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Abstract


This paper studies the equational theory of various exotic semirings
 presented in the literature. Exotic semirings are semirings whose un-
 derlying carrier set is some subset of the set of real numbers equipped
 with binary operations of minimum or maximum as sum, and addition
 as product. Two prime examples of such structures are the (max,+)
 semiringand the tropical semiring. It is shown that none of the exotic
 semirings commonly considered in the literature has a finite basis for its
 equations, and that similar results hold for the commutative idempotent
 weak semirings that underlie them. For each of these commutative idem-
 potent weak semirings, the paper offers characterizations of the equations
 that hold in them, decidability results for their equational theories, ex-
 plicit descriptions of the free algebras in the varieties they generate, and
 relative axiomatization results.
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Keywords and Phrases: Equational logic, varieties, complete axioma-
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 potent weak semirings, convexity, exponential time complexity.



1 Introduction


Exotic semirings, i.e., semirings whose underlying carrier set is some subset
 of the set of real numbers R equipped with binary operations of minimum or
 maximum as sum, and addition as product, have been invented and reinvented
 many times since the late 1950s in various fields of research. This family of
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(4)structures consists of semirings whose sum operation is idempotent—two prime
 examples are the (max,+)semiring


(R∪ {−∞},max,+,−∞,0)


(see [5, Chapter 3] for a general reference), and thetropical semiring
 (N∪ {∞},min,+,∞,0)


introduced in [34]. (Henceforth, we shall write∨and∧for the binary maximum
 and minimum operations, respectively.) Interest in idempotent semirings arose
 in the 1950s through the observation that some problems in discrete optimiza-
 tion could be linearized over such structures (see, e.g., [10] for some of the early
 references and [38] for a survey). Since then, the study of idempotent semirings
 has forged productive connections with such diverse fields as, e.g., performance
 evaluation of manufacturing systems, discrete event system theory, graph theory
 (path algebra), Markov decision processes, Hamilton-Jacobi theory, asymptotic
 analysis (low temperature asymptotics in statistical physics, large deviations),
 and automata and language theory (automata with multiplicities). The inter-
 ested reader is referred to [14] for a survey of these more recent developments,
 and to [12] for further applications of the (max,+) semiring. Here we limit our-
 selves to mentioning some of the deep applications of variations on the tropical
 semiring in automata theory and the study of formal power series.


The tropical semiring (N∪ {∞},∧,+,∞,0) was originally introduced by
 Simon in his solution (see [34]) to Brzozowski’s celebrated finite power property
 problem—i.e., whether it is decidable if a regular languageLhas the property
 that, for somem≥0,


L∗ = 1 +L+· · ·+Lm .


The basic idea in Simon’s argument was to use automata with multiplicities
 in the tropical semiring to reformulate the finite power property as a Burnside
 problem. (The original Burnside problem asks if a finitely generated group must
 necessarily be finite if each element has finite order [7].) The tropical semiring
 was also used by Hashiguchi in his independent solution to the aforementioned
 problem [16], and in his study of the star height of regular languages (see, e.g.,
 [17, 18, 19]). (For a tutorial introduction on how the tropical semiring is used
 to solve the finite power property problem, we refer the reader to [31].) The
 tropical semiring also plays a key role in Simon’s study of the nondeterministic
 complexity of a standard finite automaton [36]. In his thesis [26], Leung intro-
 duced topological ideas into the study of the limitedness problem for distance
 automata (see also [27]). For an improved treatment of his solutions, and fur-
 ther references, we refer the reader to [28]. Further examples of applications of
 the tropical semiring may be found in, e.g., [24, 25, 35].


The study of automata and regular expressions with multiplicities in the
tropical semiring is by now classic, and has yielded many beautiful and deep
results—whose proofs have relied on the study of further exotic semirings. For



(5)example, Krob has shown that the equality problem for regular expressions with
 multiplicities in the tropical semiring is undecidable [22] by introducing the
 equatorial semiring (Z∪ {∞},∧,+,∞,0), showing that the equality problem
 for it is undecidable, and finally proving that the two decidability problems are
 equivalent. Partial decidability results for certain kinds of equality problems
 over the tropical and equatorial semirings are studied in [23].


Another classic question for the language of regular expressions, with or
 without multiplicities, is the study of complete axiom systems for them (see,
 e.g., [9, 21, 32]). Along this line of research, Bonnier-Rigny and Krob have
 offered a complete system of identities for one-letter regular expressions with
 multiplicities in the tropical semiring [6]. However, to the best of our knowledge,
 there has not been a systematic investigation of the equational theory of the
 different exotic semirings studied in the literature. This is the aim of this paper.


Our starting points are the results we obtained in [1, 2]. In [1] we studied
 the equational theory of the max-plus algebra of the natural numbers N∨ =
 (N,∨,+,0), and proved that not only its equational theory is not finitely based,
 but, for every n, the equations in at most n variables that hold in it do not
 form an equational basis. Another view of the non-existence of a finite basis for
 the variety generated by this algebra is offered in [2], where we showed that the
 collection of equations in two variables that hold in it has no finite equational
 axiomatization.


The algebraN∨is an example of a structure that we call in this papercom-
 mutative idempotent weak semiring (abbreviated henceforth to ciw-semiring).


