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Theorem 11
 There is a sequence of languages LKN over
 distributed alphabets (PKN;KN);K;N  2, such that LKN is
 recognized by a non-deterministic asynchronous automaton whose
 local state spaces and transition relations are polynomial in size
 as functions of K and N, whereas LKN cannot be recognized by a
 deterministic asynchronous automaton unless it has at least one
 process with 2KN=N states.


Proof


ForP=fa;bg, letL1m be the set of words whose mth letter from the right is
 a b. Recall thatL1m can be recognized by an NFA withO(m) states whereas
 a DFA requires 2m states to recognize this language. We generalize L1m to
 Lkm for k  1|L1m is the set of words whose kmth last letter is a b. Let
 Lm = [k1Lkm. It is not dicult to see that Lm is also regular and the
 exponential separation between NFAs and DFAs recognizing L1m continues
 to hold for Lm as well.


Consider LKN|i.e., Lm, where m = KN |for some K;N  2. We
 look at a variant of LKN which we call L0KN We show that L0KN can be
 recognized by a small non-deterministic asynchronous automaton|the states
 of each component will be quadratic in K and the transition relation will be
 polynomial inK andN. On the other hand, it will turn out that the smallest
 deterministic asynchronous automaton recognizing this language has at least
 one process with O(2KN=N) states.


The idea is to implement a N-digit counter to the base K using N
 processes named [1::N]. When the counter value is m, process i holds the
 value of the ith digit in the base K representation of m.


To count eciently using asynchronous automata, we need to introduce
 carry letters fcigi2[1::N]into our alphabet. So,c1corresponds to a carry at the
 least signicant digit, whereas cN corresponds to an \overow" carry at the
 most signicant digit of our counter. Given a word w2 P, we intersperse
 the carry bits as follows: every Kth letter fromPis immediately followed by
 ac1, and every Kthci; is immediately followed by aci+1 for eachi2[1::N,1].


We call the new string C(w), the carry-extension of w.


Let P0 = fa;bg[fcigi2[1::N]. Let 0 be a distribution of P0 such that
 0(a) = 0(b) = f1g;0(cN) = fNg and 0(ci) = fi;i+ 1g for i 2 [1::N ,1].


This introduces a natural independence relation over P0 as we have already
24


seen. As described in the Introduction, this independence relation can be
 lifted to nite words in the obvious way|ww0 iw0 can be obtained from
 w by a nite sequence of permutations of adjacent independent letters. It
 is easy to check that  is an equivalence relation. The equivalence classes
 induced byare usually called traces [
?
]. Let [w] denote the trace generated
 by a word w2P0.

The language we will work with is the set of traces generated by 
 carry-extended words from LKN. Formally, we shall look at L0KN = fw 2 P0 j


9w0 2L00KN: w 2[w0]gwhere L00KN =fC(w)jw2LKNg.


A deterministic asynchronous automaton recognizing L0KN must have at
 least one process with a state space of size 2KN=N. To see this, consider a
 normal DFA recognizing L0KN. Let u and u0 be two distinct words over Pof
 lengthKN. Without loss of generality, we can assume that there is a position
 i such that u(i) =b and u0(i) =a. Then, there is a word v over Pof length
 at most KN such that uv2LKN and u0v =2LKN.


Let w be the string such that C(u)w = C(uv). Clearly C(u)w =
 C(uv) 2 L0KN. Notice that w 6= C(v) in general. However, it is the case
 that w#a;b |the string obtained by erasing all letters other than a and b
 from w |is just v. Now consider C(u0)w |there are two cases to look at.


If C(u0)w is not trace equivalent to any valid carry-extended word, then
 clearly C(u0)w does not belong to L0KN. On the other hand, if C(u0)w is
 trace equivalent to some carry-extended word w0;w0#fa;bg must be equal to
 C(u0)#fa;bg concatenated with w#fa;bg, since a and b are not independent in
 (P0;0). But C(u0)#fa;bg w#fa;bg= u0v. Since u0v =2 LKN, C(u0v) 2= L00KN and
 so C(u0)w =2L0KN either.


