ(α1, a) = (a1, β1)for
 someβ1∈EAas in the following figure:


◦ α ◦ α1 ◦ α


a a1 a


◦ β ◦ β1 ◦


And also [AκBκ]((α, a), (α, a))=0 if and only if there exists(α1, a1)∈κ
 such thatκ(α, a1) = (a, β)for someβ ∈ EA and κ(α1, b1) = (a1, α)for
 someb1∈EB as in the following figure:


◦ α ◦ α1 ◦


a a1 b1


◦ β ◦ α ◦


a


Similarly [BκAκ]((α, a), (α, a))=0 if and only if there exists(α1, a1)∈κ
 such thatκ(α, b) = (a, α1)for someb ∈ EB andκ(α1, a) = (a1, β1)for
 someβ1∈EAas in the following figure:


◦ α ◦


a b


◦ α1 ◦ α


a1 a


◦ β1 ◦


And also [BκBκ]((α, a), (α, a))=0 if and only if there exists(α1, a1)∈κ
such thatκ(α, b) = (a, α1)for someb ∈ EB and κ(α1, b1) = (a1, α)for



(10)someb1∈EB as in the following figure:


◦ α ◦


a b


◦ α1 ◦


a1 b1


◦ α ◦


a1


Lemma2.5.AκBκ=BκAκ.


Proof. For(α, a), (α, a)∈κ, we have [AκBκ]((α, a), (α, a))= mif
 and only if there exist(αi, ai)∈κ, i=1, . . . , msuch thatκ(α, ai)=(a, βi)
 for someβi ∈EAandκ(αi, bi)=(ai, α)for somebi ∈EBas in the following
 figure:


◦ α ◦ αi ◦


a ai bi


◦ βi ◦ α ◦


a


Put(ai, βi)=κ(βi, a). We then have(βi, ai)∈κas in the following figure:


◦ α ◦


a ai


◦ βi ◦ α


ai a


◦ βi ◦


If(βi, ai)= (βj, aj)inκ, then we haveβi = βj so thatai = aj and hence
 αi =αj. Therefore we have [BκAκ]((α, a), (α, a))=m.


Lemma2.6.The following four conditions are equivalent.


(i) The matrixHκis irreducible.


(ii) For(α, a), (α, a)∈κ, there existn, m∈Z+such that
Aκ(Aκ+Bκ)n((α, a), (α, a)) >0,
Bκ(Aκ+Bκ)m((α, a), (α, a)) >0.



(11)(iii) The matrixAκ+Bκis irreducible.


(iv) For(α, a),(α, a)∈κ, there exists a paved configuration(ωi,j)(i,j )∈Z2∈
 XA,Bκ such that


t (ω0,0)=α, l(ω0,0)=a, t (ωi,j)=α, l(ωi,j)=a
 for some(i, j )∈Z2withj <0< i.


Proof. (i)⇔(ii): The identity


(2.1) Hκn=


Aκ(Aκ+Bκ)n Aκ(Aκ+Bκ)n
 Bκ(Aκ+Bκ)n Bκ(Aκ+Bκ)n





implies the equivalence between (i) and (ii).


(ii)⇒(iii): Suppose that for(α, a), (α, a)∈κ, there existsn∈Z+such
 thatAκ(Aκ+Bκ)n((α, a), (α, a)) >0 so that


(Aκ+Bκ)n+1((α, a), (α, a)) >0.


Hence the matrixAκ+Bκis irreducible.


(iii)⇒(ii): AsAκ andBκ are both essential, for(α, a), (α, a)∈κthere
 exists(α1, a1), (α2, a2)∈κsuch that


Aκ((α, a), (α1, a1))=1,
 Bκ((α, a), (α2, a2))=1.


SinceAκ+Bκis irreducible, there existn, m∈Z+such that
 (Aκ+Bκ)n((α1, a1), (α, a)) >0,
 (Aκ+Bκ)m((α2, a2), (α, a)) >0.


Hence we have


Aκ(Aκ+Bκ)n((α, a), (α, a)) >0,
 Bκ(Aκ+Bκ)m((α, a), (α, a)) >0.


(ii)⇒(iv): For (α, a), (α, a) ∈ κ, take (α1, a1) ∈ κ and β ∈ EA
such that κ(α, a1) = (a, β). By (ii), there exists m ∈ Z+ with Bκ(Aκ +
Bκ)m((α, a), (α, a)) > 0. One may takeb ∈ EB andβ ∈ EA satisfying
κ(α, b)= (a, β), so that there exists a paved configuration(ωi,j)(i,j )∈Z2 ∈
XκA,Bsuch thatω0,0=(α, a1, a, β)andωi,j =(α, b, a, β)for some(i, j )∈



(12)Z2withj <0< ias in the following figure:


◦ α ◦ α1 ◦


a a1


◦ β ◦ . ..