Since ciw-semirings underlie many of the exotic semirings studied in the liter-
 ature, we begin our investigations in this paper by systematically generalizing
 the results from [1] to the structures Z∨ = (Z,∨,+,0) andN∧ = (N,∧,+,0).


Our initial step in the study of the equational theory of these ciw-semirings is
 the geometric characterization of the (in)equations that hold in them (Proposi-
 tions 3.9 and 3.11). These characterizations pave the way to explicit descriptions
 of the free algebras in the varietiesV(Z∨) andV(N∧) generated byZ∨ andN∧,
 respectively, and yield finite axiomatizations of the varietiesV(N∨) andV(N∧)
 relative toV(Z∨) (Theorem 3.20). We then show that, likeV(N∨), the varieties
 V(Z∨) andV(N∧) are not finitely based. The non-finite axiomatizability of the
 varietyV(Z∨) (Theorem 3.22) is a consequence of the similar result forV(N∨)
 and of its finite axiomatizability relative toV(Z∨).


The proof of the non-existence of a finite basis for the varietyV(N∧) (The-
orem 3.23) is more challenging, and proceeds as follows. For each n≥ 3, we
first isolate an equatione∧n innvariables which holds inV(N∧). We then prove
that no finite collection of equations that hold in V(N∧) can be used to de-
duce all of the equations of the forme∧n. The proof of this technical result is
model-theoretic in nature. More precisely, for every integern≥3, we construct
an algebraBn satisfying all the equations in at mostn−1 variables that hold
in V(N∧), but in which e∧n fails. Hence, as forV(N∨), for every natural num-
ber n, the equations in at most n variables that hold in V(N∧) do not form
an equational basis for this variety. A similar strengthening of the non-finite
axiomatizability result holds for the varietyV(Z∨).



(6)We then move on to study the equational theory of the exotic semirings
 presented in the literature that are obtained by adding bottom elements to the
 above ciw-semirings. More specifically, we examine the following semirings:


Z∨,−∞ = (Z∪ {−∞},∨,+,−∞,0) ,
 N∨,−∞ = (N∪ {−∞},∨,+,−∞,0) and
 N−∨,−∞ = (N−∪ {−∞},∨,+,−∞,0) ,


whereN− stands for the set of nonpositive integers. SinceZ∨,−∞ andN−∨,−∞


are easily seen to be isomorphic to the semirings


Z∧,∞ = (Z∪ {∞},∧,+,∞,0) and
 N∧,∞ = (N∪ {∞},∧,+,∞,0) ,


respectively, the results that we obtain apply equally well to these algebras. (The
 semiringsZ∧,∞andN∧,∞are usually referred to as theequatorial semiring[22]


and thetropical semiring [34], respectively. The semiringN∨,−∞ is called the
 polar semiringin [24].)


Our study of the equational theory of these algebras will proceed as follows.


First, we shall offer some general facts relating the equational theory of a ciw-
 semiringA to the theory of the free commutative idempotent semiringA⊥ it
 generates. In particular, in Sect. 4.1 we shall relate the non-finite axiomatiz-
 ability of the varietyV(A⊥) generated byA⊥ to the non-finite axiomatizability
 of the variety V(A) generated by A. Then, in Sect. 4.2, we shall apply our
 general study to derive the facts that all tropical semirings studied in this paper
 have exponential time decidable, but non-finitely based equational theory. Our
 general results, together with those proven in Sect. 3, will also give geometric
 characterizations of the valid equations in the tropical semirings Z∨,−∞ and
 N−∨,−∞, but not in N∨,−∞. The task of providing a geometric description of
 the valid equations for the semiringN∨,−∞ will be accomplished in Sect. 4.3,
 where we shall also show thatV(N∨,−∞) can be axiomatized overV(Z∨,−∞) by
 a single equation.


Some semirings studied in the literature are obtained by adding a top element


>to a ciw-semiring A in lieu of a bottom element. We examine the general
 relationships that exist between the equational theory of a ciw-semiringAand
 that of the semiringA> so generated in Sect. 5. This general theory, together
 with the previously obtained non-finite axiomatizability results, is then applied
 to show that several semirings with>are not finitely based either.


We conclude our investigations by examining some variations on the afore-
mentioned semirings. These include, amongst others, structures whose carrier
sets are the (nonnegative) rational or real numbers (Sect. 6.1), semirings whose
product operation is standard multiplication (Sect. 6.2), the semirings studied
by Mascle and Leung in [30] and [26, 27], respectively, (Sect. 6.3), and a min-
plus algebra based on the ordinals proposed by Mascle in [29] (Sect. 6.4). For all
of these structures, we offer results to the effect that their equational theory is
not finitely based, and has no axiomatization in a bounded number of variables.



(7)Throughout the paper, we shall use standard notions and notations from
 universal algebra that can be found, e.g., in [8, 13].


This paper collects, and improves upon, all of the results first announced
 without proof in [3, 4]. In addition, the material in Sects. 5 and 6 is new.



2 Background Definitions


We begin by introducing some notions that will be used in the technical devel-
 opments to follow.