So the canonical right invariant equivalence relationRL0K


N generated by
 L0KN has at least 2KN equivalence classes. By the Myhill-Nerode Theorem,
 the minimal DFA recognizing L0KN has at least 2KN states. Thus any 
 deter-ministic asynchronous automaton recognizing L0KN must have at least one
 component with Np2KN = 2KN=N states.


We now describe a small non-deterministic asynchronous automaton U
 accepting L0KN. U keeps counting letters in its input, using the carry letters
 to increment higher order digits of the counter. At some point, on reading
 a b, U non-deterministically decides to copy its current counter value into a
 register. Meanwhile, U continues to count letters from where it left o|it
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does not restart its counter when it sets the register. At the end of its input,
 it checks to see if the current counter value is the same as the one saved in
 the register. If so, the number of letters read after the b is a multiple of KN
 and the input is accepted.


For each processi, the set of local statesViis given by [0::K][0::K,1]


fN;Yg. The rst component of the state is a digit in the running counter|


the value K indicates a pending carry. The second component represents a


\frozen" register value. The third component indicates whether or not the
 register value has been loaded. Initially, each process is in the stateh0;0;Ni.
 The nal states are those where each process is in a state of the formhj;j;Yi
 where j 2[0::K,1]|dierent processes could have dierent values of j.


The transition relations are as follows:


 !a: (Aects only process 1)


hi;0;Ni!ahi+ 1;0;Ni, provided i < K.


hi;j;Yi!a hi+ 1;j;Yi, provided i < K.


 !b: (Aects only process 1)


hi;0;Ni!b hi+ 1;0;Ni, providedi < K.


hi;j;Yi!b hi+ 1;j;Yi, provided i < K.


hi;0;Ni!b hi+ 1;i;Yi, provided i < K.


 !ci;i < N: (Aects processes i+ 1 and i. Each transition is of the
 form (v;w)!ci (u0;w0) where v and u0 are states of process i+ 1 and
 w and w0 are states of process i.)


(hi;0;Ni;hK;0;Ni)!ci (hi+ 1;0;Ni;h0;0;Ni), provided i < K.
 (hi;j;Yi;hK;j0;Yi)!ci (hi+ 1;j;Yi;h0;j0;Yi), provided i < K.
 (hi;0;Ni;hK;j0;Yi)!ci (hi+ 1;i;Yi;h0;j0;Yi), provided i < K.


 !b: (Aects only process N)


hK;0;Ni!cN h0;0;Ni


hK;j;Yi !cN h0;j;Yi


So, after K a's and b's have been read process 1 gets stuck|ac1 must
 occur to propagate a carry before the next a or b can be read. After K c1's
 have occurred, a c2 must be read before the next c1. However, since c2 is
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independent ofaandb, thisc2 need not be read immediately after theKthc1.
 In general, U permits higher digit carries to propagate asynchronously while
 the rst component continues to read a's and b's from the input. However,
 it is easy to check that U ensures that after every Kci's, aci+1 is resd before
 the next ci.


At some point, on reading a b, process 1 non-deterministically copies its
 counter value into the register and sets the third component of its state to
 Y. In the next round of carries, all the other processes get a signal to load
 their registers. Eventually all digits of the counter value whenb occurred are
 stored in the register. Meanwhile, the counter continues to run freely on the
 remaining input. At the end of a word u, U accepts u if each process has
 loaded its register and has the same value stored in the current counter as in
 the register.


Given this, it is straightforward, though tedious, to verify that U does
 indeed accept L0KN.


Each process has O(K2) states. The total number of entries in the
 transition relations of U is O(NK3). So, U can be described in space 
 poly-nomial in K and N. By our earlier analysis, if we determinize U using our
 construction, we obtain an automaton whose local state space is 2(KN)O(N2).
 (Notice that we can implement a much simpler N-digit counter by 
 al-lowing all N processes to synchronize on a and b. Then, we can eliminate
 the carry bits embedded in the input word|carries can be propagated 
 \in-ternally" when the processes synchronize. However, this na�ve counter has
 0(KN) entries in its transition table and so is much larger, in real terms,


than the counter we have described.) 2
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