. ..


◦ α ◦


a b


◦ β ◦
 (iv)⇒(ii): The assertion is clear.


Deﬁnition2.7. A two-dimensional subshiftXκA,Bis said to betransitiveif
 for two tilesω, ω ∈Eκthere exists a paved configuration(ωi,j)(i,j )∈Z2 ∈XκA,B
 such thatω0,0=ωandωi,j =ω for some(i, j )∈Z2withj <0< i.


Theorem2.8.The subshiftXκA,Bof the tiling space is transitive if and only
 if the matrixHκ is irreducible.


Proof. Assume that the matrixHκis irreducible. Hence the condition (iv) in
 Lemma 2.6 holds. Letω=(α, b, a, β), ω =(α, b, a, β)∈Eκbe two tiles.


SinceAis essential, there existsβ1 ∈ EAsuch that r(β)(= r(b)) = s(β1),
 so that(b, β1) ∈ BA. One may take(α1, b1) ∈ AB such thatκ(α1, b1) =
 (b, β1)and hence(α1, b)∈κas in the following figure:


◦ α ◦ α1 ◦


a b b1


◦ β ◦ β1 ◦


For(α1, b), (α, a) ∈ κ, by (iv) in Lemma 2.6, there exists(ωi,j)(i,j )∈Z2 ∈
 XκA,Bsuch thatt (ω0,0)=α1, l(ω0,0)=b, t (ωi,j)=α, l(ωi,j)=a for some
 (i, j )∈Z2withj <0< i. SinceXκA,Bhas the diagonal property, there exists
 a paved configuration (ωi,j)(i,j )∈Z2 ∈ XA,Bκ such that ω0,0 = ω, ωi,j = ω.
 HenceXκA,Bis transitive.


Conversely assume thatXA,Bκ is transitive. For(α, a), (α, a)∈κ, there
exist b, b ∈ EB and β, β ∈ EA such that ω = (α, b, a, β), ω =
(α, b, a, β)∈Eκ. It is clear that the transitivity ofXκA,Bimplies the condi-
tion (iv) in Lemma 2.6, so thatHκis irreducible.



(13)Lemma2.9.IfAorBis irreducible,XκA,Bis transitive.


Proof. Suppose that the matrix A is irreducible. For two tiles ω =
 (α, b, a, β), ω = (α, b, a, β) ∈ Eκ, there exist concatenated edges
 (β, β1, . . . , βn, α)in the graphGA for some edgesβ1, . . . , βn ∈ EA. Since
 XκA,B has the diagonal property, there exists a configuration (ωi,j)(i,j )∈Z2 ∈
 XκA,Bsuch thatω =ωi,j for somei >0, j = −1. HenceXA,Bκ is transitive.


Since theC∗-algebraOHκA,Bis isomorphic to the Cuntz-Krieger algebraOHκ


by [12], we see the following theorems.


Theorem 2.10.The subshift XκA,B of the tiling space is transitive if and
 if the matrixHκ is irreducible. In this case,Hκ satisfies condition(I). Hence
 if the subshiftXκA,B of the tiling space is transitive, theC∗-algebraOHκA,B is
 simple and purely infinite.


By Lemma 2.9, we have


Theorem2.11. If the matrixAorBis irreducible, the matrixHκis irre-
 ducible and satisfies condition (I), so that theC∗-algebraOHκA,B is simple and
 purely infinite.


3. The algebraOHκ[N],[M] for two positive integersN, M


LetN, M be positive integers withN, M > 1. They give 1×1 commuting
 matrices A = [N], B = [M]. We will present K-theory formulae for the
 C∗-algebrasOHκ[N],[M]with the exchanging specificationκ. In the computations
 below, we will use the Euclidean algorithm to find order of the torsion part of the
 K0-group. The directed graphGAfor the matrixA=[N] is a graph consisting
 ofN-self directed loops with a vertex denoted byv. TheN-self directed loops
 are denoted byEA. Similarly the directed graphGBforB =[M] consists of
 M-self directed loops denoted byEBwith the vertexv. We fix a specification
 κ:EA×EB→EB×EAdefined by exchangingκ(α, a)=(a, α)for(α, a)∈
 EA×EB. Henceκ =EA×EBso that|κ| = |EA|×|EB| =N×M. We then
 knowAκ((α, a), (δ, b))= 1 if and only ifb=a, andBκ((α, a), (β, d))=1
 if and only ifβ=αas in the following figures respectively.