A commutative idempotent weak semiring(henceforth abbreviated to ciw-
 semiring) is an algebra A = (A,∨,+,0) such that (A,∨) is an idempotent
 commutative semigroup, i.e., a semilattice, (A,+,0) is a commutative monoid,
 and such that addition distributes over the ∨ operation. Thus, the following
 equations hold inA:


x∨(y∨z) = (x∨y)∨z
 x∨y = y∨x
 x∨x = x


x+ (y+z) = (x+y) +z
 x+y = y+x
 x+ 0 = x


x+ (y∨z) = (x+y)∨(x+z) .
 A ciw-semiringAispositive if


x∨0 = x
 holds inA. It then follows that


x∨(x+y) = x+y


also holds inA. A homomorphism of ciw-semirings is a function which preserves
 the∨and + operations and the constant 0.


A commutative idempotent semiring, or ci-semiring for short, is an alge-
 bra (A,∨,+,⊥,0) such that (A,∨,+,0) is a ciw-semiring which satisfies the
 equations


x∨ ⊥ = x


x+⊥ = ⊥ .
 A homomorphism of ci-semirings also preserves⊥.


Suppose thatA= (A,∨,+,0) is a structure equipped with binary operations


∨and + and the constant 0. Assume that⊥ 6∈Aand letA⊥ =A∪{⊥}. Extend
 the operations∨and + given onAtoA⊥ by defining


a∨ ⊥ = ⊥ ∨a = a
a+⊥ = ⊥+a = ⊥ ,



(8)for alla∈A⊥. We shall writeA⊥for the resulting algebra (A⊥,∨,+,⊥,0), and
 A(⊥) for the algebra (A⊥,∨,+,0) obtained by adding⊥to the carrier set, but
 not to the signature.


Lemma 2.1 For each ciw-semiring A, the algebraA⊥ is a ci-semiring.


Remark 2.2 In fact,A⊥ is the free ci-semiring generated byA.


Let Eciw denote the set of defining axioms of ciw-semirings, Eci the set of
 axioms of ci-semirings, and E+ciw the set of axioms of positive ciw-semirings.


Note thatEciw is included in bothEciandEciw+ . Moreover, letVciw denote the
 variety axiomatized by Eciw, Vci the variety axiomatized byEci and Vciw+ the
 variety axiomatized byEciw+ . Thus,Vciis the variety of all ci-semirings andVciw+
 the variety of all positive ciw-semirings. Since Eciw ⊆Eci and Eciw ⊆ Eciw+ ,
 it follows that Vciw includes both Vciw+ and the reduct of any algebra in Vci


obtained by forgetting about the constant⊥.


Remark 2.3 If an equationt=ucan be derived from Eciw or E+ciw, then the
 set of variables occurring intcoincides with the set of variables occurring inu.
 In light of axiomx+⊥=⊥, this does not hold true for the equations derivable
 fromEci.


Notation 2.4 In the remainder of this paper, we shall use nxto denote the
 n-fold addition ofxwith itself, and we take advantage of the associativity and
 commutativity of the operations. By convention,nxstands for 0 when n= 0.


In the same way, the empty sum is defined to be 0.


For each integern≥0, we use [n] to stand for the set{1, . . . , n}, so that [0]


is another name for the empty set.


Finally, we sometimes write t(x1, . . . , xn) to emphasize that the variables
 occurring in the termtare amongstx1, . . . , xn.


Lemma 2.5 With respect to the axiom systemEciw, every termtin the language
 of ciw-semirings, in the variablesx1, . . . , xn, may be rewritten in the form


t = _


i∈[k]


ti


wherek >0, eachti is a “linear combination”


ti = X


j∈[n]


cijxj ,


and eachcij is inN.


Terms of the formW


i∈[k]ti, where eachti(i∈[k],k≥0) is a linear combination
 of variables, will be referred to assimple terms. Whenk= 0, the term W


i∈[k]ti


is just⊥. (Note thatk= 0 is only allowed for ci-semirings.)



(9)Lemma 2.6 With respect to the axiom systemEci, every termtin the language
 of ci-semirings, in the variablesx1, . . . , xn, may be rewritten in the form


t = _


i∈[k]


ti


wherek≥0, eachti is a “linear combination”


ti = X


j∈[n]


cijxj ,


and eachcij is inN.


For any commutative idempotent (weak) semiring A and a, b ∈ A, we write
 a ≤ b to mean a∨b = b. In any such structure, the relation ≤ so defined
 is a partial order, and the + and∨ operations are monotonic with respect to
 it. Similarly, we say that an inequationt≤t0 between termst andt0 holds in
 A if the equation t∨t0 = t0 holds. We shall write A |= t = t0 (respectively,
 A|=t≤t0) if the equationt=t0 (resp., the inequationt≤t0) holds inA. (In
 that case, we say thatA is a model of t =t0 or t ≤ t0, respectively.) If A is
 a class of ciw-semirings, we writeA |=t =t0 (respectively, A |=t ≤t0) if the
 equationt=t0 (resp., the inequationt≤t0) holds in everyA∈ A. Note that,
 ifAis in the varietyVciw+ , then the inequation 0≤xholds inA.


Definition 2.7 Asimple inequation in the variablesx1, . . . , xn is of the form


t ≤ _


i∈[k]


ti ,


where k > 0, and t and the ti (i ∈ [k]) are linear combinations of the vari-
 ables x1, . . . , xn. We say that the left-hand side of the above simple inequation
 contains the variable xj, or that xj appears on the left-hand side of the simple
 inequation, if the coefficient of xj in t is nonzero. Similarly, we say that right-
 hand side of the above inequation contains the variable xj if for some i ∈[k],
 the coefficient ofxj in ti is nonzero.


Note that, for every linear combinationt over variablesx1, . . . , xn, the inequa-
 tiont≤ ⊥isnota simple inequation.


Corollary 2.8 With respect to the axiom system Eciw, any equation in the
 language of ciw-semirings is equivalent to a finite set of simple inequations.


Similarly, with respect to Eci, any equation in the language of ci-semirings is
 equivalent to a finite set of simple inequations or to an inequation of the form
 x≤ ⊥ (in which case the equation has only trivial models).


Proof: Let t = u be an equation in the language of ciw-semirings. By
 Lemma 2.5, using Eciw we can rewrite t and u to simple terms W


i∈[k]ti and



(10)W


j∈[l]uj (k, l >0), respectively. It is now immediate to see that the equation
 t=uis equivalent to the family of simple inequations


{ti≤ _


j∈[l]


uj, uj≤ _


i∈[k]


ti |i∈[k], j∈[l]} .


Assume now that t = u is an equation in the language of ci-semirings. By
 Lemma 2.6, using Eci we can rewrite t and u to simple terms W


i∈[k]ti and
 W


j∈[l]uj (k, l ≥0), respectively. Ifk, l are both positive or both equal to zero,
 then the equationt=uis equivalent to the finite set of simple inequations given
 above. (Note that, ifkandlare both 0, then this set is empty, and the original
 equation is equivalent to ⊥ = ⊥.) If k = 0 and l > 0, then the equation is


equivalent tox≤ ⊥. 


Notation 2.9 Henceforth in this study, we shall often abbreviate a simple
 inequation


X


j∈[n]


djxj ≤ _


i∈[k]


X


j∈[n]


cijxj


as d≤ {c1, . . . , ck}, where d = (d1, . . . , dn) and ci = (ci1, . . . , cin), fori ∈ [k].


We shall sometimes refer to these inequations assimple∨-inequations.


In the main body of the paper, we shall also study some ciw-semirings that,
 like the structure N∧ = (N,∧,+,0), have the minimum operation in lieu of
 maximum as their sum. The preliminary results that we have developed in this
 section apply equally well to these structures. In particular, the axioms for
 ciw-semirings dealing with∨become the standard ones describing the obvious
 identities for the minimum operation, and its interplay with +, i.e.,


x∧(y∧z) = (x∧y)∧z
 x∧y = y∧x
 x∧x = x


x+ (y∧z) = (x+y)∧(x+z) .


Note that, for ciw-semirings of the form (A,∧,+,0), the partial order ≥ is
 defined by b ≥ a iff a∧b = a. In Defn. 2.7, we introduced the notion of
 simple∨-inequation. Dually, we say that asimple∧-inequationin the variables
 x= (x1, . . . , xn) is an inequation of the form


d·x ≥ ^


i∈[k]


ci·x ,


wheredand theci (i∈[k]) are vectors inNn. We shall often write
 d ≥ {c1, . . . , ck}


as a shorthand for this inequation.



(11)
3 Min-Max-Plus Weak Semirings


Our aim in this section will be to study the equational theory of the ciw-
 semirings that underlie most of the tropical semirings studied in the literature.


More specifically, we shall study the following ciw-semirings:


Z∨ = (Z,∨,+,0)
 N∨ = (N,∨,+,0)
 N∧ = (N,∧,+,0)


equipped with the usual addition operation +, constant 0 and one of the op-
 erations ∨ for the maximum of two numbers and ∧ for the minimum of two
 numbers, i.e.,


x∨y = max{x, y}


x∧y = min{x, y} .


We shall sometimes use the fact that Z∨ and N∧ are isomorphic to the ciw-
 semirings


Z∧ = (Z,∧,+,0) and
 N−∨ = (N−,∨,+,0) ,


respectively, whereN− stands for the set of nonpositive integers.


Our study of the equational theory of these algebras will be based on the
 following uniform pattern. First, we offer a geometric characterization of the
 simple inequations that hold in these ciw-semirings (Sect. 3.2). These character-
 izations pave the way to concrete descriptions of the free algebras in the varieties
 generated by the algebras we study, and yield relative axiomatization and de-
 cidability results (Sect. 3.3). Finally we show that none of the ciw-semirings we
 study is finitely based (Sect. 3.4). All of these technical results rely on a study
 of properties of convex sets, filters and ideals in Zn and Nn presented in the
 following section.



3.1 Convex Sets, Filters and Ideals


Suppose thatv1, . . . , vk are vectors inZn or, more generally, in Rn. Aconvex
 linear combinationof thevi(i∈[k]) is any vectorv∈Rn which can be written
 as


v = λ1v1+· · ·+λkvk ,
 whereλi≥0,i∈[k], are real numbers withPk


i=1λi= 1.


Definition 3.1 Suppose thatU is any subset of Zn. We callU aconvex setif
for all convex linear combinationsv=λ1v1+· · ·+λkvk withk >0andvi∈U,
i∈[k], ifv∈Zn, thenv∈U.



(12)Suppose that U ⊆Nn. We call U an (order) ideal if for all u, v in Nn, if
 u≤v and v∈ U then u∈U. Moreover, we call U afilter, if for all u andv
 as above, ifu∈U andu≤v thenv ∈U. A convex ideal(respectively, convex
 filter) in Nn is any ideal (resp., filter) which is a convex set.