◦ α ◦ δ


a a=b and


◦ α


a


◦ α=β


d



(14)In [12], the K-groups for the caseN = 2 and M = 3 have been computed
 such that


K0(OHκ[2],[3])∼=Z/8Z, K1(OHκ[2],[3])∼=0.


HenceOHκ[2],[3] is stably isomorphic to the Cuntz algebraO9of order 9 ([1]).


We will generalize the above computations.


LetInbe then×nidentity matrix andEnthen×nmatrix whose entries
 are all 1s. For an N ×N-matrix C = [ci,j]Ni,j=1 and an M ×M-matrix
 D=[dk,l]Mk,l=1, denote byC⊗DtheN M×N Mmatrix


C⊗D=


⎡


⎢⎢


⎢⎢


⎣


c11D c12D . . . c1ND
 c21D c22D . . . c2ND


... ... . .. ...
 cN1D cN2D . . . cN ND


⎤


⎥⎥


⎥⎥


⎦.


Hence we have


EN ⊗IM =


⎡


⎢⎢


⎢⎢


⎣


IM IM . . . IM
 IM IM . . . IM
 ... ... . .. ...
 IM IM . . . IM


⎤


⎥⎥


⎥⎥


⎦,


IN ⊗EM =


⎡


⎢⎢


⎢⎢


⎣


EM 0 . . . 0
 0 EM . .. ...
 ... . .. . .. 0
 0 . . . 0 EM


⎤


⎥⎥


⎥⎥


⎦.


We putE[N] = {α1, . . . , αN}, E[M] = {a1, . . . , aM}. Asκ = E[N]×E[M],
 the basis ofCN⊗CMare ordered lexicographically from left as in the following
 way:


(3.1) (α1, a1),. . . ,(α1, aM), (α2, a1), . . . , (α2, aM),
 . . . ,(αN, a1),. . . ,(αN, aM).


LetAκandBκbe the matrices defined in the previous section for the matrices
 A=[N], B=[M] with the exchanging specificationκ. The following lemma
 is direct.


Lemma3.1.The matricesAκ, Bκ are written as
Aκ =EN ⊗IM, Bκ =IN ⊗EM



(15)along the ordered basis(3.1). Hence we have


(3.2) Aκ+Bκ−IN M =


⎡


⎢⎢


⎢⎢


⎣


EM IM . . . IM
 IM . .. . .. ...


... . .. . .. IM
 IM . . . IM EM


⎤


⎥⎥


⎥⎥


⎦.


We denote by H (0) the matrix Aκ + Bκ − IN M. By Theorem 2.2, the
 K-groups of the algebraOHκ[N],[M] are given by the kernel Ker(H (0))and the
 cokernel Coker(H (0))of the matrixH (0)inZN M. For anM ×M matrixC
 andi, j =1,2, . . . , N withi =j, define anN×N block matrixEi,j(C)=
 [Ei,j(C)(k, l)]Nk,l=1, whose entriesEi,j(C)(k, l), k, l=1,2, . . . , NareM×M
 matrices, by setting


Ei,j(C)(k, l)=


⎧⎨


⎩


IM (k=l),
 C (k=i, j =l),
 0 else.


The multiplication of the matrix Ei,j(C) from the left (resp. right) corres-
 ponds to the operation of adding theC-multiplication of thejth row (resp.ith
 column) to theith row (resp.jth column). We will transformH (0)preserving
 isomorphism classes of the groups Ker(H (0))and Coker(H (0))inZN M by
 multiplying the matricesEi,j(C),i, j =1,2, . . . , N.


We first consider row operations and set


H (1)=EN−1,N(−IM)EN−2,N−1(−IM)· · ·E1,2(−IM)H (0),
 H (2)=EN,N−1(IM)EN−1,N−2(IM)· · ·E2,1(IM)H (1),


H (3)=E1,2(IM)E2,3(IM)· · ·EN−2,N−1(IM)EN−1,N(EM −IM)H (2).


It is straightforward to see that the matrixH (3)goes to


H (3)=


⎡


⎢⎢


⎢⎢


⎢⎢


⎢⎢


⎢⎣


pM(N −1) 0 . . . 0


pM(N −2) EM −IM


... ... . .. . .. ...


pM(2) ... . ..


pM(1) EM −IM . . . . . . EM−IM 0


EM IM . . . . . . IM IM


⎤


⎥⎥


⎥⎥


⎥⎥


⎥⎥


⎥⎦
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