Note that order ideals and filters are sometimes referred to as lower and upper
 sets, respectively.


The following fact is clear:


Proposition 3.2 The intersection of any number of convex sets inZn is con-
 vex. Moreover, the intersection of any number of convex ideals (convex filters)
 inNn is a convex ideal (convex filter, respectively).


Thus each set U ⊆Zn is contained in a smallest convex set [U] which is the
 intersection of all convex subsets of Zn containingU. We call [U] the convex
 set generated by U, or the convex hull of U. When u∈ Zn, below we shall
 sometimes write [u] for [{u}] ={u}.


Note that we have [U]⊆Nn wheneverU ⊆Nn.


Proposition 3.3 Suppose that U ⊆Zn and v∈Zn. We have v∈[U] iffv is
 a convex linear combination of some nonzero number of vectors in U.


Suppose now thatU ⊆Nn. By Proposition 3.2, there is a smallest convex ideal
 ci(U) and a smallest convex filter cf(U) in Nn containingU. We call ci(U) and
 cf(U) the convex ideal and the convex filter generated byU, respectively.


For each setU ⊆Rn, define the ideal (U] generated byU thus:


(U] = {d∈Nn :∃c∈U. d≤c} .
 Similarly, the filter [U) generated byU is defined as:


[U) = {d∈Nn :∃c∈U. d≥c} .


The following proposition will be useful in what follows. In its proof, and
 throughout this study, we shall useui(i∈[n]) to denote theith unit vector in
 Rn, i.e., the vector whose only nonzero component is a 1 in theith position; 0
 will denote the vector inRnwhose entries are all zero. Whenu∈Nn, below we
 shall sometimes write (u] and [u) for ({u}] and [{u}), respectively.


In the following proposition, and in its proof, we write [U]Rn for the convex
 hull inRn of a setU included inNn.


Proposition 3.4 Suppose that U ⊆Nn. Then:


1. ci(U) = [(U]] = ([U]Rn], and
 2. cf(U) = [[U)] = [[U]Rn).


Proof: We prove the two claims separately.



(13)1. Note, first of all, that


[(U]]⊆ci(U)⊆([U]Rn]


clearly holds. To complete the proof, it is therefore sufficient to show that
 ([U]Rn] is included in [(U]]. This is clear if n= 1. In order to prove this
 claim, suppose that


d ≤ λ1c1+· · ·+λkck


for somek >0,d∈Nn,c1, . . . , ck∈Uandλ1, . . . , λk >0 withP


i∈[k]λi =
 1. It suffices to show that d is in the convex hull of the set (V], where
 V ={c1, . . . , ck}. We shall prove this by induction on


r = n+X


i∈[k]


|ci| ,


where we use |ci| to denote theweightof the vector ci (i ∈[k]), i.e., the
 sum of its entries.


The base case is whenr= 1. Thenn= 1 and we are done.


For the inductive step, suppose thatr >1. We proceed with the proof by
 distinguishing two cases.


Case 1. If there exists some j ∈ [n] with dj = 0, then since we aim at
 showing that d ∈[(V]], without loss of generality, we may assume that,
 for this j, we have cij = 0 for all i ∈ [k]. We can then remove thejth
 components of all the vectors to obtaind0andc01, . . . , c0kof dimensionn−1
 withd0≤λ1c01+· · ·+λkc0k. LetW ={c01, . . . , c0k}. By induction, d0 is in
 the convex hull of (W], so that d is in the convex hull of (V]. The case
 thatn= 1 is trivial.


Case 2. If the previous case does not apply, then dj >0 for allj ∈[n].


Suppose that there exists somejsuch thatcij = 1 for alli∈[k], wherecij


denotes the jth component of ci. Then alsodj = 1 and we may remove
 thejth components of the vectors to obtaind0 andc0i, i∈[k], as before.


Using the inductive hypothesis, it follows as in case 1 above thatdin the
 convex hull of (V].


Suppose now that for eachj∈[n] there is someij∈[k] withcijj >1. Let
 e=λ1c1+· · ·+λkck. If for somej


d ≤ λ1c1+· · ·+λij−1cij−1+λij(cij −uj) +λij+1cij+1+· · ·+λkck


= e−λijuj ,


then, by induction, dis contained in the convex hull of (W], where W is
 the set{c1, . . . , cij−1, cij −uj, cij+1, . . . ck} ⊆ (V]. It follows thatdis in
 the convex hull of (V]. Otherwise, we have that


ej−λij ≤dj≤ej ,



(14)for all j ∈ [n]. This means that dis inside the n-dimensional rectangle
 determined by the vectors


vK = e−X


j∈K


λijuj ,


where K ranges over all subsets of [n]. Since these vectors vK are all in
 the convex hull inRn of (V], it follows thatdbelongs to the convex hull
 of (V], which was to be shown.


2. It is clear that


[[U)]⊆cf(U)⊆[[U]Rn) .


To complete the proof, we show that [[U]Rn) is included in [[U)].


To this end, let d ∈ [[U]Rn). This means that there is a convex linear
 combinationc =λ1c1+· · ·+λkck withd≥c and{c1, . . . , ck} ⊆U. Let
 ebe a vector inNnwhich is maximal with respect to the pointwise order
 such that


d ≥ λ1(c1+e) +· · ·+λkck .
 Thend∈[[{c1+e, . . . , ck}]Rn). As


[{c1+e, . . . , ck}) ⊆ [{c1, . . . , ck})⊆[U) ,


to prove the claim it is sufficient to show that d ∈ [[{c1 +e, . . . , ck})].


Therefore, without loss of generality, we may assume that e = 0. Now
 we proceed with the proof as follows. Let j ∈[n]. Since dis not greater
 than or equal to a convex linear combination ofc1+uj, c2, . . . , ck, where
 uj denotes thejth unit vector inNn, we have


d6≥c+λ1uj =λ1(c1+uj) +λ2c2+· · ·+λkck .
 Thus, fordj, viz. thejth component ofd, it holds that


Xk
 i=1


λjcij ≤dj < λ1+
 Xk
 i=1


λjcij .


As before, for anyi∈[k], cij denotes the jth component of ci. For each
 K⊆[n], define


cK = c+X


j∈K


λ1uj =λ1(c1+X


j∈K


uj) +λ2c2+· · ·+λkck ,
so thatc∅ = c and eachcK is a convex linear combination of vectors in
[{c1, . . . , ck}). The vectors cK determine ann-dimensional cube, and, by
the above,d is in this cube. Therefore,dis a convex linear combination
of the cK. In conclusion, d is a convex linear combination of vectors in
[{c1, . . . , ck})⊆[U), which was to be shown. 



(15)Remark 3.5 It is interesting to note that the equalities ci(U) = ([U]] and
 cf(U) = [[U]) fail. In fact, the ideal and the filter generated by a convex set
 are, in general, not convex. Consider, for example, the case n = 2 and U =
 {(0,2),(3,0)}. Then U is convex (cf. Defn. 3.1) since no nontrivial convex
 combination of the two vectors inU yields a point in N2. Hence ([U]] = (U]
 which contains (0,2) and (2,0). However, the convex combination


1


2(0,2) + 1


2(2,0) = (1,1)


does not belong to (U]. Similarly, the filter [[U]) = [U) contains (1,2) and (3,0),
 but not


1


2(1,2) +1


2(3,0) = (2,1) .


Thus, it is not convex and cannot be equal to cf(U) or to [[U)].


Henceforth, we shall use [(U]] and [[U)] to denote the convex ideal and the
 convex filter generated by U, respectively. This notation is justified by the
 above proposition.


Corollary 3.6 A set U ⊆Nn is a convex ideal (respectively, convex filter) iff
 for everyd∈Nn, wheneverd≤λ1c1+· · ·+λkck (resp.,d≥λ1c1+· · ·+λkck)
 wherek >0,λi≥0,ci∈U (i∈[k]) and Pk


i=1λi= 1, it follows that d∈U.
 Corollary 3.7 Each convex filter inNn is finitely generated.


Proof: The set of minimal elements, with respect to the pointwise partial
 order, in any convex filter in Nn is finite, since any antichain in Nn is finite.


Moreover, it clearly generates the filter. 


Remark 3.8 Each finite convex set inZnhas a unique minimal generating set.


Similarly, each finite ideal and each filter in Nn has a unique minimal (finite)
 set of generators.



3.2 Characterization of Valid Inequations


Recall that a simple∨-inequation in the variablesx= (x1, . . . , xn) is an inequa-
 tion of the form


dx ≤ c1x∨ · · · ∨ckx , (1)
 wherek >0, and d, c1, . . . , ck ∈Nn. Similarly, a simple∧-inequation is of the
 form


dx ≥ c1x∧ · · · ∧ckx , (2)



(16)where k, d, and ci (i ∈ [k]) are as above. We recall that (1) holds in a ciw-
 semiringA∨= (A,∨,+,0) if the equation


dx∨c1x∨ · · · ∨ckx = c1x∨ · · · ∨ckx
 does, i.e., when for allv∈An,


dv ≤ c1v∨ · · · ∨ckv .


Similarly, we say that (2) holds in a ciw-semiring A∧ = (A,∧,+,0) if the
 equation


dx∧c1x∧ · · · ∧ckx = c1x∧ · · · ∧ckx


does. Let U denote the set {c1, . . . , ck}. We recall that we shall sometimes
 abbreviate (1) asd≤U and (2) asd≥U. For some structures, such asZ∨, it
 also makes sense to define when a simple inequationd≤U holds inZ∨, where
 d∈Zn andU ={c1, . . . , ck} is a finite nonempty set of vectors inZn.


We now proceed to characterize the collection of simple inequations (pos-
 sibly with negative coefficients) that hold in the algebraZ∨ (and, thus, in its
 isomorphic versionZ∧).


Proposition 3.9 Suppose that d ∈ Zn and U = {c1, . . . , ck} is a nonempty,
 finite set of vectors inZn. A simple inequationd≤U holds inZ∨ iffdbelongs
 to the set[U].


Proof: It is sufficient to prove this claim when d = 0, for otherwise we can
 replacedby 0, the vector inZnwhose components are all 0, andU byU−d=
 {u−d : u∈U}, respectively.


Suppose that 0∈[U], i.e., that there exist real numbersλ1, . . . , λk≥0 with
 Pk


i=1λi= 1 such that


0 = λ1c1+· · ·+λkck .


Thus, 0 =λ1c1u+· · ·+λkckufor allu∈Zn. Since theλiare nonnegative and
 at least one of them is nonzero, this is possible only if for each u∈ Zn there
 exists somei0∈[k] with 0≤ci0u. It thus follows that 0≤U holds inZ∨.


To prove the other direction, suppose that 06∈[U]. We shall exhibit a vector
 u∈Rn such thatciu <0, for alli∈[k], i.e., such that for everyi∈[k], ci and
 v =−umake an acute angle. But such a v is easy to find: let v be a vector
 in the convex hull inRn of U whose endpoint is closest to the origin. By the
 continuity of the extension of the term functions to the reals, it is now possible
 to find a vector with rational coefficients and then aw∈Zn such thatciw <0,
 for alli∈[k]. (See the proof of Lemma 6.1 for more details.) This shows that
 d≤U does not hold inZ∨, which was to be shown. 


Our order of business now will be to offer characterizations of the collections of
simple inequations that hold in the algebrasN∨and N∧. The following result



(17)connects the simple inequations that hold in these algebras, and will be useful
 to this effect.


Lemma 3.10 For any d, c1, . . . , ck inNn, wherek >0,


d ≤ {c1, . . . , ck} (3)


holds inN∨ iff


e−d ≥ {e−c1, . . . , e−ck} (4)
 holds inN∧, where for eachi∈[n], theith component ofe∈Nnis the maximum
 of theith components ofdand the cj (j∈[k]). In the same way,


d ≥ {c1, . . . , ck}
 holds inN∧ iff


e−d ≤ {e−c1, . . . , e−ck}
 holds inN∨, where eis defined as above.


Proof: We only prove the first statement of the lemma. Equation (3) holds in
 N∨ iff


∀x∈Nn. dx≤c1x∨ · · · ∨ckx


⇔ ∀x∈Nn∃j∈[k]. dx≤cjx


⇔ ∀x∈Nn∃j∈[k].(e−d)x≥(e−cj)x


⇔ ∀x∈Nn.(e−d)x≥(e−c1)x∧ · · · ∧(e−ck)x ,


viz. iff (4) holds inN∧. 


The above lemma expresses a “duality” between the equational theories ofN∨
 and N∧. Note, however, that the equational theory of N∧ is not the formal
 dual of the theory ofN∨, since the equations


x∨0 = x
 and


x∧0 = 0
 are not formal duals of each other.


Using Lem. 3.10 and results from [1], we are now in a position to offer the
promised characterizations of the valid simple inequations inN∨andN∧.
Proposition 3.11 Suppose that d ∈ Nn and U is a finite nonempty set of
vectors inNn.



(18)1. The simple inequation d≤U holds inN∨ iffdbelongs to the set[(U]].


2. The simple inequation d≥U holds inN∧ iffdbelongs to the set[[U)].


Proof: The first claim is proved in [1]. The second follows from the first and
 Lemma 3.10. LetU ={c1, . . . , ck}, say. Let e ∈Nn denote the vector whose
 jth component is the maximum of thejth components ofdand theci, for each
 i∈[k]. We know thatd≥ {c1, . . . , ck}holds inN∧iffe−d≤ {e−c1, . . . , e−ck}
 holds inN∨. But by the first claim in the lemma this holds iff there exist real
 numbersλj≥0,j ∈[k], withPk


j=1λj= 1 and


e−d ≤ λ1(e−c1) +· · ·+λk(e−ck) ,
 i.e., when


d ≥ λ1c1+· · ·+λkck ,


which was to be shown. 


As a corollary of Propositions 3.9 and 3.11, we obtain decidability results for
 the equational theories of the algebrasZ∨,N∨ andN∧.


Corollary 3.12 There exists an exponential time algorithm to decide whether
 an equation holds in the structures Z∨,N∨ andN∧. Moreover, it is decidable
 in polynomial time whether a simple inequation holds in these structures.


Proof: The problem of deciding whether an equation holds in Z∨, N∨ and
 N∧, can be reduced to deciding whether a finite set of simple inequations holds
 (Cor. 2.8). The obvious reduction may result in a number of simple inequations
 that is exponential in the number of variables. However, the validity of a simple
 inequation can be tested in polynomial time by using linear programming (see,
 e.g., [33]). The interested reader is referred to [1] for more information. 


Remark 3.13 The decidability of the equational theories of the structures
 Z∨,N∨ and N∧ also follows from well-known results in logic on the decidabil-
 ity of Presburger arithmetic—the first-order theory of addition on the natural
 numbers.


It is interesting to compare the above result on the complexity of the equational
theory ofN∨ andN∧ with the classic results by Fischer and Rabin [11] on the
complexity of the first-order theory of the real numbers under addition, and
of Presburger arithmetic. There is a fixed constant c >0 such that for every
(non-deterministic) decision procedure for determining the truth of sentences
of real addition and for all sufficiently largen, there is a sentence of lengthn



(19)for which the decision procedure runs for more than 2cn steps. In the case of
 Presburger arithmetic, the corresponding lower bound is 22cn. These bounds
 apply also to the minimal lengths of proofs for any complete axiomatization in
 which the axioms are easily recognized. Such complexity results applymutatis
 mutandisto the first-order theory of the algebrasN∨ andN∧.



3.3 Free Algebras and Relative Axiomatizations


Let C(Nn), CI(Nn) and CF(Nn) denote the sets of all finite nonempty con-
 vex sets, finite nonempty convex ideals, and nonempty convex filters in Nn,
 respectively. We turn each of these sets into a ciw-semiring. Suppose that
 U, V ∈C(Nn). First of all, recall that the complex sum of U and V, notation
 U⊕V, is defined thus:


U⊕V = {u+v : u∈U, v∈V} .
 We define


U ∨V = [U ∪V]
 U+V = [U ⊕V]


0 = [0] ={0} .


We define the operations inCI(Nn) andCF(Nn) in a similar fashion. Suppose
 thatU, V ∈CI(Nn) andU0, V0∈CF(Nn). We set


U∨V = [(U∪V]]


U+V = [(U⊕V]]


U0∧V0 = [[U0∪V0)]


U0+V0 = [[U0⊕V0)] .


Moreover, we define 0 = (0] ={0} inCI(Nn), and 0 = [0) =Nn in CF(Nn).


Proposition 3.14 Each of the structures


C(Nn) = (C(Nn),∨,+,0) ,
 CI(Nn) = (CI(Nn),∨,+,0) and
 CF(Nn) = (CF(Nn),∧,+,0)
 is a ciw-semiring. In addition,CI(Nn)satisfies the equation


x∨0 = x , (5)


andCF(Nn)the equation


x∧0 = 0 . (6)



(20)Proof: These facts can be derived easily from properties of closure operators
 and the complex sum operation⊕, using Propositions 3.3 and 3.4. 


Note that (5) can be rephrased, with respect toEciw, as the inequation 0≤x,
 and (6) asx≥0. Also, writing∨ for∧, equation (6) takes the formx∨0 = 0
 that one should have if∨is considered to be the signature symbol instead of∧.


For any structure A, we use V(A) to denote the variety generated by A,
 i.e., the class of algebras that satisfy the equations that hold inA. Our order
 of business will now be to offer concrete descriptions of the finitely generated
 free algebras in the varieties generated byZ∨,N∨ andN∧.


Theorem 3.15 For eachn≥0,C(Nn)is freely generated in V(Z∨)by the sets
 [ui],i∈[n].


Proof: Each C ∈ C(Nn) may be written as W


c∈C{c}, and, for each c =
 (c1, . . . , cn) ∈ Nn, it holds that {c} = Pn


i=1ci[ui]. It follows that C(Nn) is
 generated by the sets [ui]. Suppose now thathis a function{[u1], . . . ,[un]} →Z,
 say h : [ui] 7→ xi, i ∈ [n]. We need to show that h uniquely extends to a
 homomorphismh]:C(Nn)→Z∨. For each setC∈C(Nn), define


h](C) = _


c∈C


cx ,


wherexis the vector (x1, . . . , xn). It is clear thath]([ui]) =xi, for alli∈[n],
 and that h](0) = 0. Also, if F is a nonempty finite subset of Nn, then, by
 Proposition 3.9,


h]([F]) = _


u∈[F]


ux


= _


u∈F


ux .


Thus, forC, D∈C(Nn),


h](C∨D) = h]([C∪D])


= _


u∈C∪D


ux


= _


c∈C


cx∨ _


d∈D


dx


= h](C)∨h](D) .
 Also,


h](C+D) = h]([C⊕D])



(21)= _


u∈C⊕D


uc


= _


c∈C


cx+ _


d∈D


dx


= h](C) +h](D) ,


since + distributes over∨. This proves that h] is a homomorphism. The fact
 thath]is the only homomorphic extension ofhis clear.


We still need to verify thatC(Nn) belongs to V(Z∨). To this end, for each
 x= (x1, . . . , xn)∈Zn, lethxdenote the homomorphismC(Nn)→Z∨described
 above taking [ui] toxi,i∈[n]. IfC, D∈C(Nn) withd∈D−C, say, then, by
 Proposition 3.9,


dy > _


c∈C


cy ,


for somey∈Zn. Thus, it holds thathy(D)> hy(C). It follows that the target
 tupling of the functionshxis an injective homomorphism fromC(Nn) to a direct
 power ofZ∨, proving thatC(Nn) belongs toV(Z∨). 


Free algebras inV(N∨) andV(N∧) have a similar description.


Theorem 3.16 For each n ≥ 0, CI(Nn) is freely generated in V(N∨) by the
 sets (ui], i ∈[n]. Moreover, CF(Nn) is freely generated in V(N∧)by the sets
 [ui),i∈[n].


Proof: The argument is similar to the proof of Theorem 3.15. We outline the
 proof of the second claim.


First, the convex filters [ui), i∈[n], form a generating system ofCF(Nn).


This follows from Corollary 3.7 by noting that ifU is the convex filter generated
 by the finite nonempty setF, then


U = ^


c∈F


[c) .
 Moreover, for eachc= (c1, . . . , cn)∈Nn, it holds that


[c) =
 Xn
 i=1


ci[ui) .


Lethbe the assignment [ui)7→xi∈N, i∈[n]. By the above argument,hhas
 at most one extension to a homomorphismh]:CF(Nn)→N∧. Define h] by


h](U) = ^


c∈U


cx ,
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